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4i _ ' i a ill ^jJa_j* ^^i "j»jj3jj-ii " ililSj cllljlj 4_i^ji-o]| j-a l^Jixlaj "LajjSjj-a jjujii" 
j^jjx^&jjx" ^ 3 life (J !La (J 3j .4 jl -» i it\ Ajfc (_) jL-a (jJJj a-ill jyl^l 

' "'"iVi J j5j .tilliS " ? jjajjxjjjl"j "^jjajj-j^J'j ' "fjpjj*^ j 

S 4 ^ jjj a_)ll ' ll a Ikj uilj ." ^»jjSjj ajjjl " ^ «W "(JSUij" oJ^)La I JiiS 

,„N<ti j ( _j ;&]| ^^.j LaA^l£ t L> ^aa t n <jjj1I j* aJjUlJI ij^jll jc. 



tlla J 1 . — la <_IjjJcJIj Jill jjj j*Vl '^j ^! fg J 



kUlSs « f(X) 5 — AjSLII j f ^ut&lt an 6 J V J (formal proof) cM j^W 

1 KjAa. <-i..ijl l^ji La£ t j£all 4iViv,o illual j t Aljla-all AlLaVlj c_]t&ll J 

i L_ll uoll (J =dlj «Qa. <i jlia j < tgjSlj (J^ <J ' lJj^ _W 

. iijj Lg-il (jiall ^W^' J — V g. ».^-ur-i AjjlouiII j — 4jjj*1) <^ ■% ^ AjjjjII j 

1 jll — a. ^'i - ^j j 4 (fields) J j- <->fl ' (rings) Ski l i (groups) j — « jll 

(Golois Theory) 

t$JA.I i-a J j ^^ic-j t £jjj^J _>*2ull 4jaU1) 1 ■ \'<$\\\ jl.il jjL£i\ Ajl^-ill ^ ■ijl 

-lit A^jj ^^Ic. j 
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Group Theory ^Ik^ki 




LJI 



<f 



Compositions and Semigroups jJ) oU^fe > - > 

(M ^ LjSjj J M (jJb AjL^ ) M ^ LLjj MjMxM i> fJ jB (i) 

AlJL . : MxM -> M iujll (^) 
(a, 6) h-» ai> 

o,Zj,cgM £l*=>J (ajb)c=a(b.c)o\S ijj (associative) d^*^ J <j»M ) 

. a,be M a.b = b.a : (commutative) ^jUj) 

.: MxM — » M 
(a,&) h-> a.6 

: jjUJ jSI ae M 
/ :M —>M , r:M->M 

a ~ a 

x I— > a.x x i— > x.« 

a (M,.) _i (m£ jan Jt) >Wsn jjjg ? J&a 

(right translation, resp. left translation about a) 

-LSaj lij (jj»J«»?J ' Uj 1 ^ a& M "." iujll : AJa.tali f- ^ 

Vfl,AsM : i 3 , b =£ a o£ b : jl£ Ijj 

Va,£eM : *, b =^ 

<=* Va,i,c€M : ^(c) = (^ A )(c) 
<=> Va,b,ceM : (a.b).c =/.(^(c)) 

= a.(Z»r) 

. (Semigroup) 5 >» j <Udi j^^u-j (#,.) £ jjJI jli iiiic. . ^ (U?Ld 



A 



Group Theory j^yii^iij ( jjStl^2Jl) | 

. e.a=a : aeH JS1 : jlS IjJ -Uij <jl£ Ijj (#,-) — 1 (left neutral element) 
: jl£ I j] JaSij lil (/£.)— 1 (right neutral element) <>i Jjla-a Ajj JILj 
(neutral element) iiU^ y*aiz <j] ee// j. ^wW JlLj .ae-a : a&H <J£1 

: jli ij-lic . (//,.) «>ajll (jjAjLa-o QJj>^iir. e' te • Q^fe ^ 

e = e . e = e 

6 jj JIL . e j. nit 11 l^Jj < ij* j <ui (#,.) : ^ 

aE //—I ^jjj jjII (jio ((right inverse) f'v^i uai^f ) (left inverse) y4 ^ 

. i^jft J* (a . b =e) b.a = e (o^ W ±& j) ^ 

o^lj • a r »m i^Vl acj^ N : {0,1,2,...} : \ Jtl» 
+ :NxN -> N 
(m,n) (-> m + « 

: jV ^Jal J liA . "0" -IjU-oll J.*Vl»ll 1*1 j sj* j <xi> (N,+) .Aj^Uil £AaJI 

Vm,n,£EN:(m + n) + £ = m + (n + £), 

VmeN: 0+m=m=m+0 

. ((monoid) jjjjj* ^jII » j* jll A^il Jli) 

M t>a ^uil jjll Ac-jAi-a Map(M) d&lj 'M^= k M (jSil : V (Jlla 

•■ lMj -M J] 

o:Map(M)xMap(M) — > Map(M) 
(/,g) -> /og 



? — J '^ji/ ^ j^^ l ^-^j » _>»j ^> (Map(M),o) ^jjc • f^ljjil s^Jj 

Vf,g, h g Map(M) : (/og)o/i = fo(goh), 
V/ e Map(M) : id M of = f = fo id M 

cAi M nXH (W) c& j U iue. « > 1 uSJ : r JUu 
: jUJ jJI . ajsjL>. i^&l l^SS ((entries) l$Ji.l.io) U^^Lic j nxn ^ jill 
*:M„ XB (M)xM flXB (M) -> M X „(R) 

h» AB + BA 
*:M nXn (R)xM nxn (W) -+M nxn (K) 

(t^jUl ililij)a><a.a,H C-Jji^a ^^jxj AB) 

ro 2^ 

1 o 



C:= 



1 0^ 



0 0 



0 o, 

(A*B)*C-A*(B*C) = 



A- 
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2^ 
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4^ 




^0 


-2^ 




'0 (A 




2> 






2; 






0y 







(^*5)*C-^*(5*C) = 



r -2 2\ 


'-2 (A 




ro 


°1 












,1 2j 


,0 2, 




1° 





(a b\ 

[o 0, 



1 X 



1 X 

0 0 



a b 
0 0 



0 0 



^0 0 



) 



0 0 



r a bYx fa b^ 



0 0 



A 



0 0 



0 0 



ox ay 
0 0 



\/a,bs R:ax = a,ay = b 



0 0^ 
Groups >*>II V- 1 

.:GxG ->G 

(G,.) (^^j . AjL& t AjIU. jjc acjxdu G o^j] : (_L ^-T-> 

(o,£) — > ab 

: (jjiaj |j| 5 yi'} 

Va,Z),cG G : (a.£).c = a.{b.c) ( i ) 

BeeG VagG: e.a = a (m) 
Vae G 3 be G:b.a=e ( r ) 

a.b i> V^j ab t (G,.) i> V^j G sic ■,'■<■■■■ 

: CiUa»al« T — Y — > 
(^-Y-^) ^ L£ *aj** e <■ Ijaj G o^ 1 
Va,fr e G : ab = e=> ba = e ( i ) 

■ VagG Bfie G ( be G W^IU JaJ j ^ ) : Z>g = e (^?.) 



.a 1 — j a ^j^m ijc jjjlLuu j t( inverse) a »£aua b (^-^ 
\/a,x,yeG: ax = ay=> x = y 

M 

xcr = _y<? => * = _y 
\/a,bsG 3 l xeG: ax = b A3 { ye G : ya = b (j) 
VaeG: £ a ,r fl ^UtoljbUs ( j) 

. Lsjlffl o!J^ U^J> M ' ( t ) = fll* M» 
ba-e a ca = e => b-eb — (ca)b = c(a£>) = c(Z?a) = ce = c (-^) 

0) M 

<>) ^j^II oVj • (b- ] a- i )(ab) = b- , (a- l a)b = b~ l eb = e ( j ) 



a l a = e Aaa [ = e=> aa 1 = e a a 'a = e 



(a -1 ) -1 =a jl ^iy ( — > c>) -^j o»jfi*^ u^j 
ax = av => a"' (ax) = a" 1 (ay) => (a _1 a)x = (a"'a) y => ex = ey=> x = y (— *) 

. xa = ya JlalLjj 
: (jlii z >J <_U. lilU* jl£ I jj . ax = b 4U*-1I JIsj x := a~ x b ( j ) 

az = b=> a" 1 (az) = => (a~ l a)z = a x b => z = a~ x b 

.^.j x — a x b (Jail jt cji 
. ya — b 4J:sL*-Jl j Ja. _y := ba~ x J^jj 
.( j ) _1 ^Lu^ felc.1 ( J ) 
(commutative) AjjUjl G . ('» j-j ^ jt) Sj* j G : uL *u 

\/a,beG: ab-ba cJ^ : (abelian) 
i> Vai a + 6 ( . uSj SjIc aA\i^\ ( j-jll aUJlt) j*jll aIU. (ji : jUatal* t-V-^ 



Group Theory ^jjic^lii ( JjVl|«— 2)1) 



: AiU fl-r-^ 

+ AjJllaJl ( *^aJl AjLr. 4 Z ^aaa^all jljc-Vl Ac : \ Jilt 

+ :ZxZ Z 
(a,b) -> a + Z) 

: (jV JjJ^al j I^Aj . Aail^jj Sjxj tjj^J 

\fa,b,ceZ: (a + b) + c = a + (b + c) 
30eZ VaeZ: 0 + a = a( = a + 0) 

(Z,+) ^ JjUJ! j,,V)*ti 0 

VaeZ 3(-a)eZ: -a + a = 0 = a + (-a) 

(Z, +) <_ji a o» j^a-o jA —a 

Va,6eZ: a + b = b + a 

(K,+) 4 ajjUSI ^-sJI ajLc ^ (au^I) ^j-^I ^-^1 ac^^ (Q+) lMjj 

£-<s jljcVl Ac (C,+) ' AjjUJI ^ AjLjC ^ AjLiLai jl.lc.Vl 

. aJIjjI (jjS AjSjJI jIocSU ^^>ll AjLc 

.:K>1' + -> R* + 
(a,Z?) h-> a.6 

: ajIIaj) j yjSj ■ Aj-iUl ajUc 

\/a,b,c£ R* + : (<zi>)- c = <2.(Z?.c) 

3 1eR* + VaeIR* + : l.a = a(=a.l) 

VaeR* + 3fl-'eM; : a-\a = l(=a.a 1 ) 

Vc7,Z?gIR* + : a.b = b.a 

. aJUI^jojS (C\{0}„) , (R\{0}„) , (Q\{0}„) jUJUUj 



0 :7(X)x r (X) y(JO 
i"> fog 

: /e JS1 « e J » ^ >l£ : Z ~* X 
^ °f = f(=f Q id x ) 

: ^ ^ ( f ^JjB o-j^) /- 1 s y(X) ^ji f<= y(X) 

r°f=id x (=f°r l ) 

^5UaB S»ia 7; ^ . X^O cf- jh^ 7 n • X={X2,...,n} cjSsl jVI j 

5 n >> jil piVunj i_u£Jl i> ja& ) (Symmetric Group of Order n) n 5jj jll <> 

. n t ... t 2 i 1 -il-ieSn (^k. (Permutations) ^ij^S (^^j J n j^\jc 
• X = {1,2,. ..,n} j^lic. i n 4... 4 i 2 i /, |jj : £&*a\ 



f:X -> X 
k h-> i' 



ri 2 



uV . n > 3 -J M^J ^ r„ J ^ 
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Group Theory >.jJljo>^i ( Jjifl^«2«) 



J . 3 -> 1 uil . 3 -> 1 ^ 3 -» 3 f j^l j . 2 -> 3 j^l • 1 -> 3 
. 2->l o3 • 2->l ^ 2->2 . l->3 jil .3->3 <J l~->3 

. 3->2 jil .l->2 ^ 3->l 



ri 


2 


3^ 




fl 


2 


3 N 




fl 


2 3" 


,2 
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3; 




^3 


2 


h 




^2 


3 K 



i 2->3 ujlja l->3 f5 2->l t l->2 uj^s 2-4 2 -f 5 l-»2 J J 
cjj^iM <iLc. <jV A^-b jJI iiLjlaJI UjS bi<J . 3 -> 1 uj 5 ^ 3 -> 1 ^3-^3 

. ^jiaj-ul j i_u£jj liA 



(1 3 5 2 4) 



1 2 3 4 5 
3 4 5 1 2 



s 5 3 "a JJ^' ' 3 ^jA 1 "aj_j^a" ^jl fj\ 



(1 2 4) 



(1 2) (3 5) 



12 3 4 
2 4 3 1^ 

(l^uiij ^ 3 "»J_J"a" J*-^ 5 ^ 3) 

^1 2 3 4 5^ 



2 15 4 3 



(4^4 j*^ ^ 4) 

^ioa. Map(X, G) i i ja j G ' ajJI^- jAa*« X oSj] : i i)tl> 

fgeMap(X,G) f,geMap(X,G) ^ . G J\ X 

VxeX: (fg)(x):=f(x)g(x) 

: ^VIS Map(X,G) J ^Uil "." i-i oVlj 
.:Mop(X,G)xMa/?(X,G) -> Map(X,G) 



= t# ■ i j-O (Map(X,G),.) jli jiifc. 

Vjcg X Vf,g,h<= Map(X,G) : 

(C^)*)W-C^X*)*W-(/W«W)*W = /(*)(*(*)*(*)) 

* ->° j G 

==(/(«ft)X*) 
^>{fg)h = f(gh) 

: Ma^(X,G) ^ j-U mj^ 

V/ g Map(X, G)Vx g X : (1 WC) /)(*) (*)/(*) 
= ef(x) = f(x) => V/ g G) : 1^ , C) / = / 

. Map(X,G) J 4^ >-i-H j* l^ (Ar ,G) ^ ^ 
. ^jiuo j^ic JS o ^ j G 1 j^ 3 • / g Map(X, G) c£A 

Vxg X 3ge M^(X,G) : (gf )(x) - *(x)/(x) = e = \ Map{x , C) {x) 
=> V/ e M^, G)3g e G):gf = l Map(XtC) 

. ge Map(X,G) o-j^^jj / g Map(X,G) JS1 J 
: jjj&I! . Sj-J <ui (G,.) ^SSl : 4j >tau 

■*j*J(G,.)0) 
Vae G [G3b hi aZ>G G ujU >Us (X) 

a,. 

G?Z> h> 6flG G jJilis] 

Va g G [G 3 Zj i-4 abe G (J-U) ^Jj (r) 

G 9 6 i-> bat G (<Jjs) j^- ^ J 

(trivial) 4iU : "(r) <=(Y)" : jU ^ 

G3b h* fl '^G G 

n 



Group Theory ^jjijojlii ( d#l|»— 2M) 



b\ — ab |— — ► a\ab) = (a x a)b = b 



1 G 



1 G 

. a £ ^1 jlJ tJ -i£*il jll Jxiib j* a f ' = 1 G ' a t l a ( =l G J LiJj 

. tjU jJI li$J ULoj AjLIo o^*^ J oT r 1 fl,. 5 ^5-^*!' ^-1 jll 

: jjUJI (I) : <\\) <= (r)" 

eeG (J^U)^^ ^1 j a, oi . {G^<j) uV liA ) aG G 

. ae = a ojfe 

= 6 uj ilipj c g G ^.jj Ajla (^ja) ^1 j a r • 6 e G oSJ 
=> 6e = cae — ca — b 
^ VZ>g G : 6e = 6 



VZjg G : eb = b 



=> e =ee = e 



a f (^ja) J*l>- => 3a' g G: aa' = e 
a r js) jxlt => 3a* g G : a*a = e 

■ a=a 3 c4* 



* * * / / / 

a =a e - a aa =ea -a 

. a g G c^j^*-* ae G <jSl jjSj 

(G = {a p a 2 , ...,«„}) "." Vjli i*i ^ G 







a 2 


.... a„ 


a, 






• a v a n 






a 2 .a 2 


.. a 2 .a n 


«» 




a„.a 2 . 


.. a n .a n 



<Jj^2w ^ .} j»ac. (JS j <■ 9>«i (J£ ^ G ^i-aljc- (j£ UJ^^Ja I j| JaSSj cll^jgJa I ij aj-o j G 

(jLuoil J fit, ' ^ u' *^*-» Jj*c. JSj c_Lua <JS ,^5 G ir. J£ JJ4-k •' , >4I 

.laJj JlajJ J C! f c a r (jl oljx-a J_j^C (^ij i-iua ^ (jij j» .Vi& JJ*^ 3 

Group Homomorphisms >»>il ttU>hi)$*$*$ft f - 1 

. (p-.G-^G uSJ j .(6^ j*j tP^i) u£ j-J (G",.') i (G,.) : Juj£i S-X-\ 

<=> ■ (<?',.') Jj (G,.) ^ cj—J 

Va,Z> € G : ^>(ai>) = <p(a).'(p(b) 
(<p(ab) = <p(a)<p(b) : -Ul£- j«j Lui jj : 
« iiU^all G jj-^xic. j* e (jSjl j i C&J^j G,Cr u^jJ (I) ' t 'jUla»al4 Y — V— ^ 

: (jla ij^jc . jjU^II G' j -'"- e 



Group Theory ^jJijo^ ( jj^(^JiJl) 



<p(e) = e 

VaeG: (p(a x ) = (p{a)-' 

G-^G* * <p:G->(j c&j ■ G*« G'.G ossl (m) 
• J-* j f jj^j^j* (p\G —$G" : o]i iuAic. . j 
p(e) = p(ee) = <p{e)<p{e) ( 1 ) : pU^l 

■ ae G JSlAila dUS 

e' = #>(e) = <p(a~ x a) = ^(a~')p(a) 

^ <p{ a y = e>(a)-' = (^(a-')^(a))^(a)-' = <p(a ] )(<p(a)(p(ay ] ) = (p{a')e = <p(a x ) 
\/a,b e G : {y/o<p)(ab) := ^(^(a6)) = ys(<p(a)(p(b)) (^) 

e'eG' . j-j f»jja j^jxja (p:G-^G <■ aS> j*j G',G <j£i3 '• v-r-^ 

a j»S ( Kernel {(p) ) (<p) Sl^ 

Ker((p) :={aeG: (p{a) = e} 

( Image (<p)) (<p) Sjj^ 

Im(^) •= {a e G' : 3a e G, (p{a) = a} 
'■ <p d ■ J*J f j^J-^J-J* <p.G ->G' C&jAjGr, Gc££ : uLj£i i-V- ^ 

UJ j ^> lj] > >i i m a »» (monomorphism) 
(I t X)Ui) Ldji <p jl£ iij j» 'pa y^n] (epimorphism) 
LpUi I jtUj (p Ijj (<J£L£i ji) f^i^jji (isomorphism) 
(endomorphism) f >i j^jjj] : ^j-*^ ^? jli G' = G '^jj 
(automorphism) ^ uj J^L* j_y j (p ' (j=G '^j j 



lil ((jtkojya jj-ajjyi) (isomorphic) jtiKLiio G', G ojj _>0 <jj J^Jj 
. G = G' *IUJ1 oiA u&iu,j (J£L£ jt) f jjij>aj ji : G -> G' 

eG G t j*j ? jja J>a jxjk (p: G— >G* t jis j G*, G jSjl : LiUIa.aaJL* ^ 
Ker((p) = {e} <=> ^jj-jij- q> ( 1 ) 

: "=>" ( I ) : 

\fa,bGG: (p(a) = q>(b) 

=> (p(ab~ l ) := <p(a)<p(b-' ) = <p{a)(p(by l = <p(b)<pQ>)- 1 = e' 
=> ab~ x g Ker((p) = {e) => ab~ x = e 

r-r-\ 

=> a = ae = a{b' x b) = (aft -1 )b = eb-b => ^ jl ^.1 

i-r-\ 

J til eGKer{q>) J f jlS-y |j* j #e)=e J <J«i (Y-r-1) j* : "<=" 

0*1 . <p(a) = e' J f jli^ li* ae £er(#>) 6^ u^lj . (1) {e}<zKer(<p) 

^jj***- l£j • p(a) = ^(e) ol» T '— ^ ) t>) <p(e) = e 

jli JtilLjj a = e jli JlilUj .i=J jl j ^jjs jj* j^ja ^> jl ^^ju 

. s >SU- vji^l (2) « (1) i> . (2)Ker((p) c {e} 
(jjl; duaj aeG kjjjal ij jilj ^jj <jli (j&d jJiUj ^? jV . a ,b ' g G' jSJ 

. <p(b) = b' (jj^J '^'J^.' bG G JaiJalLi ^3.1 j Jta* jJj t #>(«) — ci 



Group Theory j^jJi^jjtu ( jjVl,»-*2H) 



<p-\ab') = <p-\<p(a)<p(b)) = (p-\<p{ab)) = {cp- x ocp){ab) 
= \ G {ab) = ab=<p-\a')(p-\b') 

• ?ji*JJ*j*J* <P~ l i) {J 1 

J . Q ^ Q 

: ,> jSoSJjij-j G.(i = 1,2,3,4) o^:^kAzIzl 
: jjli iliie . Ujya jj-jxja /i : G } -» G 4 <■ g:G 2 -^G i <■ f :G l ^G 2 

fl I— > a 

(hog)of =ho(gof) (m) 

: oVlj . >lS 1 G J ^ ( 1 ) : ^ 

Va,A e G,. : l c (ofc) = aZ> = l c (a)l G (6) 

. ((V-r-^) j> f Jyajj-j-y* (hog)of J Ji^V) 
VaeG, :(l G2 o/)(«) = l Cj (/») =/(«)=> 1* */ =/ M 
Va e G 2 : (go 1 C2 )(a) = g (\ Gi (a)) = g (a) => go 1^ = g 

jujjl^i! . G (j^i '. t-i-i jiu V— V— ^ 

\/azG:<p a :G->G 

x (-> axcf 1 

VxeG: (^ fl iO ^ a X* ) = -. (<p a ( x )) := ^-i {axcf 1 )=a'\axa" x )a 

= (a _1 a);c (a"'a) = x , 



_____ ;u*u2f t*t>m ■. jjSi -ui I 

(<Pa° <P a ~> )( X ) = 9a (<P a > ( X )) = <Pa = a^Xd)^' 

= (aa~ l )x (aa~ > ) = x 
=> fW.-. =l c (2) 

jjVi j . t^ui jtua (p d&H (2) ' (l) o- 
Vj^j/g G:^ a (xy) = axya' 1 = axa~ ] aya~ ] = (p a (x)<p a (y) 
fjfijj^Jij j* lP] G ts^J G t> <j^i ^jjajjxjxjA (p a J 

• G Jft 

(inner automorphism) Lf I^I J frjjgj^SJ^ k ur*^ G ^ ^? j» jj J jVI j 

. (p a =(p ^jjSj diiaj a g G i>j I jj G — J 

: Ulti A-r-i 

: jJI we Z ljV : \ 

77 h- » mn 

Vh,/?g Z : $? m (« + /?) = m(« + p) = mn + mp = <p m (ri) + ^ m O) 

Vp,qeZ: (p m (p) = <p m {q) ^>mp = mq^> p = q 

: ^ Vl fJ jll : T JO. 

e-:'(R,+)->(R* +> .) 

Vx, _y g W:e~(x + y) = e x+y = e V = e" (x)e" (.y) 
t^-SJI ^JJ! ^^kxi J ^ (^jJj^jjjf uj^ J^ij) J&Z 

: jAj 



Group Theory j^jjic^jjlii (jjbfl^JiJl) 



Iog.-:{R* +f .)-»(R,+) 



Iog.«-:(R,+)-»(R,+) 

x h» Log e e x = xLog e e = x 



Log e e=\ u (2) 

(2) t (1) Cy 

• £ i>j ' IjtUj uj^j W 1 * ^ ui* <^^j ' e~ : K. — > M* + 

. jjLx-all Uj. ^iir. e « G : y 
a = e <z> f jJj^j-jA ^ j^Vl Jiill ( i ) 
a = e <=> j» jjajj-j-jA r 

^:G->^(G) 
UbJ G CiilS lit JaSs, iiijlS Ijl 
x h-> ax 

Vx,jg G:axy = ^ a (xy) = ^ a (x)£ a (^) = axay 



a = e => £ o (xy) = £ e (xy) = exy = exey = t,{x)t,(y) = (x)£ a (y) 
J CjUJ Mj 1L^ (ji t (p(ab) = <p(a)(p(b) J cAJA Mj lkJl a,beG c££ M 
Vxe G : ^ 6 (x) = (a6)x = a(fex) = *.(/,(*)) = (£J b ){x) 



II . II 



V {O^jj-j-j* => Va,b<EG:y/(ab) = \fr(a)yf(b) 

\/a,b&G:r ab =r a r b 
=> Va,Z?,*e G : r,(x) = (r fl rj(x) = r> 6 (x)) = r (xZ>) = (x6)a = x(6a) 
.Va,b<=G:ab=ba J ^h(G ^ jjU^II >^i*Jt) x=e iiL . r ab (x)=x(ab) 1^4 

. AJIjuI G J 
: J I jA G oSil : " " 

Va,6e G : ab = ba => \/a,b,xe G:xab-xba 

=> V<z,Z>,*e G : r a6 (x) = x(a6) = x(fca) = (xb)a = r (xb) = r a (r b (x)) = (r a r b )(x) 

=> r a b = r a r b => y/{ab) = y/(a)y/(b) => ^ <OAjj-j-j* 

^ <jLJ! ^ " 0 " r< pr b ^ r a r h , ^ > ^ ly^LA 

■ 7(G) Sj-jl 
/ : C -> M J o* = * ail* 

? (j-li) J-LS f J* (f) sl^ ^ji . (R,+) J] (C,+) o- ^jj-j-jA 

Vx, + 1>, , x 2 + iy 2 e C : /(x, + />, + x 2 + iy 2 ) = /(x, + x 2 + /(y, + y 2 )) = x, + x 2 

= f(x l +iy x ) + f(x l +iy 2 ) 



Group Theory >.jJt£j>lii (Jjiftn—iJ)) 

Ker(f) = {x + iyeC:f(x + iy) = x = 0} 
= {iy\yeR} 

/:C\{0}^R\{0} ,> n : « JH* 
z\->\z\ 

(M\{0}„) Jj (C\{0}„) u-f>jj-j-j* 

Vz„z 2 g C \ {0} : /(z,z 2 ) =| z,z 2 1=| z, || z 2 |= /(z,)/(z 2 ) 

fo(/) = {z G C\{0}:/(z) = l} 
= {zgC\{0}:|z|= 1} 

/:C^C\{0} : J ,> qaj, : j JO* 

zi->e z 

. jj ^jlj (C\{0}„) J] (C,+) c> fj^jj^J 

: A ajj 

Vz 1 ,z 2 GC:/(z 1 +z 2 ) = e ^ = e z '^ =/(z,)/(z 2 )^/ pjjlj^j-j* 
&r(f) = {z£C|/(z) = e -- -1} 

= {z e C | e x (cos_y + z sin>> ) = 1} 
= (z 6 C | e x cosy = l,e x smy = 0} 

e x siny = 0 => sin_y = 0 => y = n7t,n& Z 

cos j = 1:=>cosj>>0 => y = 2k7t,k^"L=>e x =1 => x = 0 

y=nn 

=> z = likn 
Ker(f) = {z e C | z = 2ikK,k& Z} 



JtilUj f(Log e w) = = w jj vi^ Log, we C ^weC\{0} 

<p:C\{0}->C\{0} 



V^eC\ {0} : ^(xy) = (xy) 4 = x ^ = <p(x)(p(y) => (p fjijj-j-j* 

Ker(<p) = {x|xe C\{0}, ^(x) = 1} 
= {xeC\{0},x 4 =l} 

4 i « • • « 0 + 2/br . . 0 + 2ka , n . „ „ 

x = 1 = cosO + zsinO ==> x = cos 1- j sin ,k = 0,1,2,3 

4 4 

A; = 0 => x = cos 0 + /sin 0 = 1 

, lit . . 2k . 

k = \=t> x = cos 1- ism — = i 

4 4 

k = 2=> x = cos;r + /sin;zr = — 1 

£ = 3 => x = cos 1- 1 sin — = -z 

2 2 

ATer(^) = {l,/,-l,-/} J J 
(Z,+) (M,+) <> fjjSjj-j-jA , ■ : jl : A J&4 

X I ^ j X j 

(floor x yAuj x > y . ^ Ai& jjSI : ) 
=0+0=0 





+ / 




i 




1 


(3 






+ 








.2. 




_2_ 



Group Theory j-OJiC^Jo&j (JjV1(w«2J() 



. <p(b) = b',<p(a) = a 

a'fc' = (p(a)(p(b) = #>(a6) = 0>(fra) = <p(b)(p(a) 

- b'd o^^" 

jjc. G . ajIIaiJ H t ajIIajI jjc. G J o^J^ '■ t£jiL!&&j2 

(f(ab)±qtbci) uli <OAjj>-jp>jj^ tf? u^j .ab±ba o& c^teG ^jj cpj 

= (p(a)(p{b) = (p(b)(p(a) = #>(foz) : 

(Z,+) Jb. (Q,+) t> f jjflj^l j^jj (ji <i ^ '■ 1±J&* 
d& ^ xeQ ^ oil • <p:(Q,+)-*(Z,+) a** 1 : t'M.** 

uVlj. <p(x) = l 



l = <p(x) = <p 

jceQ 



2 2 



= 2^ 



V • 



(Q\{0},) > 



r 



3 = <p(x) = < 



• ?j*jy*l ^:(Q,+)^(Q\{0},.) uSJ : t -jU,^n 

(p(x) = 3 cJ xe Q (j-lc) lU^ cp (Ji 

.J-) = j3eQ\{0} 



X X 

- + — 
2 2 



= <P\^\<P 



2] 



Subgroups ^y>»ll >»>Jj t-1 

: <jL^ I j) G t> (Subgroup) a // (jj JUL 

. abeH: a,b&H JSS ( 1 ) 

HxH^H 

* j UJ^ i^jAaJLmxll Jaj Jl A-o // <C j-a^aH (<__i) 

(a,b)\->ab ^ v ' ' 

{e} j G L*a (jil^ilj) (jjlu ja. ^oj ^ylo <_5 jIvj G £ jx j JS jl JkOU 

• G l>" ("M^ j^) "S^ ^ j*?- 8 AT . » j G tjSil : *U^<; «'i t - i - \ 
. ab~ { e H : a,bG H oij-^ J»Saj ulS I jj G t> Ajj s j*j // 

ab~ l g H cz,Zr' e H <==a,bsH « Sj*j : /T " : flU >4I 
e = bb~ x & H <=b& H y^. ^ <^= aJU. jjc : i/" => " 
(ce/f uV) b- l =eb~ l £H : beH JS1 Jiflj 
ab = a(b- l y 1 <=H<=a,b- l eH:a,b<=H J^j 
jli iiijc. . j ^ Jya (p\G G' (jSal : 4Ja»xL> : V— t — ^ 

(JT^J • C 6- _>?■ » <= G t> V jr" * j # ( ' ) 

. G' <A> * j (Im(#>)) (^) Sjj^. oj* 
(p- l (H'):={aGG:<p(a)GH'} <= G' 6*^>ij-ji/' (m) 
j (Ker((p)) (<p) slji jfli ck>>^J1 a^j ^Icj . G o- 

• G t> 

e<EH^<p(e)z<p(H) 

a, e ^(//) =>3a,beH:a= <p(a), b' = ^(6) : j 

=> = (fKa)<p(by ] = (p(a)<p(b~ l ) = (piab' 1 ) e 

( 1 ) Y-r-^ 



YA 



Group Theory j^jJic^j^ki (Jj^l^— 2Jt) 



=> G' l> "Sh j*- • j*J <p(H) 

G c G s j- j => Im(^) = #>(G) c G' '» >0 : u^l j 

• G' o* <jj j> s ja j if' (jV 

^(e) = eeH'=>ez(p-\H') 
( 1 ) t-r-i 

AJli*. jjc Acj*a-o 0) _1 (i/') ji 

a,Z>e (p'\H') ^(fl),^)G H'=>(p(ab- ] ) = (p{a)(p{b~ x ) 
= <p(a)(p(by l GH'=>ab- l e<p- l (H') G <> V> *j- j ^'(^') 

(!) V-T-\ Y-£-> 

• G t> ^> Aer(^) = (^" 1 ({e'}) : ol* G' O* (M 3 ) ^> {e'}uVj 

: jUy i — t — ^ 

*>0 G '"'^ G ^^ic. CiUjJ jj-a jj jS?l Ac j^=>-* Aut(G) Acj^all ( i ) 

. ((o-Y-^ ) Ji. jbjl) (y(G),o) Sj-j» i> ^> Sjxj 
p:G->Aut(G) 

^Ijll ( M ) 

. t(G) <> Aji> Sjxj ^ JUL, Aut(G) Sj-jB 

Ac j^aa^a 

<p,i//e Aut(G) => ^f'e Aut(G) => (poy/~^ Aut(G) => AutiG) 
o-r-\ ( v ) x-r-^ 



\/a,b,xG G : (p(ab)(x) = q> ab (x) = abx(ab) 1 = a(bxb x )a 1 
= <p a (bxb~ l ) = {<p a o<p b )(x) = (<p(a)o<p(b))(x) 
=> Va,b g G tp(ab ) = <p(a)o<p(b) 



jh)i = exe 
=> l c eInt(G) 

<p; l eInt(G) ^ 

Vx gG : <p~ l (x ) := «"'xa. (^r'o^Xa) = a~ x axa' x a - x => <P~«o(p a = \ G 

(Wj'X* ) = aa-'xaa' 1 = x => ftop; 1 = 1 G 

V^ a ,^ 6 e VxeG: (<p a o(p b ' ] )(x) = ab^xba' 1 = ab~ x x{ab~ l )~ l 

= (p ab _, (x) => ^ o o% 1 e => 4wf (G) o- V> Int(G) 

: t 

fl 2 3 4) A 2 3 4") 

4 I.3 412J 1^2 1 4 3J 

' t^j 7 4 t> (>-»bc ajuJ <u> Sj*j #:={l n ,;r,<7,;roa} 

/ro/r = <jo<j = (/r<?cr)o Orocr) = \ u ( 1 = y 4 jt ^uji j^i*3l) 

fl 2 3 4H1-2 3 4Wl 2 3 4l 

KoG 



GoK — 



'1 


2 


3 


4^ 

c 

V 


(\ 

) 


2 


3 


4\ 




2 


3 


4 1 




1 


4 


4 


1 


2/ 


= U 


3 


2 


I 




2 


3 






2 


3 


4 1 




2 


3 


4 N 


(i 


4 


1 


c 

V 


U 


1 


4 


3/ 


V 


3 


2 





= KOG 



r. 
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GOG- 





2 


3 


4 ^ 


f ! 2 


2 


3 


4 




r i 


2 


3 


4 


2 


1 

1 


4 


c 


I 2 


1 


4 


3 ; 




V 1 


2 


■"5 

3 


/i 

4 J 


h 


2 


3 


2j 


fl 

13 


2 


3 


4^ 




f\ 


2 


3 


4 1 


,3 


4 


1 


4 


1 


2 , 






2 


3 


4, 



= 1 



ft 



= 1 



n 



(kog)o(7zog) = 



fl 


2 


3 


4 N 




ri 


2 


3 


4 1 




2 


3 


4 1 


,4 


3 


2 






^4 


3 


2 


1/ 




2 


3 


4j 



= 1. 



{noG)oG-K , (^ocr)o^r = (<7o^")o^' = cr 
cro (;ro g) = <to (cro/r) = 71 , no {/to g) = g 

a 2 — b 1 =c 2 =e : l$J JSai i // = {a,b,c,e} j^U^ a*jJ cjli Sj^j J£) 

(Klein 4-group) jll L '^S 5 » j 

^ me Z ^ jl£ lij JaSaj ^ (Z,+) <> ij-j # : f jOj 

. H = mZ:={mk:kE T) J 
j» meZ :"=>": £jUji» 

mZ = // ffl (Z) oii^o-j. Jl.(A-r-^) (Z,+) -J^jj-j*} 

((l)(r-i->) ^i) z ,>^>"»j-j 

0 = m.0e mZ^mZ^tp : ^ >i aL> 
Vmk,mi<EmZ: mk-ml = m{k-£)GmZ => Z a* j /»Z 

1 jj . m = 0 * # = {0} I a • (Z,+) t> V> *j*J # : " <= " 
Jljel # ^jiaj -£e H<=/ceH J < // * {0} 

(1) mZcH <= meff ;^>' 6J *j #cZ: "3" 
. x=km+r « 0<r<m <iy=H A:,re Z ^jj <jla . xe if jSJ : "c" 

r = x — bne H c) <te Z 4jj ja. s j 7/ j 



n 



. sis* -Mi 



0 < r < m (5a=s H ^ j^>c r iH ^ ^ >--=»l j* m jV j 

(2) HczmZ JJ i x = kme mZ o\* J^hj ■ r= 0 J iL <sli 

. H = mZ J&h (2) l (1) t> 



U 1 



i 0 

lo -0 



-1 0 



0 



SjxjSI o- V> 0:= {E,-E„I,-I„J-J,K-K}'^^\ 

<X(2,Q 

(The quaternion group) >I) 5 >« >I1 ij* jll b:sa AjSj- .il.se I 







7 


J 


K 








J 


K 






-£ 


K 


-J 


J 






-E 


I 


7C 




J 


-I 


-E 



: Jul J : 0 

(Q,+) i>V>*j-j (Z,+) (1) 
(Q,+) i>V>*j*J (N,+) (m) 

(C,+) o-v>*j-j (Q,+) M 
(Q\{0},.) c>^>w (z,+) (j) 
(c\{0}„) <>^>'>>o (Q\{0}».) M 

a + bj2*0 , a,be<Q 



rr 



I Group Theory ^jJi^iii (jjfift^Jfy 

(Q j.^^ZJZcQ i Z±<j) JJOgZ (\) : J-^JI 
\/a,beZ:a-beZ => (Q,+) <> a^> ' 6> cj (Z,+) 
jli jaLj N jSl . -1 ja + U**11 WilL 1 ^ jleNcQ (m) 

• (Q,+) c> V> Sj-J ^ (N,+) 

. Va,fteQ:a-6eQ => (C,+) 0- (Q,+) 
"tifiaJT Z Je. "+" aJ~JI (Q\{0},.) o-^>»j-j^ (Z,+)( j) 

. Q "." AjLJI Cf- 

ajL*]1 2 o-jS" uV tP^V 1 ' 6 J"0 ^ (Z\{0},.) J Jaatf 

OjS J ^ (Z\{0},.) JtilLj ■ |e Z oil 2e Z. i j* "." 

• *J JuJI oj-o j UiSf (Q \ {0} , .) (> Ajj ja. o j* j 

- aJU. cl-J Q\{0} J J i leQ\{0}cC\{0}(-Jb) 

. C\{0} US 

Va,ZjGQ\{0}:^-'GQ\{0} 

. C \ {0} } t> a^> s j-j ^ JU5Uj 
VaeQ\{0}:a = a + ()V2 : ^ 0*Q\{O} ( j ) 

Q\{0}c{a + W2|a,6eQ,a + W2*0} J J 

Va,beQ\{0}:ab- l <=Q\{0} 

({a+bjl 1 a,be Q,a+bsf2 *0},.)Sj-jH i> V> (Q \ {0} ,.) uj£ J^j 
a,beQ *^ <z+ft\/2<_&il! ^ acj*^ J <> jiski J ^jUll (^Jc) 

( ajLLJ Six&l AjjUJ! <_> jx^l ajLc Cx£ i j* j jj£ a + ftV2 * 0 

• G <> Ajjja. o j j* G 6j-J 0- o^jj un>0 ( 1 ) 

. G ajj ja. J j ja G S j-j t> u^j?- u£j*j ls' -^-^ (s- 1 ) 

rr 



: jUjJI . ^ jjjSi ( i ) : J-^JI 
tjl • 1* G C&j G t> uAh J> op _y j K <H (jSJ 

o^i .HnK*<f> o&j eeHnK cP J^j eeK » eeif 
. aZT 1 gH r\K <= ab' x e A: « a,b~ x eHt=a,beK <■ a,beH<^=a,b&HrK 

: jljJax Jlla . JjLLx JJJiJ (c-l) 

*_>*j ^Z V Jlla UjI j L»£ A-alc. ^ijuaj) Z (>o ^liuj^. u^j* j 3Z < 2Z 

. (msZ tiiia. Z t> ajj 
1 = 3-2g2Zu3Z : 2g2Z <3g3Z jVlj 

K iH jUjI <jl ^jA jj . (? o ,>» j <>« oiijj Jjj ja j //, (jSl : V Jlla 

HkjK C ► G&H L ► K v KC >H 

(G o j^jit t>» ■Mj?- » ,>0 H ► G) 

.biHibeK i a£ K < ag # o) ^ a,beHvK c& ■ " 

aZT 1 e K j ah"' e H £ 6-j -{HvKf- ►GjV) df x eH\jK J ^ 

aZT 1 & H ba x — (ab~ x ) x <=H=>b = ba x a e H 

tfZT 1 g K =>a — ab~ x b e K -a 1 * j^ 1 ^ 

ieAT 

Z := {g g G : gx = xg Vxg G] <j£Jj » j-j G <j£l : A J&4 
. G 1> ^JIjjJ <jj j*. s j-> j Z J tjJc- (j«> _>j 
((Centre or Central of G ) Z g » iS A^) 
uV eeZ : >A\ 

Vx g G : ex = x = xe (1) 
g g Z Vxg G : gx = xg => Vatg G : x~ x g' x = (gx)" 1 = (xg)" 1 = g~ x x' x 
=> Vy g G : jg- 1 = g-'j =^ g" 1 g Z (2) 



[ Group Theory ^jJii^laj ( jjiri^2fl) 

g,hs Z =>Vxe G:hgx = hxg = xhg=> hgG Z (3) 

geZ IteZ 

. AjJI-Ij] Z (ji o jjoiIju ^ > j-i'n i_sjj«j1I ^ j .G (j-o *->*j ^ (3) ' (2) ' (l) iy> 

J (^Ic- ,j& jj . n G N (jSJj . e aiU-JI IgJ ^jltal Sj* j G (jSU : j Jll* 

<= y n = e <=y<= H uSj] . e"=e eG # : <*jLj> »fl 
: a li jT l g # jj. (jr 1 )" = = e- 1 = e 

x,yG 7/^x" =e,/ =e^>(xy)" = (xy).(xy)...(xy) = x^x . 

cA jA\ j> n <JtjuJ G Cil^Jl « tiiljJ) t> « 
= x"_y" = e.e — e => xy g H 

((y n r=(y-yr = r l -y x =(^ , ) B = o^v) 

< — „ — ' < — , — ' 

: <_iul J\ (jAjJ : j ' 

(#,.) (H-{xGM\{0}|jc=lvx( ts ^ ► (K\®,.)( 5 ) 

(K,.) mm L > (K .•= {xg R \ {0} I x > 1}) (R\fl)},.) (m) 

. V j^l" "." ajL«1I l^lcj ^U-ll U^^it e t AJI^ij Sj^j G cp3 : ) \ Jll* 
. G ^ aj5> Sj-j // <j • # := {x 2 1 xg G} 

: -'M Jl 

eG G=>e = e 2 e H 

x 2 g # => xg G => x" 1 g G =^ (x 2 )" 1 = (x~') 2 e // 

x 2 ,.y 2 g H => xg G,_y g G => xfgG=>xV = (xy) 2 g H 

^>HL ► G 



a_^a j ^ylc. (_g jiaJ (J (j£-<uY __>*-alic. 4iui till j ojx j 4jI jl ( _ f lfc : j Y <J&» 

V^j z = xge xH,z,ge H Ji ^ z j g jil xHr\H^(j> J&V*] 
*// j^Uc joc j x# cG ' H <zG u^Jj . o^Uj x=zg~ i eH : J <j^y 

=g 2 '■ d ?J^i v ^ u^j xg l =xg 2 o\ ^ g l *g 2 ^.jj 

. ( 6 = G Ji-eilif. .ISC.) <_>i»3Uj 8 = JCi/ Jj-abc He +H J>A'\C He 



c </ 



.? 0 



a + fc + c + </ = 0> jjl Jc. <>jj 





















3 



\ \\\\f\,„\ I jj < * 1 1-\ j I jLo . Cr (jx Ajj^^ '"J^j (Jj^ 

uVlj e + / + g + /2 = 0 , a + b + c + d = 0 



\gH u^J • <JU. C^uul // jjj 



V C dy 



7/ 



g h. 



a-e + 6-/ + c-gW-/z = fl + fr + cW-(e + /' + g + /z) = 0 

0 0 



n 



Group Theory (Jjtfl,*— 2J() 



Uii^j 2x2 ^jill t> ^lijL^JI G:=GL(2,R) = ^ ^ 

OAjj . i/ := {Ag G I det(^4) = 2",«e Z} c^j -(The general linear group 

• G t>» ajj • _>« j ^ 



L& 1 -det 



o 1 



= 1 = 2° & 



,o i. 



det(A) = 2" , det(5) = 2 m ,n,meZ<= A,Be H 
det(AB- l ) = da(A)dQt(B- l ) = dQt(A)(dQt(B)y 1 =2\2~ m =2"- m ,n-me Z 

. AB~ X eH J J 
.K:={2 a \aeH} . ^1 ^ I i> V> j # = 

a,b&H ^ 2 a ,2"eK ■ : ^ ^ • 1 = 2°g^ * 0e// ; <-M *4 
j ^ J ^ (a-bGHcfr) 2 a (2"y l =2 a - b GK : J 

. <_j ^1 ^LjLfr ^ R \ {0} 

'a 0^ 



// : 



J' 0*-« •#:=• 



0 6 



|a,Z> e Z\{0}j ' G:=GZ(2,M) 



'1 0 
.0 1 



f T x 0 



0 



/2 ^->^^^ n °' 



y0 2j 



0 \) 

V> Sj- j # : (Jul jl a*j^ .H:={a + bi\a,be R, ab > 0} u£I : W Jtla 

. ^o-^ll AJlLoC cIlsj C O" 



rv 



o«u3 i/ u^j -l+4=(-3-0+(2+50^^ ^ ' -3-i, 2+5ieH : J-^JI 

. AjLaC. iJliaJ C (>« "Mj^ *_>" a j 

f j- j : l_lsI J o* jj | a,Z>eR,a 2 +Z> 2 =1} : !! ft. 

. L juil iA j i f-il ir. t ti«-> . 4_l^)jLJall A\\nr. (C \ {0} 4jj ja. 

• (C\ {()},.) J JjU-B j-LJ jA j i 1 2 +0 2 =1 1 + OiGif : JaJI 

c+dz'=cos#H-zsin^ ((a 2 +i 2 =l j^) a + W = cos0 + /sin# l&1 
(a + fo)(c + di) = cos(0 + 97) + i sin(0 + <p)e H J z&iH ^ Oi 
cos(-0) + isin(-0) ja o]*H ^ I a+bi=ccB0+ism0 d& ^Jj 

. |z|=i sjstj tsi^+y =1 

a + bi . a + biG H c&A 

(a + biy l jA 



— 1 


i 

r 











a 2 +b 2 



a-bi 



a 



a 2 +b 2 \a 2 +b 2 



^ 2 f 
+ 



+ - 



W+b 2 ) (a 2 +b 2 ) 2 (a 2 +b 2 ) 2 



1 



(a 2 +Z> 2 ) 2 a 2 +b 2 

a 2 +b 2 =l,c 2 +d 2 =l 



= \=>(a + bi)~ i GH 

<= a + bi,c + disH 



(a + bi)(c + di) = ac-bd + i(ad + be), 
(ac -bdf+ (ad + be) 2 = a 2 c 2 - lacbd + b 2 d 2 +a 2 d 2 + ladbc + b 2 c 2 

= a 2 c 2 +b 2 d 2 + a 2 d 2 +b 2 c 2 
= (a 2 +b 2 )c 2 +(b 2 +a 2 )d 2 =c 2 +d 2 =l 
^(a + bi)(c + di)eH^(C\{0},.) <> V> '» j- j H 



Group Theory >.jJi jo>Jaj (j^n-JUt) 



Cosets 4SjUtl QU^aall Q-\ 

Ac j^-all <_ij*j . ae G iG Cy ^ j?- *J-0 ^ ' • J-O G • ^ > -o- ^ 

wuull 4i iUi^l ^ <^u>l\ aH := {a/* | he H) 
//a := {/za | /i g H) <c <dliS . (The left coset of a w.r.t. H) 
■ (The right coset of a w.r.t. H)<J\ a t> ^^Luil 3£ jU^II 4&. 
. a,b(=G ^j.Gi>^>w ^ ' *J*J G : AjX^u Y-a-^ 

aH = bH (\) 
bGaH (m) 
cT^G/f (_?■) 

:"(-) «= (')" 

b = beebH = aH 

= 'M <= M" 

be aH ^>3he H :b = ah 

=>3h&H: a x b = a~ l (ah) = (aT l a)h = eh = heH 

: » z) " :"( i ) (_-) " 

a~ l beH ^>3heH :a- { b = he H ^>3heH :b = ah (1) 
xebH=>3keH:x = bk = ahkeaH=>bH^aH (2) 

xeaH^3£eH:x = a£. "c" 
.((? o- ^> Sj-j # eH<=he H)a = bh~\h~ l e M (1) i>j 

a// c (3) 

. Sjjilxo l_) jUaxll £UJJ (3) ' (2) (j* 

. a,Z>G G cMj -G o- <h> // u^lj • G jSl : cij^ f-a-^ 



a = ft modi/ jj- jib : (a congruent to ft modulo H) /Toubi* b -J ,_$jUx> fl 

. (Y-o-1 ) (1» J>i!l JS Jblbj) Ja jjl JiaAj Ulic 
a£UI £]i iliic .G <> ^JJja. flj-j // u^jI j i »j«0 G o&i : AJa^ala i-o-\ 
. a J^»3 j& aH cfc at G l&j ■ G Jc jalS 4&bv ^ 77 ^biL J,U*." 
.(reflexive) V-liul *CU1I J J a=cmodH <= aH=aH:a&G JS1 i ^La >4I 
Va,ft e G:a = ft mod// => a// = ft// => ft// = a// => ft = a mod// 

. (symmetric) <LUu aELJI J 
Va,ft,c g G : a = ft mod//, ft = cmod// => a// = bH,bH = cH 
=> a// -cH ^> a = cmod// 

. (equivalence relation) ^s^j ^ ^ t> j (transitive) a£>U1\ J 
.(+ <iL*ii ^b) Z 6- *ji> S j-j mZ <jj£ WG Z JS1 : Jilt 

: k,£eZ JS1 m*0 
Ar = fmodwZ«=>^-A:G mZ 

<=> m j^ic. 4-4*«all <_£jU. ^ c.ja. jj| 3 „.„ql | l<^j £ ? ^> 

A: + mZ = r + mZ 

LSj-yil cA^^^l ^ {r + mZ : r g N,0 < r <| m |} uj^j 

. wZ ^ij <±*Ai Z j~ab*J 
• G <> > * j // ' * j- j G 6^ •• <j.i^us 
tfj-jB ^jLiJI CjUij^l G\Hi *£jLiJ .'J-.j.^.n 

:<jjbJ >Lu ^ . # Jj 

f:%~>G\H 
aH H> //a' 1 

(Y-o-^) ^ Lylj . (well-defined) LjjaJ=LfeL^j tj! J Vjl ■ : ^ >J 
• G ^ aj5>. ilua. aR = bH Uiu a* ft t a,ftG G ^jj js ii 

i . 



Group Theory >t>n5»j>ini (Jj^t(»— Sfl) 



^jSj dijsu xe # ^jj lit ^^iy bH = aH : ^VIS ^ij iHa 1 =Hb~ x 
cA Hb~ l = Ha' 1 ula JUL,j ZT 1 = x~ V e /fcT 1 ^ ^ 0-j • 6 = ax 

. ((Y-o-^ ) l^I jjjSill SjtUJ 
j ^jjj Ha x =Hb A c£4 J ^jil J ^j^V -(J-*^)^^ ^Ijll J 
csi .aH=bHj gly (Y-o-^) o-j tf _, 6G# ^ ^ t>j ' /ig// ^ of 1 ^ -5 

Normal subgroups <UfchJail <Ly>all >»_>JI VI 

: 2dat£ia 2ujV1 cjl jjjSoI! . G t> s J"0 # ' "» J- j G o^J : 

aeG ^ aH = Ha (\) 

asG ^ aHa'czH (Y) 

. G o* (p ajUJ^ tijU jjajj- ji j^l c 7/ (V) 

aeG aHa x =H (£) 

. G o* <P £L* jjijj- jj jVl #>(^0 = # (°) 

:»(Y)<= (^)» r^Ujd 

xg aHa- x ^3h&H:x = aha\aH = Ha=>3eeH:ah = £a 

=> x = a/za -1 = ^acf 1 -£e H=> aHa' 1 c // 

.^l-ill ^jjajj-jJjVl t> SjJiUx ^IL : (Y)" 

VasGiaHa 1 <zH t= y ^A-j^a jj- ji jVl ^ (4)": <^ (r)" 

\/azG\aHa x =H <^\/aG G:H czaHa 1 <^=VaG Gia'HaaH <= 

(a-'r'=<i 

f jja jj- LiJ Ji <Uc gut G t> ^jj-jij ^> : Lg^j & b 

< (p(H)c:H : Ola JUlbj < fi{H)<zH i (p(H)dH uj^^Go- ^ 
.ae G J^J = ^(//) = # J ^ • H=<p(<p l (H))<z<p(H) 

Z^j ■ "(°) <^ (0" 
. x = a/z ol^hGH ^ji <= xgoH (1)" : <t= (£)" 

M 



Ji £eH <= aha x =i <j] £g7/ <= aHa 1 =H 

(*) aH <zHa <= x = £as Ha xcT 1 =£& H 
<= ai/a -1 = H.x = ha Aj=^ he H jce //a 

(**) HaczaH <= x = ha-a£s aH 

. aH = Ha J & (**) ' (*) i> 

. (^ -1-^ ) ^ (-la j>i3l <_£ t>j) I^J (normal subgroup) 

. (aiUJI G 

. G (j-a AjxJiia ^JJ_^ °->0 UJ^ G AjJI AjJ (j-a ^jj?' (J^ (^) 

. G'aj-jSI ^jG Sj-jil t> j*j (p\G-^(j c££ : AJa.»a>l> t-*\-^ 

(j-a 4 -utjfla 4JJ_>?- s^o j (p ' ( A^') (jj^J O" 0 ^J'J.'^ 1 ^JJ _>?■ * J-° j Af' (J^ ( i ) 

. G (3* AjTjil-i ajj ja. aj-aj Ker(jp) oaoJ l ^jiftj . G 
^(A 7 ") <jl* ' G t> <uj=v Sjxj iV t (LjSji) f j-^ UJ j I^J (m) 

ae G l& u^lj • G <> *j*J #>~'(A0 (^-^V ( I ) = ^iLjt >4 

: X6 ^'(AO J^lj 

q{axa~ x ) = ^(a)^*)^ -1 ) = <p(a)<p(x)(p(ay l e (p(a)N'(p(ay l erf 

^jAjjAjAjb (p Y—K—\ (j ^ Ajxjjia 4jj_^a> *.>°j AT' 

=> axa~ l g (p~ ] (N') => G ^ ^ j> '» j-J (A"') 
uVj = u] < ^=h JteiV ^.jj . o'g G' t x'e ^(N) l£J (m) 
: uVlj . = a' J oeG a^jj -uli (J-Li) ^Ij^? 
aVa' -1 = = <p(a)(p(x)q>(a~ l ) = q>(axa~ l )e (p(N) 



Group Theory ^ijojiki ( JjVt|»«5J1) 



.(Ij^ile.) iLaLi LuJj (p . jaj ^» jj3j_jxj-ajA <P'.G — > (j (j^jJ '■ 3$* 0 — \ — \ 

• G' <_ji ojjij ojjjjJalti »'\uij\ (p(N} . G <jj3^ *->"j N 

. l$aa 3 ajj3?- '"J^j dutA 1 (g iSl G ^ ^A>?- *.>0 ^ ialim 
Va,bG H : *(aZ?) = a6 = i(a)i(b) 

dluul l[H) — H (j^J AjxjoIo <JJ_)^. »_>0) ^ cs^ ^J»J.'j"» ^H,)?' *_>*j 

>-aj*il j* e) H = {e,(\2)} <■ G = y i X- ia. SApc a&J qjjSj 

: ^axjiila Ajjj^. »_>«j l^-i^l 4 % (j-a *.>0 H .{G ^ AiLa-all 

(13)(12)(13) = (23)g{ e ,(12)} 

» jx j g uSil : uL jiu n-n-M 

7Vor(//) := {a e G : otaf 1 = #} 

. G ^ ( Normalizer) H frd** 
// ^ Nor(H) t G Ajj> i/ . » j* j G : V-1-> 

: (jli juAic. . G ^ 
.G ^^jjj^s^j Nor(H) (^) 
Nor(H) t> *j*#Ja V .> » j /f (^) 
. KczNotiH) &Ko* ^> H lG o* V> '» j-j * ^ ^ ( r ) 
. ^> s j-j # G u* V> » j J^' Nor(H) 3 J 

=> VaeG:aENor(H)&(p a (H)=H (*) 
e (jl jJI <> Vjl . G 1 V 1 J* j Nor(H) ji (^Ic jii 



a,bENor(H)^<p a (H) = H,<p b (H) = H^<p ab (H) = (<p a o<p b )(H) = 
<p a (<p b m) = <P a m = H^abG Nor (H ) 

a g jVor(#) => (//) = //=> q>^ (H) = H=> a 1 g Nor(H) : ISM 

. ^jJa! j (Y) 

:ag^ l& aHa l =H: aeK J£5 <^=K t >V^^>'^ji/ (^) 

A" c Nor(H) <= AG 7Vor(i/) 

Factor groups <U<Ldl>»jJl V-t 

^ G/jV <G ^ <wjJa °J-j N t S^jG o^il : \-V-) 

p.G^> G/N ^ ^ ^ G ^ ^julJI cAcj***ll JS 

• *JO {%,.) ( I ) 

.aJV o-j^-j* a-W . (%,.) 

P ' »>0 ^1 : (uniqueness) -kjjl M-^j 0) : till* 

:a,bGG <«^J -uli ( G / N ,) <A G 0* <0*jj-j-j* 

aiV.&V = p(a).p(b) = p(aZ>) = (a6)AT 
t>jj (exists) Ail ^1 l-iia. <^j*-6 (^) ^ ^UJ .kijll jt Cmim (Y) 

liA t> ^ jll j tjUlHo a,Z>G (J o' >-»jc- -i^jj (Y-e-^ ) (ja ^J*j 

. G 0 j« jJI ^ Ajj ja. s j dua. ai/ = bH OjSj 
' aN = a'N d& ^ W> ^jll J 1^ ^ |j$Jj 

^Wtf J^J uj JUo) abN = ab'N J£ a,a,b,b f £G ^ bN = b'N 
^ajJa » j-0 -W lij N <G i-i&iui .(The representative) JioJI 

• G jil ^ 



Group Theory >«jJl£j>Jii ( Jjifl^2H) 



feG^ nb' = b'£ : b'sG » n&N<G M ^ VJ Ji*^ 
(1') ( aN = Na :aeG & <d ^ N < G eft) 
. aeG ilua. aH=H c}&G Cy H £13*. a&H<j& 131 <d LjIj ia^Li j 

(2') (ag H^>e' l aeH eH = aH^>H = aH :cft) 

Y-o-1 

■ c& 

aN = aN, bN = b'N, a, a, b,b'zG 

=> 3n, me N :a — a'n,b = 6'm 

=> abN = a'nb'mN = db'tmN = ab'NJe N 

Va,b,ceG: (aNJjN).cN = (abN).cN = (ab)cN 
= a(bc)N = aNhcN = aN.(bN.cN) 

VoeG: N.aN = eN.aN = eaN = aN 

(G/ N ,.) J AjUJI juaiA jA N J J 

VaeG: a" 1 N.tf7V = a - W = eN = N 

. aN ouj^*- 0 jA cf l N jt (jt 

(p) ilji Ker(p) = {ae G: p(a) = N] = {ae G : aN = N] 

= {aGG:ae N} = N 

^Ji oLilaSI 0^<a jjl ^flnu .G nK ' *->0 ^ Y ~V~ S 

. G/N(J& G—l (The canonical epimorphism) Lf JM4*fl f >4 a »^yt P'.G—^GIN 

a h-» fl/JV 

to 



. G <> *j5> N Lij*jG o& : 4ia»al» t-V-> 

. Ker{(p) = N o& iVj <p:G^>G' 
(\-V-\) ^j^^^h : "<=": <-M *tt 
(!) (*-V-1) j- Sj-ilx. dliiS ^ : "=>" 

* >*J uj^ ^_>> ^ ul* o-»j '^^j : (S^* t ~ v~ ^ 

^ ^jL*aJ! jjlij ^//^ * j-jJI Ijj-il o& m^Zji Ajli li^lj .^uyiL aj3>. 



VM e Z : (k + mZ) + (t + mZ) = (k + £) + mZ 
roZ 

f mZ 

= {k + mZ:k&Z} 



- = {{k}:ksZ} u& m = 0 aJU J 



P-^VmZ 



& i-> {k} = k + mZ 

((o-o-i) Ji. jlal) k + mZ,kG{0,...,\m\-l} 
Y mZ ^uLZ m lyiAi 

The Isomorphism Theorems fgj^ij^j^t jjjjjjjjjj A-t 
The Homomorphism Theorem f >i i »» gffl 4.? jaj > —A— > 



Group Theory ^jjli^ki (jfop^ZX) 



: Ji\S> P jijj-jjj ^ /(G) J, G / Ker {j) i> H^ 31 c^- : ^ u >^ 

oKsrCO /(*) 
VaeG:<p(aKer(f))~f(a) 
& aKer(f) = bKer(f) a,be G & :\*& <p fJ^(l) 

^6^(/)^/(a)- , /®=/(fl-')/(6)=/(a- 1 6)=e (G'^4^ j-U e') 

x-r-> 

=>/(«) = /(*) 

i^uV AjV lija. lflj«- jll <p(aKer(f)) = <P(bKer(f)) : ji d 

. (The representative) Ji^l j^ic. 
Jl^l Oj^- /(G) yfl JS jV) gUil j : (J-li) ^ja ^Jj ^ (X) 

. <p(aKer(f)) = f(a) o& aKeHJ)^^^ ^ ^ JtilLj /(a) 

J J « \/a,beG:<p(aKer(f)) = <p(bKer(f)) : ^ #>00 

• /(«) = /(*) 

f(a x b) = f(a- x )f(b) = f(arf(b) = e^a- i bsKer(f) 

v-r-> 

=>aKer(f) = bKer(f) 
Y-o-i 

Va,bzG:<p(aKer{f).bKer{f)) = q>{abKer(f)) 

G 6- <huA« <H> °>0 ^(/) J J^j5) 
= /(«*) = /(fl)/(*) = <p(aKer(f)MbKer(f)) 

IV 



The First Isomorphism Theorem f >i i m » i&i L «i Al ^ Jai» t-A- ^ 

• G' ajAjh (Jll G 6 jSI t> j ^ jjajjAjxjA / : G — > G' c&l 

• (G u-° ^pjr>- * j-O) N <G i (Go* ^jjj?- » Iff- ► G <j£iJ 

^ /UnN- /N 

UN:= {un/ue U,ne N} ^ 

: <-M m» 

t5 HjL j i e = e.ee UN jli JtiLj N <U ^ *j=*j* G ^ jjUJI e 

: u x n x ,u 2 n 2 eUN c£A Jj\j .UN*0 J* 
u x n x .u 2 n 2 = u x u 2 n 3 n 2 e UN,n 3 e iV 

: jli <iH j£ 

Vime UN:(uny ] =n'u x =u l ri& UN,n'eN 

. G ^ o _>« j LW (jt <-S^ 
G a^i> - a>a j N « NaUN J J Vne N:n = enzUN j^'j 

• j •' c^ 1 " il&J ' ^ t> ; ^ ia *^.> ' a >0 ^ £ i>j 

^ fj lj* ^ ^J^ 1 ^j*-^ -(UnN)<U jjSj J 

Va,Z> e 1/ : p(aZ>) = abN = aNM = <p(a)(p(b) 



Group Theory j-.jJt^jlij ( jjVl^-21l) 



Ker(<p) = {a<= U:cp(a) = N} 

= {a<=U:aN = N} = {a<=U:ae N} = UnN 

((i) £-l->)£/ J2wL^j*ljAj UnN J J 
: (^-A-^) fjAjjAjAj^ Ajjlij jjJaj 

The Second Isomorphism Theorem ? >jfl j >&U <ulSll 4j j&Ili V-A- ^ 

:ji ^jjj . N a M iG J* u /'-"-'.'k (jii}jj=>. >°j M,N t i >»j G 

GIN/ ~ G/ 
/MIN- /M 

<jj ^ula 4jj_> ''J*j ^yjsf d Lr 3 ** jjSj ^ : QUjJ 

: (p ^JjJI 

«> : %-% 

<3vVi-> aM 

Va,bGG:aN = bN => a l be N =>a l b<= M : ^j** y (\) 
\-\-\ 

aM = bM 

\/a,bGG:<p(aN.bN) = <p(abN) = abM = aMbM 
\-S-\ 

= <p(aN)(p(bN) 

:( <p) l\y (t) 



Ker(<p) = {uNgG/ n : <p(aN) = M} 

= {aNe < y N :aM =M} = {aNe ( y / N :aeM}= M / N 

: (\-A-\ ) ^JjSjj^^j^JI Ajjlii (i^ l/^J 

G/A/ =G/ N/ =m(G/) = G/ 
/M IN /Ker(<p) n /N> /M 



Categorical Kernels & Categorical Cokernels 

. H "t> J<*j$ G « J* jll (>a J-a j f JJ3 J^a^ajA f '. G H O^ll UftJ . jXJ ^ ~^ ~ ^ 

. (Cotegorical kernel) >* St »S g:K —> G ? j£jj*j*> K i j^j < _ r — ^ 

: 13] /_J 

(Vae = e w J J) fg = l 0) 

. (<-ili£ jail ^JL Ij^A j ybg (J _i*j fg 'H <ji jjU-JI j*^uJI e w ) 

£->G JS1. £*»j-jJSl (*) 

[77i = 1 =r> 3,A: : Z, ^> f Jj9jj-^jA : h = gk] 
L 



3,& 



4 



J\*A J! J (jr^ r" J" <-^ b "///" • k lo^SU j^Ij a>jj ufiu BjA: ) 

. ( gk = h t^aaJI JiJill ^ . (commutative) 



Group Theory ^jJli^j^i (Jj^t^-JUl) 



(unique up to isomorphism) 

(Existence) : : flU >dt 

g:Ker(f)-^G tR ._ Ker{f) : g t K 
x (-» x 

(The inclusion mapping j j^xM I ^1 j) g = j jf 

Vx g Jfer(/) : (/g)(x) = /(g(x)) = /(x) = e H 
J J\ .Vxg I :f{h{x))-e H J J< ' Vxg Z : (fh)(x) = e H : »U*^ y?i = 1 
& oj^j Vxg Z : £(x) := h(x) : JH\S, k^j^V^j . h(x)e Ker(f) 

k(x)eK = Ker(f) jV U j~ 
Vxg Z : (g£)(x) = g(£(x)) = = ^>gk = h 

J ik = l£ 3 
Vx g Z : i(k (x )) = )(x ) = (i£)(x ) = i(£(x )) 

=> Vx eL :k(x) = £(x)^k = £ 

(Uniqueness) 

LpJ • fg ~ 1 u! ' 6 J-J K <.f -1 Ajjjj- Slji AT',g' jj (ilia. t>J • ^ = 1 

sljj i^g' <j^j • g'h = g <jj Aw h:K-*K' ^jaaj^j^jA 




-> H 



cpj • Jg' = 1 uj r>j «/ — 5 ^-^j- jj ^.g uj ^ o*j 

K,g oj u- 4 "• o . gk = g' (jj tlya^ k : K' — > AT ^ jja ja 

a J — «»j ^ */" — 1 Ajjj j-a otjj K',g' £)] U<«J • ^g — I Lpj • f — ' >* *' 

• $h - g uj ^ w h:K-^>K' -^jj u^J • fg = l uj 

KK'KG <J^> — 51 uj ; > : K —¥ K ^.jj 4j| 11a 

1 :K->K 

j AjJ <J£ji3l (jjiij (J*^ K j» ji*JJ*J*J*^' U^J "^Wj UJ-^i 

ah^ a 

(1) £0/2=^ 

J£fiH fa,* \K'-^K' 



bi->Z> 



(2) 



/zoA: = \ K , 



4*5 iljjj JjSjj (JSL53) j»ji3j^jjji (A: dUiSj) h jli JULj - f >j>^j A 

. ^aKLmoxI) \j) jj3) <_)LuLi. (jj-^) Q'V'^j 
. G « jll Jj /7 s i> >.j f jja j jx^ja / \H->GcM '■ uL^i r-^-^ 



Group Theory >.^ijxj>lij ( JjVln-«2)l) 



: (jlsa \'4f (Categorical Cokernel) 
(VaeH:(gfXa) = e K dJ)gf = l (>) 

: j»jjajjx^jA /z : G — > Z, L » J^l (Y) 

[A/ = l=>3,fc:A:->Z, ^jj-j-jA :£g = /z] 



+ G 

h 



+ K 



y y 3,k 



t A' 



. (unique up to isomorphism) <KLila]| a£ jLUI 

Im(/)^ ► G :G c> ^> Sj-j (/) ijj- = (r-t-l) 6- = rtM 

5:=n{7V|/V<iG,Im(/)c7V} d^^uj^uVij 

4^4 t>a Ajj ja. ft j jA ^4 ft J-a j t>4 jjiyj ja>. jjJJ j ^Jalij (£ — £ — >) ^ 1 Jlla qa j 

ate" 1 e TV . ie5 « agG JS1 -uli <iUiS . G ajj>. » j 5 jli £ <>j 
Ajjj^. » j^j B 3 aba l eB jli ^ 6-j (G ^ ^nkll *j5jaJI j-ji!) TV 

. t5 ^JJI f j^j^VI g:G ^% , £ : = % ^ . G ^ W> 

« (% ^ ^UJI j^JI 5) (gf)(x) = g(b) = B:xeH JS1 : oVlj 
^ Ija g(b) = bB = B dpJ^Lj b = f(x)elm(f) <jV ^5) 

. gf = 1 ji ^1 ( UoLJI J^jll 
: J t5J ^ii I . hf = 1 jj tlua^ j»jja jjxj-y, /j : G — > L (L Uj.il jljl jVl j 

or 



. B c jSTer(A) qti J^j # t> <«> *»>0 Ker{h). , Ker(h)^ln{f) 
: j^jV^ Ui j« & ql (jVI <-u!u (jl ^jVi'inij .ce G £A*=J k(cB)y=h(c) <_ij*j 

J ^ jLuy liA . c,ceG ci? = c'5 l&I 
A(c) = <= h(c'Y) = e L <^ c-'cg B c £er(A) 

Vc,c e G : k{cB.c'B) = k(ccB) = h(cc ) = A(c)/r(cO 

= fc(c#)£(c'£) 

Vce G : (fc)(c) = *(g(c)) = *(cB) = fc(c) 

<J£J <J oli*^ liA . k'g -kg—h uj tij ^ lA^ : A: Aailia, j tluijj 

^fj^jj^j * l#j *'<&x))=Afe(x)) J J (*fcX*)=(feX*):*eG 




Group Theory j^jjic^lij ( jjVl^a5H) 



uj < - 1 ^ t>j • gf— 1 tlpj f —1 uj l A? a ' i> 

f j^J^J-J^ -^jj cpj • &f = 1 uj S J-0 ^ '/— 5 ^J* alji 

• hg = g' uj h:K ^> K' ^.j 
slji ^',g' uj ^ o-j . gf = l a jj . /_! a^j- 4£jLi* sljj uVlj 

jLS- Si y K',g oj ^ t> = ^ • %' = g uj ^ k:K'^K 
K' if —1 <ui jx 3£ jLi* i\y K,g uj u-°j • g'f — 1 cPj / — 1 ^ 
uj h:K —>K' ■ j» jijj-j-jA u^j : g'f = 1 uj • j* j 

jjSL tlua < A:0/z \ K K -ll=».J ^jjSjjx jxjA .i=k.jJ <il I <L*aa-a j . /jg = g 

ui^i j&^si jx^. ^ : ^ ~^ ^ f jj JJXJXJ4 ji ^ . uijj gax'a: J^ill 

is.jj <u! aLLoiII gjlljll .koh=l K (l) u^j 

jSl . Ul^j GK'KK' Jlill hok:K'-*K' a^j fjijj-j-j* 

. hok=\ K , (2) u^ 1 --^j <^ <-Wy r " ^ jya J>a j*j$]1 

Z? i — > Z> 

k <J (2) i>j • ^jjajjxjJ A: 4 ^jjjj^jjj- A u' (1) t> 

Sljill ^jSjj u^j^JJ-jj^' & uj^ ts^Wj -f j^J-T^j A i ^jjSjj-jjj* 
. (2\< 1 *,', J l A£jLiJI U jilt l-jL**. jj.li) ftija. j f 1 



00 



Order and Index JJ AJI$ <Ua>J) 1 » - 1 

: (^) <uj . Ac (i) : .-^ 

a^X^IS lil X isc."j = : (Ord(X) (Jf) AJi 

Aj^lia JJC. X lit t oo j 

[G:H]:=Ord(%) 

(The index of i/ in G) . G L Jt H ikb 
jll a G G JS1 . G t> V j=» « j H <■ o j G o&l : 4la »ala V- ^ 

ah\-^ a 1 (ah) = h h\-> ah 

VaeG: Ord{ah) = Ord(H) : p5 <>j 

Lagrange's Theorem gJI »V <L j& V- ^ « - ^ 

: (jli ijAic. . G t>« 4p_)^ *_>*J ^ ' ^-'(P' 11 " * j G O^al 
Ord(G) = [G:H].Ord(H) 

• G (partition) <j_>^j 

Vg e G : g = gee gH (G ^ ^jUJl j^-aiaJ! e) 
tf*^ ,iA J g = g'h'h" 1 g g'H Jz&i . gHng'H3gh=g'h' c££ 

• gHag'H J <0*^ * gh" = gh'h-*h'eg'H:ti'eH <_£i ^ 
jLiuJI dilc^^l J (jt . gf/ = g7/ jla ^ . g7/ C g// J diAi 
^ly V J t>j ' ljA^j J ( em Pty) W*^ 3 ^ J m H AioulU 

. G S 4j_>?^ uj-^ 



on 



Group Theory >*>Jljvjijlij ( jj^t^i21l) 



. axilla Aj^Injll (JjJala 

j> csi^V G a u *^ 'J*^ (Order) jiS lil : t-1 »-1 

:. J gfcj gil j^V Ajjlii c> • ^ JjVl Aixll jA (G) <£j 6^ = ^ 
Ord(H) = p . H={e} J Od(H)=l . Ord(H)=p J Ord{H)=\ 

. H = G ji u ■ 

Cyclic Groups <y>UJI>»>Jl 11-1 

Ac j^ta ^.nuM . (<ij ja. <CjASuaj X <Z G i ' a J*j G (j^jJ : i— fl-l j«J \ — S \ — \ 

[X ] := n{H :H L ► G (<p> j IcG} 

(The subgroup of G generated from X) X ,V S4 <l*fl G L Ahl Wtt S y j» 

• [{«}] t> V^j [a] L-j&iua fleG tfV 
: aE G <Lu j j 

(a) Qr</(a) := 0r</([a]) 
: iiiic. • (<£>> 4c. j-"-*) X CZG i ojxj G : Y - n - ^ 

X^ic- lsj^ G <> ^Hj^ j j*^ 1 is* [X] (^) 
[Z] = {aGG|3«GN\{0},x„...,x eX,£ p ...,f n G{l-l}:a = xf'..^} (X) 

c a ' 1 ' "'"" (^) 

. [^Y]Z)// (jl t 1 $j! ■" j^n <ij ji <al It 11 oj& ^jx 4'^«<ill (-JjjJall (Jj^alja. (JS 

x n <■... t x, J£ ^ jI^j G t> ajj>> 3 j-j H : " c " 

: a,b&H JSJcdliS. (... < fl = x) ( fl = jcj iiL) 



ob~ l = *? ■■■<" iyf -yi)'\x x ,...,x n ,y l ,...,y m £ X,e li ...,£ mi 8 l ,...,S m e {1,-1} 

J> ajxll i_ijJtiui . tf€:G « £ AlLa-J) jj^aixil IgJ *J-"0 G (j&i ; lAj j«J 1"— \ \ — \ 

: Jfite (inductively) Ul j£J n e N ^eG 



<3 :=e 
a* := aa k ~ ] 
a k :=(«*) 



►,ifeeN\{0} 



Oa := 0 

Jfca:=a + (fc-l)aLfceN\{0} 
:= -(A;a) 

: m,neZ ('^jG) aeG (^) 

a a = a ,(a ) —a 
: neZ ^L*aJ «uli ab = ba a 15 a,beG <.G (Y) 

(aZ>)" = a"*" 

: J ^ ij^L* gib . ae G » j* j uSJ : 4&»al<> g^j 
[a) = {a n \neZ} 

ae G Ijj (Cyclic) >jlj G Sj-jJ Jll : cL nu t-M-^ 

. G —3 (Generator) ^UJI eiA a <^*jj . G = [a] ^Vj 

. j l£ 0 ) : ^i£jV-n-1 

. AjjSb S jll LjSji laic. L» Sj^j jlS tij (Y) 

^1 jll 1 a u^J ' ^J 3 '- 5 j G tlulS I ij (V) 



OA 



Group Theory .^.jJlc^lii (jjiri,*^) 



<p:Z->G 

oft =x m x" = x m+ " =x n+m = x"x m =ba 

■ G J J 

(LJji (JaJ 1) Jjl jjc (G) .G S j-Oll Jjla-B j^.wJI ee G (Y) 

. ^bGj^ ' [«] = G d&i (*~^ 

Vm,neZ: <p(m +n) = a m+n = a m a" =<p(m)<p{n) 

t-\\-\ 

(Y") • G — 5 alj* a tG (>> ^A)?- * >0 f ' ^o^- 2 » j-O (? (*) 

_, #>:Z->G 

« h-» a" 

: JjSj ( JxLS) ^ja ^Ij <p 

H = (p{<p- x {H)) = <p{ml) 
= {(a m ) n (= a mn )\ he Z} (i/^a ra ) 
Classification of cyclic groups jJt Ji^aflj 4-? j& A- ^ ^ - ^ 

: ,jla ijjjc.. m := Ord(G) <-G —1 ilj* a t G j£jS 



. <p:Z->G 

• 0") (V-U->) o- P jj4j^ ^ : 

(-> a" 

■ G = %er(» ^f 5 ^-* <K%) = G Oft Jjir 1 ^ <P uVj 
Z oftj G=y^=Z jtS A^(^^{0} jli Od(G)=m<oo jl£ lij 

m=Od(G) = =n oftj Ker(<p) = nZ,ne Z jli JUbj o^lij Ijaj 

« + mZ (— > a" 

u 1 o^jv (injective) :tJ jl 1^.1 j UJj jjSj j\i Ord(G) = °° j^ ^ 

p(m) = a m = a" = <p(n) , m,neZ,m>n 
juJ\ ja A: ijSJj • m-n>0 * =e (G ^ .ijU-.1I j./iwB <?) jl 

£ = kq + r , 0<r<k 

aftj 

a 1 = a^ r = (a k ) q a r = e"a r =a r ,0<r<k 

. (jiaaLij : A jflVm G (jl (_ji«j li* j 
<= Ker(<p) = {0} ^1 jl j j (p Jj\ j 

o-r-\ 

G=<p(z)=y {Q] =z 



Group Theory >.jJijvj>tij ( JjSM|*-Jill) 



jliUJI U j.^ir. e t Sj-j G o^J : 4a-uj \-\ 
.k^ (Ord(a)) (a) '^j <^> a k =e: k&Z JS1 asG JS1 (^) 
. (cjUjs - a 0rri(G) = e : agG J^l (Y) 

V'^/mET^ , Ord(a) = m r&A(\) : *J 

a* =eoHmZe Ker(y/) = mZ : ■ (A-U-^) ^ 

<^>A;e mZ<^>3£GZ:k = m£ 

^j(r-U-^) gil j^V Ajjiuo-- a° rrf<a) =e :(l),>.fleG 

. Od(G)=k.Qd(d) : £eZ ^^4^1 Orf (G) f— Ss (flW( fl )) (a) 

fl <w«J) = = ( a <*<«))* = e * = e 

jiiic. . Ord(a) = m<°° , ae G < * >»J G oSjI : ^ 

[«] = {«' :*e{0,...,m-l}} 

fjjfljj-jjjt a^jj (A-n-^) j> : QU ajl 

& + mZ M> a* 

: j]i ^ j 

[a] = iy(y mZ ) = {ir(k + mZ):ke{0,...,m-\}} 
tG — 1 a ' m>2 <jjj31 l$J AjgVu Ajjjb G (j&J : ^rHHuil ^ > - ^ V^J 



jl t A^JLLa ^1 j5 m (jjUj <iu (J^lsI Ijtjili b.ie. r : " => " : flU j4l 

: j! km+£r = l :u_& &,i?eZ ^jj (Elementary Number Theory) 

fl = fl*" +fr =(fl")V)' =e*(fl , ) < =e(fl r ) £ =(a r )' =^ 

G = [fl]c[&]cG : ula^O-j 

=> G = [6] 

• b = a r re N j^ju o*s G-l .d*. a jV : "<=" 

im — kt ^'JV e Z ^jj iiijc . r im ijH^ J^* /G Z 

: J gljj Ajli G — 1 Llj- 6 ^ • r - It 
{G 4^1 j. nit II e) 
6* = a'* = a"* = (a m ) 1 -e e =e,\k\>m 
J^h m = let £*j . (m = (G) = G -J jIj* 6 uV j (^-^ ) t>) 

• I'M 

JS1 4jli . m AjjjJI V«J ^jjl-i Sj-O G <jSj3 : ^ Lulml > Y — > i - i 

. m = tk jl <i^> fce N j G -JM-dj* a L&b « ^U-ll G >-uft e jSJ : flU 
oV : tiil i j t ? ajj jil 1^5 G t>> :=[fl*]^>]l ij*jB J 
: Jgii a kM(H) =(a k f" t(H) =e 6-j • Ord(H)<t (1) ^ (o i )'=a m =e 

k.Ord(H) > Ord(a) = Ord{G) = kt 
v jlkJI ^ (2) i (1) o- . Ord(H) > t (2) J£ J&ij 
£e N ^ji (i) \-\) 6-* < ttej ^ G t >Aui>S >9 j ^1 : US 

: <J £cjoi (3fui Laxj . = [a e ] o\ < *'.'•*.' 

™=* = 0r</(#>- 



Group Theory ^l^jlij (jjifl^iJt) 



{e} iG iG*{e} c££j U^^it e i G : ^ajjj ^ 

• G=^^ uj i^^j ;? ^ji JJC J^jj «Uli jlijfr .G^ (jJJ.ija.jll aAuj^ 1 u^j-j 31 

u^j^ 1 u^j 5 ' ^y n y L$y^ Pijj ^ i$V jj'j^V i>) 



e * a e G : </>f <o\a Jaii VI ^j^ 1 _>* j 31 i> ti i^V G : lM j*H 



nr 



. (G ^ AjU-ll >-oi*J! e) a 2 = e : ae G Jil <i^> ' SJ *j G o^i : V 

\/a,be G : pU »il 

&a = e6ae = (aa)ba(bb) = a(ab)(ab)b = = ab 

: £ j >ii All 

a 2 = e,Z> 2 =e,(ab) 2 = e=> a = a"' ,b = b~ x ,ab = (ab)~ x = b' x a~ x =ba 
e = (ab)(ab) = a 2 b 2 - aabb =^>ba = a x ababb~ x = a~ x aabbb~ x - ab 

e e 4 z i y 1 X 4 — aila^J j — ^abc AjujVI t> ^ j : pU 

(jl Jj^a — i& U j — ualic. a J 4jli Vilify .4jJIai] JJC- G J . All -v n\\ \Ajt 

e = xy ^ jjc = z ^-y 3 ^ ' V 0 .*"^ ^ uj-i> ' ' x t 
^UIL.VI j=Xxx;" 1 ) = (>!x)x- I =xc' 1 =e : V]j J« = ^^1) 

. (a Wi . ^ j;x = j;,xy = x,xy = 7 
xy = e=>x = j/~'=>z = >x = = e : cfJ\j 

yx=z 

. 6 ja jJI 4jj jl Lajoili <jjfLl o^aj ^ ji.Vir. 4jjj gul js^ 4jjlij t>si . 4jjjb JJC. 

Vjj tiV SW*. £ Aij jll) .\ ^Sj» ±& l«J ziya j^aUJI uia JUUj 

. 0 jjilj-o L_l jUaall ^Jjj ^ 

r-u ) ^ jjj isj iji=&\ yuji ^ .us Miiii 2lu>ii j-jsi 

1£ 



Group Theory >.jji5u^lij ( jjVl|t*JUt) 

x 2 =y 2 =z 2 =e : J f < ^> j-j ^ ( I ) 

. z 2 * e i x 2 =y 2 =e : jjlj V < (j&u o^j-O (v) 
• » J- j <j uj^ : z — ^ OJ*** ^* <ji^j 

. y ^e^z 2 * * 2 = e :u_&! ^>»*il j>uj t S.i*Jj -Spja. » j*j ( — ?.) 

: (jjVI "ijj^I" ijjjjjalU lipl (jjSj 
^z = e = zy 
xy = z = yx 
xz = y = zx 

. H <zG jSil j 4 (. G j* l^j) s>.j (G,. G ) = E 

. (The inclusion mapping) qu . ^ l ^1 j jA iz=(H,G,{(a,a)\aG H}) o^j 

Uyj*^i liA J Jc t Jli. ^ t> j^) ►C? ^ j . G Lfc< ^ ia> » >« 1 g 

. Va,be H : a . N b = a . G b Jj Jajjll J ^ u* jj 

Va,be H :a . H b = i(a . H b) = i(a). G i(b) -a . G b 

. j^jLuJ V Jll« ^ ^i-alL (G Cy> » j C/ ) >■ G (l) 

^j^l ^ (^-£-^) fJ ^L i^-j (7) xy _1 G C/ : x,ysU JS1 (2) 

.((Y-t-^) 



xyeU : x.yeU ^j^x~ l eU: xgU jSi (3) 
Ua\£o aSjUJI jjjISjSI <> qjSj (finite) j-gjj* U Cul£ lilj 

xyet/ : xjet/ JS1(4) 
: 4j£sM (CjU jMt) iiiUL^SWI J«Jilj cMj* 51 : ajl 




. r Jli. <> 0 U^I j : "(1) => (3)" . "(l) => (2)" 

. (trivial) ! :"(3)=>(4)" . H (3)=>(2)" 

yn>xy 

Vye£7 



fjjl : "(4)=>(1)" 



\I/:U->U 
x\-> xy 

j(^) = xy = j(*Xy) OVIj 

( V =. G ) JjGfi) 

o*j x~ l eU ^ (3)(>j xe(/ ^ «uU U ± <j> uV : "(3) => (1)" 
(^M) ^J 1 ^ i/xi/ 3 H^el/ . jcT^eeC/ ^(3) 

. *(xy) = xy = l{x)l(y) IS .S jx j [/ J\ giLa 

. (r Jli. ^ fj*i*IU) [/ £ G J ^ajj 

jcGl/=>x,xeC/=>e = xx _1 e(/ :"(2)=>(3)" 

(2) 



Group Theory ^v^te (J#t|*~a») 



e,xeU=>eK l =x- l eU (*) 

(2) 

. <jj5b £±4 (Q,+) Jj-jll J ^j, : o JO. 

c n * 0 * rn,neZ d^. — € Q ep] -^j 31 - 1 (Q,+) 0^ : (j* 

n 



n 

1 „ m 



2/z n 

. AjjSb e^ul (Q,+) (jil 

qj tlyaj Ajjj?. » j*j KaGi (G t>°) V" j?- * _>°j HcG (j&J : 1 J1a> 

. A jinji a Ajj ja. a ja j H C K c) (J^- (j* 

V/cgK VheH: khk'e// 

. => K ^a^uL 

<u ja. s^-. j LcG <■ <p j*> oj- j HcG ' j G : V Jll* 

• t>») ^j*^ 3 * >• j H r\L c L ■ J jjia jj 

eG L,eG H =>H r\L*<j> (G ^ j^iA > e) 

Va,beHnL: ab' x e a*" 1 a*' 1 sHnL 

VxeHnL V£g L :txt' g L, txt 1 g H 

. aj5> o^o j // c G i £g L=>£gG cti) 



=>WeL Vxg H r\L \ txi~ x e H r\L 

• (%z' +) ' (-^ > UUJ 0) 

(5Z.+) . (Z,+) (Y) 
(Q,+) . (Z,+) (r) 
(C\{0}„) .(R\{0} f .) (£) 

4: fe + ) ^ 24=4! : ^ (y 45 o)^J 0) : J»» 

((o-y-^) rjn, jjai) a^i ^ aJU (^ z ,+) J ^is J^v 

jkil) Ci«jJ tsj^Vij aJ^] ohj-J oh f j^jj-jjJ d c£*tfj 

. ((A-r-^) ^ 1 jn* 
(5Z,+) » (Z,+) ox (*) 

^:Z-»5Z 
z h-> 5z 

^ : 5Z -> Z 
5z \-> z 

(poy/:5Z-^5Z y/o<p:Z->Z 
5z i-> 5z zh)z 

• W = l 5 z ' W = l z J ^ 

Vz, , z 2 e Z : p(z, + z 2 ) = 5(z, + z 2 ) = 5z, + 5z 2 = ^(z,) + (p{z 2 ) 



Group Theory j^jH^^u (Jjifl,w-211) 



J j loV 4-J JliJ lift (> (o) *jsJ ^ diujj t (oJ\l«) Ajjib i^iniil (Q,+) 
. Ajjib diuJ iJjL^j AjjjIj L*l.isJ jJJjxj (^1 jjj fj?3jj->j jji .1?>JJ 
(.jjj jj <uJ Aajj jl O^iV Aji LiAjj (A-f-^ \ > Jli» ^ 4j| lilliS Jaa.V 

• j*ju J <j^> (Z,+) <>■ (Q,+) 6- 

. (C\{0}„) .(R\{0},.)' ^jV (i) 

1 . -1 i 1 la_fc Ui j4C *Jjjb *jjj>. a j* j 4jj M \ {0} J-^ic l£ 

U . 2 ^jll {1 t-l}Sj-jll aljJ ~1 Uiu t 1 ^ujll l*J {1} A^jaJI Sjxjll aljj 

. 4 ^Lujll l«J ^jWl 4^j>JI Sj-Jll Jljj I j-^JI CP C\{0} ^ 

. o^alliSlj jUjJI . f jijj-j jji ^jjV (o) 

jSLJj Ajjjb JJC. »j*j G' 'O a1j*1I Ifrl ^JJjb oj-aj (7 (jSjJ 

<p:G^>G' 

xgG => 3meZ:x = a m 
2L)j5b G 

x' = (p(a m ) ■= ^(a) m := (a') m 
. (jbalii : Ajjjb G' uj&j G' — Jjij- d:=(p(a) J <jl 

j^_jxll jA e {e,(23)} ^ill? ^ j^ull a£ jUJ c^j^Ji JS (Y) 

. ^itli jut 3jTnl.ll ^jJI j^j]| J£ (r) 



(r) j> iu«Sll j-jJS (£) 

{e,(12)} _S (Thenormalizer) '^J-B (o) 
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e 



« <7 3 =(2 3) 4 <j 2 =(1 3 2) . a; =(1 2 3) . >^JI > ed^ 

• <7 5 =(1 2) t <j 4 =(l 3) 
3->l 4 2-»3 . l->2 ^ (12 3) 

U^J • »j*jJI 3j • _>«j t> ^j^JI » <jj J £i! J?.V Aj_>Iij (> (\) 

: t^SjH LI 7 3 j-jll jli 3! = 6 ^ (r 3 ) 

{e} ^ ^uJhJI i j-jB ujS j 1 
{e,(l 2)}, {e,(l 3)}, {e,(2 3)} ^ ^> j-j £015 ^U* 2 
2 3), (1 3 2)} s^jll ^>B oA, 3 

r 3 uj^j 6 
e{e,(2 3)} = {e,(2 3)} (Y) 

(12){e,(2 3)} = {(1 2),Q 2 3)} 
(1 3){e,(2 3)} = {(1 3),(1 3 2)} 



V. 



Group Theory ^i^jSaj ( jjVi,»-«2ii) 



(2 3){e,(2 3)} = {e,(2 3)} 
(12 3){e,(2 3)} = {(12),(1 2 3)} 
(13 2){e,(2 3)} = {(13),(1 3 2)} 

VagG: aNa x =N (G = y 3 ) : jifcJ (V) 
{e,(l 2 3),(1 3 2)}( = A r ) ^ JU»J13B s^jll WJoll ^s>» Sj-jB 

({{e . y 3 u*yS>]l ljPj-J» J] «^VW) 

N={e,(l 2 3), (1 3 2)} ^ TV (^iU j±) s^j W> <u> ' a>a j ^ (£) 

eN,(\ 2 3)N, (1 3 2)N, (1 2)JV, (1 3)iV, (2 3)iV 

e/V = (1 2 3)N = (13 2)N = iV c&j 

e, (1 2 3),(1 3 2)£# jV 

(1 2)# = (1 3)JV = (2 3)W = {(1 2),(1 3),(2 3)} U 

IJ» J i^j JV,{Q 2),(1 3),(2 3)} l>ii o- ^/ uj^ 

JUlbj 3 jA /V jj^abc 4 6 jA y i j*-aUfc JOC (jj tins, ^jl js^i AjJ^aj £-a (jiJJ 

Nn{(\ 2), (1 3), (2 3)} = </> J Jk-^V, .2 + Y / N 

. ja^V ^Jj^aj lM-W t>* 

jjlj liiiau <ze % t> {e,(l 2)} jUjV (°) 

a{e,(l 2)} = {e,(l 2)}a 

a = e,a = (l 2) ^Jji=Jlj 
Nor({e,(l 2)}) = {e,(l 2)} JJ . 

:Ji\<L\*j~ (Q\{0},.) J\ (Z,+) D- 0 0^ M> Jl* 

[-1 , X ^J-a^ 
f jja J>aj xj^l AjjJij^j (Ker(0)) (0) tiji^J 



Ker(6) = {xeZ: 6{x) = 1} : 
= {xgZ: ^jJ.jjd. x} = 2Z 

*(Z) = {1,-1} . % er( ^ = % z 

(% z , + ) = ({i-i},.) Je^Jjj" 

ji^t— (^-e .j1>. ja j:=l + 2Z ^ 

Uiu i 1 = ( _ l) . (-1) : ^Jj-^jJ 
1+1=1+2Z+1+2Z 
= 2 + 2Z = 2Z = 0 

l<->-l 

. j» jjS jj* J-ojA s^yiLiA (jjluill JliLall ^ Q {} : j j iJUu 

Vz, , z 2 € Z : 0(2z, + 2z 2 ) = 0(2(z, + z 2 )) = 1 

= U = 0(2z,).0(2z 2 ) 
0(2z, + (2z 2 + 1)) = 0(2(z, + z 2 ) + 1) = -1 

= l.(~l) = 0(2z,).0(2z 2 +l) 
0(2z, + 1 + 2z 2 + 1) = 0(2(z, + z 2 + 1)) = 1 

= (-l).(-l) = 0(2z 1+ l).0(2z 2 +l) 

jSJ : U JO. 

*:(Q\{0},.)->(Q\{0},.) 
xf-»|x| 

VA:^eQ\{0}:^)=|^H^IIy|=W.W 'i.U 

Ker(0) = {x:xeQ\{0}, q>{x) = 1} 
= {1-1} 

0(Q \ {0}) = {x : xe Q,x > 0} =: Q* 



Group Theory j^iju^lai ( jj^i^-Ji)t) 



> :<Q/!0 %,-i,^' 

q{l,-l}h^|q! 
. (well-defined) 1^ <-» j** jl j 

Vq x ,q 2 E Q/{0} : q>{{q x {\-\}).{q 2 {\-\})) = ^{1,-1}) 

Hw 2 l=k lk 2 1=^,(1 -i}).^ 2 {i-i}) 

j I ((J-aLi) jAt. (p 

I 1= pte, = ^(^{i,-!}) =1 ft l=> ft = ±ft 
=>g,{i,-i}=ft {i-i} 

: Jlill E(onto) ^ R H '"^j" G ^ : ^ r ^ 

Of . :M->M 

x\-^ax + b, a*0,a,b,xeR 

a cA oa h :M->K 

* 1-4 c (ax- = acx +bc+d 

: up A> 



d gjjj (1) t> 

x h^ax +b h^acex +bce +de +f 

J J 

a e/ o{a c4 oa aJb ) = (a ef oa cd )oa aJ) 

a 10 : M -> M 
x (— > x 

: (2) <> AiV 

Vor^ g G : a l(P a aJ) = a halJ>+0 = a aJb 

■• uV a l _ ± ja a a b o»j^ 

a' a 

a' a a a a 

. a ja j JaiJlj G Ci' 

f J-^-VJ* 0 <J u^' '.'Vim 
Va,ce R \ {0} Vb,d e R : 0(ar fl>iO flr c , a ) = 0(a flC>fld+D ) 

= <Xac,o = « afi oa cfi = O(a ai )od{a cd ) 

: (0) aljj ^.jjj 
ifer(0) = {a a b | or,, e G,9(a ab ) = ar 10 } 

= KJ6eR} 

^ ( 0 ) a jj**a J^jjj 

Im(0) = {ar aiO |a G R} 



Group Theory >.jJi5o>ia3 21t) 



|»«R> 

« a ,o^K 0 * +c l fl AeGM,fl/0} 

i^Vl M* + ) 0:(R* + ,.)-KR,+) j c> &ji ; li tUl* 

. (R*j_,.) = (R,+) : c) *— '^V f j^Jj^j-*-?*^ "^j^ f iVw . i l t «g j_jj^3 t 

Vx ,j> e M* + : 0(x .y ) = log 10 xy = log 10 x + log 10 y = 0(x ) + 0{y ) 

£er(0) = {xeR* + :0(x) = O} 

= {xGlT + :log 10 * = 0} = {l} 

: JHM 0(R\) = R J J* jVI u*> 

VyeRBHKeR* :log I0 l(K=.y 

0(10") = J dtff 

(r+ '% } =(r+ 'X^)^ (M: '- )=(M ' +) (1) 

^(x) = y/(y) => {x} = {y} 

=> x = y Vx,j/e R" + 



\f/{x.y) = {x.y} = {x} . {y} = w(x).yr(y) 

: J gut (1) ^ u^ijxALj 

(m;,.)=(m,+) 

((A-r-^) JiL J Y Jli. 

^MJi- G J (ji | G |< °° * j f JJS jja j-jA (p\G-*K jlS I jj : >s 

. . |G| (#>(G) jx-alifr jj& 45I) I (p{G) I J u* j^i 

^ul^V V>» O-J • I % er (^) H ?>(G) I (1) 
|GH^(^)|.[G:^r(^)] 

=\Ker{cp)\ \% er{fp) \ (2) 

. ^Lii. Q J ^1 /,! ,> 4>jj : VLJttf 

: z e Z 45V j 4 g e Q 45V <uV Q 

-<7 + z + <7 = zeZ 

x+Ze^=>3^eZ,^^0,^)=l (±1 

x + Z = £ + Z :ujA^ 
: uV 9 4^ x + Z . ^jjVlj 

z 



(^ + Z) + ... + (^ + Z) = /> + Z = Z) % j-sJI) 



till jJI 4> 

vn 



Group Theory j*j3\Z&lai (J#l,»~JUt) 



. jj^J f jij>.jj#l ja p:%->Q oSJj t reQ\{0} oSJ : ,s ^1 & ^ 

j] diiaj S + Z £ ^a. JJ Ajli ij^ic. 

q>(s + 'l) = r, jgZ 
^ juUJ j*j s + Z = Z jli* J*-* se Z ^ ^) 

t(s + Z) = Z 

0=qtZ) J *U-1I j* Z) : ?j*Jj*jJ (p uV oVlj 

= ^(.y + Z)) = t(p(s + Z) = tntO 

: J Jo ^ . Sj-j (G,+) u&l : W JUU 

VaeG VneN: -(na) = n(-a) 

: ^bjll *ljMI ?\mJL> : ,-)U >4 
0 =0 : n = 0 Jfe 
: « = 1 lie 

j^Vl <-i >M = -a = (R.H.S.) ^Vl a >B 

(*) n < m (J^l *lciVI o^J^ 
: « = m + 1 *U.iVI ^*-a Jc j^l (> j£ 

L.H.S. = -[{m + \)a] = -[a + ... + a] = -(a + ma) 

y , ' 

CjI jA m+1 

1 

=~ma-a = m (-a) -a = (m + 



: lij^l : (!) tluij (jl ^jSjjj 
-(fl + mfl) + (fl + /na) = 0 (1) 

: Lb^5 Liu! 

—ma — a + a + ma = —ma + 0 + ma = 0 (2) 
<j^j 4 a+/m a* j^- 0 -ma -a (2) t>j ' a+ma o^j^ -(a + ma) (1) i> 

s jxj ajI ^ij a,mae G oSf (!) cA^y » jjj^ ^ t ^ e 51 .^ 1 u* : ^» 

. (a6)-'=ftV:(G,.) 
a,teG ^ aN = bN jj& ^Jv^ ' ^ M : ^ A ^ 

. (6) Aiij * (a) Ajj j o^J 
Lajjj Aa^ljll (j a (0) Aij 1 + Z = Z = 0 + Z : M % *J*JS ^ : J*5 

• 00 = (1) 4jj J 

j^Uo ^1 . H- [6] = {0,6,12} oSlj . G:=^{ 8Z o^l : n Jli. 

y / 

v / 

5 + [6],4+[6],3 + [6],2+[6],l+[6],[6] :^ /18 %] = J==^ 

Or</(5 + [6]) < 6 J J (5+ [6]) + ... + (5 + [6]) = 30+ [6] = [6] 

V v ' 

till 6 

Otf(5 +[6J) =6 oi* * < 6 V (5 + [6]) + ... + (5 + [6]) * [6] 

' v ' 

till x 

• (i-V-1) Jli. jJiSI 
VA 



I Group Theory >*pljui>lii ( J#l(***21t) 

i , — ~ - — — — . - — — - - — i 

O^j^Ji m jV) xH = Hx xeH oslS 13 . x<=G c& : j4 

: $ G J 

ze xH,x<t H z = xh,x<£ H,hs H => x = zh~\h& H 

. H jc77 jiAjc (jjj . Y^j xe H cM ze H jl£ I il 

jif jli i (cjIc j. a >JI Ajjiij) aJUJ 4t jAa^oll ja jc/f n H a! tij ^ u*j H 
Hx uj£ JUILj . /T J| rfCB Vj G J tfffi ^ >^U*il 
ep] . xH = Hx a& ^V?j # <^ ^iW j G ^SS (jjll j^LuJ! g^a. 
ah H j xeG xH = Hx o\* x& H « xe H jiilUil l^K ^ 

t G (j* 4 j» n)-i Ajj ja. j N • J-» j f j^JJ^^J* ^ • G — > C? : T ^ 

LiW ^Vl J^l jj^ % -> G' j-j 



r ', 

p 

G/N 

. (p = (pp CjjfeJ^tJ 
: J gSjj (p = t> : 
Vn e JV : <p(n) = (p> p)(n) = p(p(n)) = qfN) =e ( G' J jyU-M 

. ((! ) (Y-r-1) , ^/ ^U-JI j-lJ > N i fjya j>w a p jV) 
=> N a Ker((p) 



^ jj ajU iiiie. . jjjyJaB f jja jj^VI /> : G -> * TV c Ker{q>) 

<pop = (p=>\/a<EG : <p(a/V ) = cp(p(a)) = (^*? /?)(«) = ) 
p.G/ ^> G ' 

r /N VaeG 
aN H> cp(a) 

■■di 

\/a,beG:aN = bN=5>b- 1 aeN => e=<p(b- 1 a) = <p(b- 1 )<p(a) = (p(by 1 <p(a) 
=> (p(a) = <p(b) => ~q>{aN) = ~<p(bN) ( G' J j—iJ ja e) 

aTV H-> (p{a) 

Va,beG: p((aN)(bN)) = p(abN) = = = p(aN)<p(bN). 

jjSj aeG i+jj a'e G' JS1 j3 • (^i) > j*^ ^ jSJ (£) 

. (j-te) J-.US j <p cA ■ a = (p(a) = (p(p(a)) 
Va g G:aN<= Ker{(p) <p(aN) = e' = tp(a) «cg Ker(cp) (o) 

<*aNe Ker W M 
n /N 

Ker(p) = Ker ty 



N 



Group Theory j^jJii^iii (JjVl^JUt) 



: oVIj . jJib- : aNe ^ er( % <= a e ^er(^) : (*) ^ 

«7V g Ker( ^y N =>3be Ker{(p) :aN = bN^ b~ x a £ N a Ker{(p) 
' => azKer{<p)) 

beKer(f) 

jli j* jA (p.G—KrCj^ t jj <jl ^ylc tjAjj X X Jllo ^IjsjujAj : TV JUL* 

aKer(<p) h-» ^(a) 

9> j»j^Jj-j-j* -^jj ^ 2% YYJli- N = Ker(<p) : l)U >41 

• ■ J g33a YY JUI o* ^iliS . iUUJ a^UJI ^ 

tfer(0 = Ker{(p) / Ker{(p) = {aKer(<p) | a g £er(p)} = {AerfoO} 

^ ajU-<J| j^iJl jAj Ker(q>) j* j >^jc. ^ <_sjaaj Ker{(p) (} & 

f5 t>j •(( 1 ) ) i^lj UJj ^ JtilLj % er (^) 

: op M <ZN <.G (> u /'J'J.^ 



VaG(7 /(%) ^ (X) 

(aM)(y M )»aN 



G/N 



G//H 




- /My 



M 



Ker{&) 



Group Theory j-jJtpui^lij 



H 



'Ker(f) 



-> Im(/) 



xg Im(/) ^ulJ i(x) = x ifleG v(a) = aKer(f) 
J(aKer(f)) = f(a) 



*er(/) 



► G 

r 

W) 



1/ Ker(fr Coker W 



3,f 



fXa) = f(a) VoeG ^ 

f(aKer(f)) = f(a) = f(a) => f ( J-U) jJa 
J{aKer(f)) = e <=> f\a) = e^ae Ker(f) 



7.6.5.4.3.2.1 : jA y 1 j^Lk. iie. jli ^Ulbj !« jA / n j^Uci^ : >J 
J j) ^ (YM .-1) jjlj^V Ajjki i>j • ( r JIS- (o-X-^) jJiil) 

. G (4jjj) jj_aLlc. Jl-lxJ Lu-ulS jj^J G Ajgjio s^a j j-a ja. o^o j 
. <_J jILlaII ^"JJ . 7 jl •■■ jl 1 lllAuiii V]j 7! jULuiliV 1 1 j£l J 

j- s-ii G t> V> jJI *j* jll jli »>0 G ^ ^ i>-» : XV 

• G j<» AjxjJo AjJ ja. 6^><o j G J' if. CjIxj_)a 

. G jj-aUc dllxJ^a (j-o Soljlal! G j<o Ajj j=JI (_yA 5* (j^J : ^1 

j^iLk: diUjj- 5 t t... i S 2 i S { X = S ] S 2 ...S k : jli iiije. . XG S (j^jJj 

— \) J^jl) (fl 2 ) 1 j! CI 2 JSjiJI A] ljj-o LI ji t Jj^alic dllxJ^a dlluijfsjt* jl 

c^Luj* \+L Jjill jLaj Ajli JUL, (a 2 )" 1 =(a~ 1 ) 2 c&j ■ ((X-^ 

: jli ij^ic. i gG G jlil jVl j . j*-alic 

I ^Vl^ G J » ^il i& j-» j'-Vir. 2" ; (Jj^J 1 ^ 2 r ^ £ ^jasJ Ajl CliJdjj 

: jli a. g G 5. = a 2 jV 
*, = g~\g = g'^gg-^g = {g~ l a ig f 
>>j*j S uj^j g~ l xg g S jli cs^^J G J*^^ 6* t. ji ti^ 

• G t> ^ .vj.'k 

(proper) (Ajl*i J) 4Ja»xJx» l$j] G Au j?. j j* i/ Ajj j?- » j5 Jli : XA Jlla 

. G >^ic. > e djja. G*H *{e} lij 

^IS / JS1 Ails )-^) j-j^jjlj Sj-j G (X) (V-^ ^-^) j* : <*M ^ 

.pi 1 JaS9 (jUjuola <d ^> jSl j . t AjjjII IjJ G (>> Si».l J AJJ ja. Sjx j kfJalb ia. jJ 

lW 3 G J J\ . G ' { e } L»a G ^ (jj^jJ (jjj^ jli (ji jx jli jli JULj 



Group Theory ^\^>j3a> (JjSM(*- 2J1) 

(£-^ .-1) jtsl : ,< & jia 
. Od(» = j « Ori(x)=r u) ^ G - M*! *J-J G o^i = 13 JH» 
. Ord(xy) = rs cP (±1 ^) W r ty ^ ^ 

: jla Ul^l G cfr : ajl 
(xy)" = xy.xy...xy = . y^y-J = x "y" V« e N 

tliljJI qa n cAjA n till y& £y> n 

■■ CP J^J 

(xy) rs = x rs .y rs = (x r ) s .(y s Y = e.e = e (G J >-*JI e) 

(1) . rs Ord(xy) CP J^Lj 
. (UU G jV) x m f=e J J (xy) m =e : JKlLjay jA ™ Jiflj 
( = ) s cP £ c>j e = (*T = y" <>j • x m =y~ m : J ^ 
. m ^iSSj 5 jj] t r ^ j tji a£ jLi- ^Ija L»$iu r, s o^j ' ™r f& 
rs j jj . JLi- jS (jail r, s u] 0*J • m r ^^Aj u^J 

i SjJ&. «_>jlkJI ^ (2) i (1) t> . (2) m f-JB 
. {a} *c y^xi\ j> Sal jSJ i ^jll j s jll G j£J : r ' ^ 

. jlwj) t ({a 2 } c> bljUA A^j^l Sj-jll J) H = [a 2 ] 

. G J* A£jLiu4ll tilt j^a-aSI siA jUjI 

i/ ^S>il Sj-jllj (j^U-ll G >^ic jA e) ( S j*J» Jtt&j i = yPl ^ 

. H = {a 2 ,e} : ^ 

eH = e{a 2 ,e} = {a 2 ,e}=H, 
aH = a{a 2 ,e} = {a 3 , a}, 



a 2 H = a 2 {a 2 ,e} = {a\a 2 } = {e,a 2 } = H, 
a'H = a l {a 2 ,e) = {a 5 , a 1 } = {a,a 3 } = aH 




H = {e,a 2 }, 
aH = {a, a 3 } 

. H<uaH = G t H naH = (/> J ^1 j 

^ O*. . H±G iG 6- M^S V>JI # : n Jlk 

. // <u*j]L G t> t^ioJI a£ jLLJI cjU all 
#a = {e}a (G J *U-S ^^iJI j4e):jliflGG a 15 ^] : J=^jl 



. {Y} Afij^J! ^sjljU (Q\{0},.) ^^jj^JI Sj-jJI ja.jl : rr Jli. 

. 7i e N ^ 2~" J 2" jjK.'H l«! q>Sj {2} 6- <p * >> jll j^uc 
. {1} j> sJjUl (Q,+) ^ V>JI Sj-jM ^jl : lS11» 



<t 2 = (1 2)(3 4)(1 2)(3 4) oji^j^ (1 2)(3 4) J : J-^ 
= (1 2) 2 (3 4) 2 =ee = e 



= {ea} = {a} 




— 1 — 1... — 1 J 1 + 1 + ... + 1 Jiill QjSS ^H>il ij-jB : 




Group Theory >«plC^J!>t3i (Jjtifl|«— ill) 



. a 1 = GO 1 = oe = a = (1 2)(3 4) : jla ^ o-j 

1 • //iZ //>Z 
x +hZi->x + 



Vx,_ye Z :x + «Z = jy + «Z 

=>x-yenZ=>3ks r L:x—y — nk 
=>x-y = plk,kl<=Z (n p p | n ) 

=> x - y 6 /?Z => x + /?Z = y + pZ 

f(x+nZ) = f(y + nZ) J J 

£CjJalj : ^^alc. . <_LiLi^ (^_J^ J f 

Vx,j/6 Z:/(x + >jZ + j> + wZ) 

= /(x + ;y + wZ) = x + j> + />Z = x + />Z + y + /?Z 
= /(x + nZ) + /(y + «Z) 

(Q,+)*(R,+) aJ qa^ : rv Jii* 
^1) = ^ u^j -?j*jj*jJ p:(Q,+)-»(R,+) u^J = t-jU^ll 

* = fO) = f(4) = f<i+-+i) = ^X uVlj 
o 6 b b 



AV 



,1, k 



V-eQ,b*0: (p{~) = <p{~ + ... + -) = = k- 
b b b b b. b 



Aj^u&l iocVl ^lc. JaSi (Im(^)) (^?) »J3^> o\* k€.Q 

AL,Li <p ljjSj J (ji-jV uiilUJI ^ .ji*-aji ^JJ AiL^Vti (irrationals ^u-ull jjc) 

(R,+)^(K\{0},.) dj*u*j*-- Jlla 
(j-bi) J-Li ^Ij q> 0>:(R,+)->(R\{O},.) c& ■ <M 

. q)(y) = -1 jjSj iluau ye. R aa.jj 

-l = ^) = ^ + ^) = [^)] 2 
=>p(^) = >/^l«! R 

H J Jlc o^Ji ■ 2 = G l«Lb G 6* '>j«jHi ij- j G jSsl Jli* 

^H4$* Jl) aHr\H = <t> • aH(jH = G : afSi/ i aeG jSi : t 'M gfl 
.Ha = aH J iS ^L |j* j (/fo * # jli cflliS, HanaH^a $j - 2 = G 

.(! Y. Jli. jliil) . G 



AA 



I Group Theory >«>JlC^j>lii (Jj^t(*-«iJ1) 

tioa. Mc\N={e} ci G ^ u j*'j»jjl-» uAhj?- l«j>0 iV <M : t » Jll* 
. mn = nm: n e iV JSIj meM JS1 <i! ^ <> jj • G ^ AiU-oll j^-ai^l ja e 

n x m~ x nm - n x (nf x nm) G N (G ^ X^j^ij+jN 

= (n~ x m~ x n)m eM (G <J <p '» j* j M u^) 
=> n~ x m~ x nm = e=> mn — nm 

MnN={e) 

4jjI$jV Ajjjb Sj-j (A-^ AjjMI _>«j]l <jjJ^ t> : <'iU >4) 

G = {...,a r ,...,a x ,e,a,...,a r ,...} 

tjli jiijc j t G — 1 jal l-^j* a' e G 
G = {...,a 2 ',a t ,e,a',a 2 ',...} 

: J* a' +x GGjVj 

^> a' iX ~ r)+x = e (4*Jl G e ) 

*(l-/) + l = 0^(r-ty = l=>; = ±l 

. a -1 jA ^1 ^.jj -Lili I^Jjx a l^j ^ 

JVM G t> u /nytjVi o££j* o£j*jM *N <JZ ^ o*J* : Jll* 

• G (j* Ajj_^ j 

NM :={nm\nE N,me M} J : flU 
Cft lit G ^ AjxjJa 4j5> S j-J A/M -1-1 ) <> 

Vae G:aNMa x czNM 



VaeG V«m g iVM : arcma 1 g JVM jl J\ 

a(nm)a~ x - (an)ma~ l = (ka)mcf l ,k & N (G ^ ^ j»,nk '* _y»j vV uV) 

= k{am)a~ x = k(£a)a~ l ,£G M (G ^ni. s j M pV) 

= (k£)aa' 1 = k£e,k£G NM (G J >^*JI e) 

e jjiLo ji.nl 'lull oigJ "L&aaJI i_jjjjall (Ji-a! ja. (J£ pli G J>^il \c~ CL n l ... ' flj 

1 

• [ a. t :=a p : <-sj*j^ : pU >4I 



r+l 



n =(n a > 



r+l 

i=I 



(fi «,xn = n «* : ^ ^> ^ 

i=i 7=1 t=i 

.5=1 .lie. i_ijjxjll ^j-a g i li& 
: pi L?! ' S = 171 .lie. ^ cja ■ 11a pi pVl ija JSii 

r m r+m 

(n «,xn «^)=n 

i=l j=\ i=l 

r nH-l r m 

(Ti an = <n <a<n ■■ & ^ 

i=i y=i i=i y=i 

= [en *,xn fl -y)K 

r+ 

= en = n a k 



r+m+] 

1=1 7=1 



r+m+1 



*=1 i=l 



Group Theory >*>)ic^j>iij ( JjVi^«2«) 



• ft t> 

i=i y=<+i *=i 

ITU 



<j"j* j 4 i 3 i 2 ( 1 o^il 



4 




■3 












0 




X 


1 




2 



(\ 2 3 



4l 
2 



3 4 1 

(\ 2 3 4^ 
2 1 4 3, 



(0 



^1 2 3 4^ 
,1 2 3 4, 
"1 2 3 4" 
v 4 3 2 1, 
Octic group a y* p\ : t a Jlla 



(i) 



3^T 

: i_jj5 ^^Ic jJabS ^jjll iff i — iO IjjI ji £}J*& 
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jkLu ^ 24 43 toy (OX JiU iajkL *xjj £>U&u\ IsJ dh* 

: i_uS jSSI ^ 

fl 2 3 4l 2 3 4^ „ fl 2 3 4l Vl 2 3 4l 



3 2 14 



,14 3 2 



U 1 4 3 



4 3 2 1 



Group Theory >.jJl5oi>i*» 2ty 

{e, or, a 2 , cf , J3, a 2 ft, aft, cffi} 

m a^.n ^ = a"6" u] ^> G cAl li! : tl JUi 

. aJI^J G J ^ • a,b&G JSlj n + 2<n+l 

: UjoI : flU >ill 

(ab) n =a n b n (1), (^) B+1 =fl B+, Z) n+1 (2) , (ab) n+2 =a n+2 b n+2 (3) 

: J (2) t (1) t> 

a" +, Z>" +1 = (a6)" +1 = (ab) n (ab) = a n b n ab 

=> ab" =b"a (4) (b~ l < a"" ^ u^>i3 Otf-jMj jM i> M 

: jl ^clL (3) <. (1) <>j 

a n+2 b n+2 =(ab) n+2 =(ab)"{abf =a"b"abab 

=> a 2 b n+l = b n aba (5) (IT 1 * a" ^ c«a>15 a^l j jUJ! M jjjty 

: J (5) . (4) t> uVlj 

a 2 Z>" +1 = b'aba = ab n ba = ab n+i a 

ab" +1 = b n+l a (6) ^ a -1 ^ j^l t> o£ j^l m 

: (6) i (4) 6*j 

ab n+l =b n+1 a = bb n a = bab n 

ab = ba : Jj^»aJ Z>~" ^ uj-»^ i> u£ j^' 4-> ->^j 

. G J ^ 

: aG G Jilj < a.fre G (a6) 2 = (6a) 2 l«l jS^ Sj-j G : tV Ji« 
, (aiU-<JI G j-^ir. e) . G Ji (^ic. ,jA . [a 2 = e => a = e] 

: lial a,beG c&J : rtU nil 
a 2 = ((aZT» 2 = (K^" 1 )) 2 = ba 2 b- x => a 2 6 = 6a 2 

(a- 1 ) 2 *"' =6~V) 2 (*) : J '^4 

<rVa = (0(a -1 ) 2 )r'a = a«V') 2 6~')a 

= a(r , (a- 1 ) 2 )« = ^-'«- 1 (**) 



b- , a 1 b = ba- ] b 



(***) : up J^Wj 

: (^is. Jjua^j c := aba~ l b~ l 



c z .= ab(a- l b- l a)ba- l b- 1 = a&(arV)&TV = aba{b' x a x b)a x b' x 



= aba(ba l b- l )a l b- l =(ab)\a l b-y=(ba)\a 1 b-y 
(***> 

= (baf(bay 2 =e 



aba b =c = e 



3 (J^J^I 1>J 

X&±\ G J ii1 
Dihedral groups : *A 

a f\ 2 3 ... A 2 3 ... n\ 



n 




Group Theory ( jjirtn~jtfl) 



a h p h = a Sl p h => a*- Sl = p h ' h => a s ^ = 



Aj&UjII is* A ^ • J-J^ /? Jj-jj 

, ajUJI Sjxjll j^it e a" =e = J3 2 J . (Y Jll. (t-t-^)) 

: 6- JljS D n J Je <jVl o& j*3 • = /faf 1 J C**> -5 

x = a il P Jl a i *P h ... J^u), i I ,/ 2 ,...,y" I J 2 ,...e Z 

a x p M , A,ju<=Z : J\ &Ul ^j^l J^U pa = a l p aBLH j& 

fl's'i.nlj tdJij t f = 0, 1 t 0 < 'j < n -1 tiua. or*/?' J) aj.^l ls^I 
i> sjJ jSJ s j* jS x J\ J Jl ^ c$t ■ a" =e = p 2 

x = ex s P',0<s<n-l,t = 0 (or) J f.= 1 

r e ,/ 2 -^=0 

/? ,t 2 -t,=l 

(0<s<n-l uV) 1 5, -s 2 \<n c&j s 2 - s x — 1 L«AS n =e u 1 * !i j 

6 iA ^ <d ^1 . t x =t 2 J J p h =P h J\ 5, -5 2 =0 jla ^ o-J 

J Ai^x. ^ aju . a*- f2 = /? » a . = / 2 i = s 2 oj^ 
o^slz « or 2 = e oi" i>j ' <^'~' 2+1 = #*'~* H M = of 1 /? 

(Z)„ j^lic. jA 2«) I jx^ajc. 

a s P',0<s<n-l,t = 0 Ji t=l 

:<iL Z(G) >JIj a3 >jjj (centre of G) (G)^» ^.j^jG jSl : t^H> 

Z(G) :={aeG:ax = xa Va g G} 

(7 ^ s j-j j Z(G) ( I ) : <J jjk. o* 



((i-i-l ) J A Ji. jlUl) Sj-J» 

Ker{( P ) = {aeG:< Pa =\ G ) 

= {ae G:<p a (x) = l G (x) Vxg G} 

= {a g G : oxa~ l = x Vx g G} 

= {a£ G\ax = xa VxgG} = Z(G) 

^ l c . G -> G . j-^Vg JI G o- i^jll fJj j* 1 G ) 

. G (> ^jjk •Mj^ ^ t>j ' f j^jj-j-j* el_>j G ji J 

: J Jt jAjj . G jSSS : ». ^ 

a/ (G) ^ =>g 

. G J W 3 Au> s j*) Z(G) uV Sj* j ^2(G) ^ ^ J M : '* lU ^ 

: a,be G c£J li* . xeG iV *Z(G) o^j 4j* lP] 

l>j ,bZ(G) = x l Z(G) • aZ(G) = x k Z(G) d ^ 
: jli JtilUj . b = x'y « a = x k z : <jj z, y g Z(G) ^jj -ol 
a6 = x*zxV = ** +< zy = x'.y**z = 6« Va, 6gG 

g J J 



I Group Theory >4>)t5vj>^ (jjVln-JLn) 

( The commutator of a, b) a. b L Jb*& *-i j*j a,be GJil.i>.j G<j£l Jtl» 
j^ljltll AiSjaJl s^jSl <-ij»jj 4 [a,b]:= aba~ x b~ x [a, 6] >> jJU *1 jjj 
JUL, G' > jib W >jjj G t^UM S >* i l*jL {[a,b] : a,£>e G} ^ a* 

. g i> 4iuL*it s a a ^ v»i 

G / = {[a 1 ,fe 1 ]..K^J:^N\{0},a I ,...,a n ,Z JlJ ...,6„ G G} (m) 

GU\4 <?>Va,beG:ab = ba ( '\ ) : cM j$ 
«Vfl,6eG: aba x b' x =et=>G' = {e} 

[a, b]~ x = bab~ x a x =[b,a] : J ^ (m) 

. G (3* 4j*jfL Ajj j> j (_g& G jfl tliLJIjbj j G' J ^^ie. ^j* jj : o V JUu 

VxeG VK^J.-K^JeG': 

x[a { , b x }x~ x x[a 2 , b 2 ]x~ x . . .x[a n , b n ]x~ x 

= xa l b l a~ x b~ x x~ x xa 2 b 2 a~ x b~ x x~ x ...xaj) n a~ x b~ x x~ x 

= [xa x x~ x , xb x x~ x ][xa 2 x~ x , xb 2 x~ x ]...[xa n x' x , xb n x~ ] ] e G' 

: G' aN u*il : u^j^l 



Va,bG G : aNbN = abN = ab[b~ l , a' ]N = abb^abaN 

G'aN 

= baN = bN.aN => G / N U\±\ 



p:G-> G ' 



'N 
a\-^aN 

Va,be G:pQa,b]) = p(aba'b A ) = p(a)p(b)p(a l )p(b- 1 ) 

= p(a)/7(6)p(a)-V(^)-' = p(a)p(ay l p(b)p(by l 

= N=>[a,b]eKer(p) = N 
=> G'czN 

(0~V-^) JM . Ker(p) = N < G / N N <j J>Z) 

: G L AA ttmuijxj . At A <■ I j- j G <^ AtzG oSSl : oi 

: ^Vt* (The centralizer) C(A) 

C(A) := {x : xg G, Va g A:xa = ax} 

• G c> Sjx j C(/4) ( \ ) : J (^ifc o* jj 
^cG (G(> AJI^j V> Sj-j) => ^ < C(A) (m) 

(C(y4) t> ^nia Ajjja. »><0) 

: u^l j C(A) J\ ls ^h e ajI^II G j^c j! ^1 j ( \ ) : ,-)U >4 
xg C(;4)=> Vae ^ : x<3 = ax => Va g A: ax' 1 — x~ ] a 
^ x" 1 g C(^) 

: jU .ilJiS 

Vx,^ g C(^4) : Va g A '. xa = ax, ya — ay 
=> xya = xay = axy =i> xyG C{A) 

yeC(A) xeC(A) 

. G £>* <u ja. %ja j C(A) c} d 

[a g A^> a g C(A)] <= G <> aJI^I s, ^ j A (m) 



Group Theory ^jJii^iii (J#t|«-«aii) 

Vx g C(A) \faeA: xax' 1 = axx' 1 =ugA (C(A) i>) 

. => Ad C(A) Ajj ja. a j*j 

. G t> AJJ ja> © J- j H ji (jA JJ • V ~ l*JJJ J ^1 G j^>li& J£ 4 e Jjla-J 

: <'»U u>B 

VaGH:a 2 =e^VaeH:a l =a<EH (1) 
Va,Z>e #:ofc = a"V = (6a)- 1 = (aft)" 1 : jli 

ajJUJ G 

=>(ab) 2 =e=>abeH (2) 

. S <_j jlkall gih es H lilliSj (2) t (1) (> 

4 G - S 3 (= Y 3 ) : JHo . <jLLa. aiA ^ a jLuJI : JaJI 

(13)(12) = (123)e/7 : uVG^^>s J xj^^. J fir={e > a2),(13),(23)} 

i n Cy> yu*a\ ^ ^\ (0 <) jA\ 4-»j~> >n\\ J^&Vl <J£ Acj-u-s IjiL [/(«) <-i J«J 
AjLc. a j jjSj U(n) (jli iiAic- . .iaJjll ijyji A£ ^xjual jS « (jjjj Igjjj <jAjlj 

1/(10) ^C/(12) jjc^jj: °v JH» 
U{\2) = {1,5,7,11} , t/(10) = {1,3,7,9} 

l 2 =l(modl2), 5 2 =l(modl2), 7 2 =l(modl2), ll 2 =l(modl2) (*) 

: Jg%. p : C/(10) -> 1/(12) u*J jVl j 
#>(1) = <p(l . 1) = (p(l).<p(l) = 1.1 = l(modl2) 

^(9) = ^(3.3) = ^3) 2 sl(mxll2) (x 2 =lmod(12) ^ x e 17(12) (*) <>) 

jSLii ^? ^ o^alii ^7(1) = ^(9) J ^ 



f :g,+)->(R.+) HJ ^, !tAtM . 
xh-» x 5 

: 

Vx,>>eIR: ^(x^^O^^x 5 -/ = 0=>x = j>e R 

(p{x + y) = (x + yf * x 5 + y 5 = (p{x) + <p(y) 

: cg G l$V <sli LjJjjx 9? : G — » G' rf&.ty '• a ^ 
Ord(a) = n => Ord((p(a)) \n (n ^ ( #>(» ) *i j) 
Ore/ (a) = n =3> a" = e (G j.,Vi.tt) : jU >4 

=> = p(a") = e => Ord(<p(a)) \n (C J 4^ j-sJ e ') 

- ^:Z 12 ->Z 10 

. La jj3jj*j-a_jA _ jl£ La |j| Jjii.1 : 1 « i)U4 

x h-> 3x 

: J-^St 

^(3) = 33 = 9^ ^(0) = (p(U) = ^(3 + 3 + 3 + 3) 

= 4^(3) = 4(9) = 36 = 6^0 

• ^"j^JJ-J-J* O*^ ^ LPJ ■ (( ^ ) £-a (j^aSLu 

.Ker(q>) = {0,10,20} u^j « L»J^j>°>°ja ^:Z 30 ->Z 30 oSi : V) Jl. 

. 6 Lpj^ tpll >^L«J! £La=. ^ jla ^>(23) = 6 jli lil 



\ • • 



Group Theory >«jJ!jo>lij (Jj^t(«— Dt> 



: J-aJ 

6 = ^(23) = q>Q + 20) = <p(3) + ^20) = $?(3) + 0 = ^(3) 

^(3) = ^(13) = ^(23) = 6 

. 3,13,23 : ^ 6 l^j^ ^1 J J 

. ^1 jJ j jjft <u£l L_>* j Li ^ : /{yg G u^J = lLt£*a 

• ^ op- 

V j 
• Aii ^ 

j.,Vit\I Ac jxa-o dboLl] (^?) sljj 4 JJfr 17 j] tlua. t>J . 17 — 5 fJ-AS 171 

.^ji^l ^IJI ja ^uj^j ^( 7Z (^) oj£a % 7Z 0+17Z 
((p(x) = (p (1 + ... + 1) = a + ...+ a) <p(x) = ax : ^ 

v v ' 

.10=Or/(Z I0 ) _S LJS 0^(^(1)) aA (r-1 .-<\) ^Ij^V o- uVlj 
0r</(p(l)) u^j ■ 20 >j <9raf(l) ^ 0</(p(l)) j*UI M Ji. <> dliS 
0«/(p(T)) = 1,2,5 or 10 '^j 20 < 10 

^1) = 0 = lb" u_& Or^(^(l)) = 1 <1U ^ 
^(1) = 5jji Orf(9>(l)) = 2 aIU ^ 
p(l) = 2,4,6 or 8 Ord(<p(l)) = 5 ^ J 
<pQ) = 1,3,7 or 9 u_& = 10 aIU ^ 

CjLajjSjj- jA 10 .la. JJ <Ul (^i 



^ . 1 



dSliS 9 * 7 * 3 (U-U-^ ^ln-VI t>a Z 10 Sj-jU Jj- 1 uVlj 
# = {0 + [20], 4 + [20], 8 + [20], 12 + [20], 1 6 + [20] } 

Z/ 

/[20] 

G/ H ='{<) + [20] + # , 1 + [20] + H, 2 + [20] + H,3 + [20] + #} 

4 + [20] + # = i7 (4 + [20]ei7 jV) 

5 + [20] + // = l + [20] + /7 + 4+[20] + J H' = l + [20] + /f + i/ = l + [20] + ^ 

6 + [20] + // = 2 + [20] + i/ + 4+[20] + // = 2+[20] + // + /f = 2+[20]+// 

7 + [20] + 7/ = 3+[20] + // + 4+[20]+7/ = 3+[20] + // + ^ = 3+[20] + // 



8 + [20] + // = // 



(8 + [20]g// uV) 

... liS* j 

^„ lA t> '-'^ ^x**. (jjc. : 1 a Jl» 

#?:Z ->Z - - - - 

! fj^J^j-J* "_ - " H^ 1 i = l,2,...,n : tU»JI 
lh-M 

aH=bH J £^ 3 CA^i « % -fl u" ^ uU^ Vli. -^1 : Vl_Jk 

(b) <jj j * (a) ajj j Liu 

Z> = (123) * a = (12) i G = H = S 3 (=y i ) iiti! : 

(12)S 3 =5 3 =(123)^. 
Orf(12) = 2,0</(123) = 3 



Group Theory _yjl\^j3aa (Jj¥l|»— 2JI> 



• G (3* Ajj j i/ <j£^ j ' G ij* j (j-a ajtji)-! Ajj ja. j iV (jSil : *\ V Jlx> 

G/^. ^ Aj^nL Sjxj J JiC . /f Ajjja. S j N <jj 

. G t>» Aj»jjli Ajj ja. H tlulS I i] JaSij I jj 
. (r-A-^ ) (.Jyij^jJySU Ajjkill jU jj ^ : " => " : ,-)U >J 
: ula ^ ■ G / N u- a^> Sjx j % jSil : " <= " 

{xNY hNxN = x~ l NhNxN = x~ l NhxN 

= x- l hxN^ H / N ,xeG,hGH 

=> 3 h'& H,3 ne N : x~ l hx = h'n&H (H o- a^> s^j N) 

■ G t> Ajj ja> 't>j*j H tj ij\ 

lij .#er(^) = {l,ll} < Ljjaj^jA £7(30)^*7(30) jSJ : Jl. 

.7^?—!^ jy^ £7(30) j^bfr tjjxa <p(J) = 7 jlS 

t/(30) = {l,7,ll,13,17,19,23,29} 

^(17) = p(77) (77 = 17(mod30) jV) 

= ^(11.7) = ^(11)^(7) = 1.7 = 7 

pUliLAj 7 ^9 i l^Jjjjk^a (jj^J [/(30) ^ <_S.>^ Jj-alic. AjjaJiHj 

. -LSa 17 '7 ^ 7 l^j^ ^1 U(30) ^ _>^h*l\ J J\ t7 _>^i*JI 

< ^(^ = {1,9,17,33} u^j « Lj^jj-j-ja ^:t/(40)^(40) W ■ 11 J=f 
.111^ ^1 £7(40) _>^>Uc. ^jli ; #>(1 1) = 1 1 

^({1 1}) = 1 1 tfer(^) = 1 1(1,9,17,33} = (3,1 1,19,27} 

((mod 40) (^a ^L-aJi) 
(S jSL* ^jUI 1A Jllo jiu!) 



i <$)=1 (jSil .(Euler's phi function) (p JjjV ^la *Jb <_i j«i : du nu : V. Jl* 
t> Jai ^jll Af»»ll A«>j-> ■ n\\ jIjcSM jjc. ^ <p(n) jSil l<n ya . ^ Ate J£lj 
. Ord(U (n)) = J Jaa.V . a£jL1» ^1 jS n o^j o-^j " (t> j**-^) 

^aJ| ^ dna. ^ ^(fi?) X k X n t> jjSjj^j^l Ate jl (jk. JAjJ 

4 jll a A*j fi? l^J Z fc ^ J-Aia. j *jjja. » jx j Aa. jJ £ _J ^Jl d J^i : ,')U wil 

S >0 J! Z, fj^JJ-'J-J* t^ij • i> ^(i/) t> aIjjj AjjjaJI 

4jj j ^jli 1a* ^^te aj^kcj . A^jaJI Sjxjli sjgj Aj* ^ 1 "jjj^aj" (jl 1 . 17. j ^ 

Elementary 4jjIauVI jlteVl <}j&> o* ; <jw* - ^ 3iISa-» CAuul <_sja.t aLjL 
■ k m —1 ^Vl <4 >UI ^Ull gcd(n,k) j* £ J ^ Number Theory 

d|n,A 

(>j leZ n i Z 4 ^Jj Z B o* / ^Jjil L*Ui ai*j /(l)uj dua. t>j 
gSij n_! ^15 (/(l)) ^ f Jli. o-j < k -J^-tf (/(l)) <£j ^1 ja.V 

((1 )£-n-^ ) 4ia jaU f lVi,,,l . G ej-J t> 3j»Jjk Ajjja. Sjxj TV jSil : V> Jlla 

• G t> ^JJ ja. 

(c^) (r- £- 1 ) G 0- <u> Sj-j ujSi-. ^ a!^ ^ • A" := (Z) J 

y N = <p(K) = <p(<p- l (K) = K 

Aaja^ll OiLU^il CjI j X ^ Jj^aii ^1 j^S Sj-J Z[X] (jSiJ : VY JQj 

) > £ 



Group Theory j^pljojiii (Jj^|»-»21t) 



: J-^JI 

V/,g G Z[X]:p(/ + g) = (/ + g)(3) 

= 7(3) + g(3) = ^(/) + #>(g) <p jjx^ 
^(^) = {/gZ[Z]| < K/) = /(3) = 0} 

= {/eZ[X||/=Cr-3te, geZpq, degree (g) = degree (/)-l} 

( 3'0) ^Jaiillj \ g j-oj (_g ji 1 11 «B ^ (Jjlnajx 1 uh lift 4c jxa all Jjlaj 

IjLaJ . G — 1 '^J-aj^ JJ-aj-aj* ^J^" 3 Z, Q ^JS*''" 'J^j G (j^ : W tjll-a 

? (G) <tj cr JjSJI 

: J (V-^. -1 ) ^Ij-V t> ^ -Uli ^ j>j Z 10 = (p(G) = G / Ker{ ^ d 

10 = Ord((p{G)) = -^Q— (= [G : Ker{<p)}) 
Ord(Ker((p)) 

=> Ord(G) = \0.Ord(Ker(<p)) 

gN ji <Vl»l l 4-JJJ (jt ^C- (jA JJ . G ojxj t>« "Sj*^ 3 "^Pj^ »J-a j <j£jl '• V i (JUa 

• ^^11^^ G/ N J 

<p:G^ G A T 
g\->gN 

c (p:G —> G' (a) 4jj j (#>(a)) 4jj j M Jlia 

IjLaJ . G ^J$"ni »J-ajJ (ji^a j^J>°j-ajA Qpjy^i Z ]5 ' Z, 0 (jSjl : VP 

? (g) ajjj <jc jjSii .^i<; 

.(15 dO— 1 >^>Vl ^1 >lall U^U^ill ^ 30 ^) 30—1 licL^a (G) 



V> »>0 # L^ 3 : VI Jit 

Aj^lio G tji t_y=t\ jjsI <jt jUJ *i/l!La Jacl . n "^jjjj j i .Vir. G dujli n ajjjj 

« Ord{g) = mn J V£ Jli. <> . ge G £^ Gr/(§^=weN = <*M 
« G = Z ji a^ii. jjc. G CulS lj| . Ord(g m ) -n oi* <^>J • me N 

. 2 Z ^ j^ic J ^j,V Ui* Ord(\) = 2 . le% Z jV = 2Z 
0* ji . Ord(G/ N ) = m CiilS j * G 6- ^> & j-j N i^AS lit :' VV JH* 

. xe G 5^ x m e N J Jc 
: ((l-'H-l) ,> J ) ^jti t> : jU >4 

Ord( G / N ) = m => Ord(xN) \m VxgG 
=>(xN) m =N VxgG 

jJal) jg G x m e N J ^^afij liAj xe G X "W = JV J ^ 

. AjjjIj jjc. ^jSj ^(G)<j^ » j-j G tlul£ lil Ail (^Ic jajj : VA Jll> 

£ 1 Jlio i> j . Ajjjb cLluJ ^^{G) ^ ^'"^ G 1 ° ' ^ ^ : ^ 

(G _1 4jklJ ci.Uj^j^ _p _,Vl s 7«/(G) a u J^Wj = ^z(G) 

Aut{G) o- i j- J 7«*(G) oj ^ (V-U-O) ^jjkilt . Ajjib i^yj 

. ^jflj jitAut(G) J 5% 

• xe N J Jc <» , ^Vl .4 >iJ! ^Ull gcd(Ord{x\Ord \G/ )) -\. 
gcd(Ord(x), Ord(G/ N )) = 1 => gcd(Ord(xN), Ord{G/ N )) = 1 : ^jUjil 
xN=N-J J . Ord(xN) = \ Ord(G/ N ) ^ Ord(xN) c&j 

((Y-o-l) aja^) xe TV 6^ fj t>j 



Group Theory ^jjijojiis ( JjV(^-OJ1) 



CLul£ I3J .^LojjSjjxjxjA 3_uVt Jjll La lij jjii : A » Jll* 

: 4]U J£ ^ "el jill 

^:Z->K, p(/i) = /i (i) 
^:Z 6 -^Z 2 (m) 
x l-» #>(x) = 2 ^a«SJI jc i> ^aLill 

<Z>:Z 9 ^Z 2 M 
( 1 ) : ifel 

Vm,«eZ: <p(m + n) = m + n = <p(m) + <p(n) 

£er(p) = {x e Z : p(x) = x = 0} = {0} 

7 = {U;5} . X = {0,2,4} v) 
VxjgI: (p(x + y) = 0 = 0 + 0 = <p(x) + <p(y)\ 
\/x,yeY: <p(x + y) = 0 = 1 + 1 = q>(x) + (p(y) \ <p ?j*jj«j«j*> 
Vxe X\fy tY:(p(x + y) = \ = Q + \ = <p(x) + <p(y) j 

Ker(<p) = {0,2,4} _ _ 

0 = (p(\0) = <p(\) = \ 

: tljUjjSjj-o j^c j»S : A ^ 

Z 2 J] Z 6- (m) 
>JAj Z 2 Z a- M 



Z 8 J] Z C> ( i ) 

J-^J 2 8 Z t> (_a) 
jA&j Z 5 J\ Z 12 i> ( j ) 
^6 <A Z u O ( j ) 

JxUij Z 6 Z 12 t> (c) 
Z 14 J Z I2 6- (J.) 

. XaLi ^ jjajjx j^SI (jjSj (jla t*SJi l^c. Lojs iJ . ^>(1) = —1 J (p(Y) = 1 tjjfL 
n * ±1 lili {mn | me Z} ^ (<p) '» jj^> 5H« ^?(1) = « u 15 ^ 

• Z (_^A (p a J 6^ 
(p(\) - 1 t 0>(1) = 0 — J J*^ lA-" j£ JJ-J-J* (m) 

^(1) = 1 — i <-«j«j j» j^jj-^j* (— 

p(l) = I,I€ {0,1,. ..,7} ^IxjJj^^jA AjjLoi ( j ) 

(p(l) = 1, (p{\) = 3, p(l) = 5, (p{\) = 7 -iJ^^J ^UjJj^^l 
(n -u -> ) ^isa-vi j iS^jj AjjSb Z g J M 

U 1 ^ ) ^ jjaj_>-j*j$J! Ajjiu t> ( j ) 

Z 5 = <p(Z n ) = Zi ^ er((p) => 12 = 0n/(Z J2 ) = Ord& s )XM{Kerto) 

= S.Ord{Ker((p)) 

fa) , (i) dljSjlal) ^(l) = i,/G {0,1,. ..,5} ^Uj^jjx^ja ( J ) 
^(1) = 1 ' = 5 Jaia c^jfi jj* j-jA ^ (^) Jj- (c) 

. 6 t5^' ^ 6 ^ o^jjt 1 ajy^a iJjfiZ J ( . '>J • — ^ — ^ ) ^"'"'■"Vl jiajl 

^ • A 



Group Theory j^Jlc^lii ( JjVl|t-«2)l) 



: jji^L J -Ola (p{\) = n ,jlS I j| ( Ja ) 



q>(0) = <p(12) = 12^(1) = 12« = 14* = (Ue Z 
=>« = 0,n = 7 

: jaaJu J #>(1) = « jl£ lil (Ja) JL« ((j) 

p(0) = ^(12) = 12>(1) = 12n = l6k = 0,keZ 

n = 0,4,8,12 ji^j 

. CjLojjSjj* j-ajA 4*Jj! A=ljJ 4jl ^1 

» ' * 

Igjfl G * J-jl Via- l_l . G t> » J-«j {x € G \ X" = e) —. H Ac jA3-a]| 

,jli3 (jV! j . ^U. clboul ic_j*a-« H cl d eG H c) i s 1 e" = e : <J— aJt 
(jy- | ) , = y" l .jy-' < = x"(y-y =x"(/)- 1 = e<f l = <? 

tf = {e,(12),(13),(23)}cS 3 : JUJl 

. Ci-uS S 3 J M . S 3 6- V> * >0 ^ H cA • (12X13) =(132)e/f 

/M- /N 

H r\M =H r\N 

^ .1 



EM/ ~H/ -H/ ^HN/ 
/M~ /H r\M~~ /HnN~ /N 

jA (jxa jjSjJAj jji "-jJJ^JJ (jli ^tjlLj — jialjj j& <jjj.}Lj (jjjiaLjj 4-u£jP (jl 

" • ( hm /m = HN /n & <^ J ^ 

« N c£A . (G ^ A^uL 2u3> - 6>4 j) N<G i ij-J G <j£l : At JUi 

t> #1 ^jj °J-0 U* • G i> j=» »J-»J // ' M-H' /^y- 

#/ = #/ ~HN/ H-HnN<H 



^ ^ . 



Group Theory ^jJijo^lij (jjSrt,*^) 



- fg = fh^>g = h 

ej-J Vg,h:H — > AT LW-jjaj^^j*] <= ^Jya jjau) / (<_j) 

: J*^ 1 fj^jj-j-j* jf^ 1 • « W^J G oSjI (Y) 

4j$IU Ajjja. j j£ <^"^ (local Cyclic) <4a^a 4-j Igj] G a _>ajl JliJ (V) 

••tj 0* jj uj^j G t> I^jUj- j^t (jl) (finitely generated)^ jjll 

. AjJI^j] 4jla-a Ajjjl-i 6J*j ( t ) 

aAuJ cpA^ cPiJ* % ' Q ( J ) 

• J-0 tr«jJ*j>»j*j* /,g • G -> G 6%3j G u&! (£) 



+ =l + /7 i+1 (mod/ +2 ) <= fc>0 (!) 

(( I ) jOiiJ : jLSjI) 



& ij-j) (Q* + ,.) 4 (Q,+) (?j£jj*jJ) tJsusa «ui Jc o*^ 0) 

(jL-JI i> jiSl JM (Wall) 2b>-Sll 4jeVl 
dul£ 1 jj x e G G (> V >■ " a j- j x/fo" 1 a&^^I jt Jc jA jj ( v ) 

. G t> Ajj »j* j if dul£ lij Jaaa j 

jj£j A£jLix Ac. « jx-iUc C iLm j 5> t o 4-)J »>0 <Ul Jc jA JJ (A) 

oAjjs .2 jA G J if Jjb jl£ G 3 j- j j* H Ciil£ lil (^) 

(_5 JxuJ a£jL2i<i Ac jA^g jj^J (ujJJjaJI Jc (_5^uij) ASjLix ACj*a-o j£ jl J& 

(i_jj5jj]| Jc Juu) 

^jiLLti jjlu j*. ytj jfLoV » _>» j <it jl Jc jA jj ( ^ • ) 

x,jc 2 + x 3 +x 4 ■! j^JI Sj££ djS J5I {1 a <3 44} Jc l^Ljj^ Jc jAjj (U) 

. 4 Ujjj j j ' <j 4 <j-« j?- • j jj^ tr* ^ 
jl£ lj] x ~ y a£UI . x,yeG £££j <■ G <> ^j?- » j»j if j&J p X) 

.^al£j Jj-oa J£ *-i*-e> liSJiS j G Jc ^s^j a£Ac a£UI <>iA jl Jc jA jj . jf 'j;e if 

: J&1£ S Jc * ujj. S:=R\{-1} jSsl(>r) 
Va,6e S :a*b:=a + b + ab 

ij-j (S*) J Jc jAjj ( i 

S J 2* x * 3 = 7 AbU-S (m 

: M* Jc * :=M\{0} jSjl (U) 

Va,&€R*:a*6:=|tf|6 

R* Jc « ^UjI) 4-£ jL13 <jLc yA * J Jc jA jj (!) 

Cuaj X€M* ia.jJ <il J) * Jj AuailLi j*ai .liU-o j>oiC Ja, jj <jl Jc jA jj (<_>) 

J) E* J j~aic JS1 jj j^jioo Ail US i ( Va g M* : x * a = a jj 

( a * & = x jj Cu^j b&M* 

1 (R*,*) Ja (_^) 

? JUJI liA JJU pic ( J ) 



I Group Theory j^jji^^j^ 



qa jjSI X 2 = e ALU-all tjj^J u' Cfc*} ^ U^Ji (J^-* yj^ 1 ^Ja*J >i 0 °) 

y;(^):=jc+i » /;-.r->r (i 

/ 2 (x):=x 2 * / 2 :R^R ( v 

/ 3 (x):=-x 3 < / 3 :R->R 

/ 4 (x)?=e* . / 4 :R->R 

/ 5 (x):=x 3 -x 2 -2x t / 5 :R->R(^ 

(one - to - one) ^ ^ j j j* (permutation) ( ' 

. jS j j\£ 1 j] JaiS j jl£ I j] SLjOjj tjjl) ^Ijll (i_i 

. Jai jS j (jj^J \j mil (onto) ^jic- %,lj"n« <C jA3_a (j-a ^uilj ( a. 

. Ajll-ijj (jjS AJtjjj oj-aj t>a "SjJ_>?». »J^j (JS ( 
■ *_>0^ "(Ja-^" ^JJ^ J ^_>?- *_>*j -Aji *J"° j cff* ■J A " a ^ c ' <-5^ ( * 

. ^v-aUfc aj^c. <> 5, 0 (= t; 0 ) »j*jB ( J 

. Cj^kilL ajaj £-« (AjS jjaj jjl) AKLiLa tjjSj ejx j (j£ (^* 

. 60 4 12 <. 8 « 6 4_ijil t> ajjjI^I tliljl ^ aic (^ A 
: 2L£&1 j-jSl o- ^ j^L*J! jjc j^jl (1 1 
25 <> id Ju& Z 30 ^ ajj^I Aoij^ 1 'J-O 51 ( t 
30 t> Jjl jlJI Z 12 sjajJI (i_j' 

(C\{0},.) Sj-jB Jlil'^Jd V>»*j-JB(-j 
(1 + 0/V2 o-fcljJ-Bj (C\{0},.) Sj-jB^ ^}3>JI s j- jJI (j 

1+z o-'^i^b (C\{0},.) Sj-jll ^ ^jjWI AjjjjaJI Sj-jll (_< 

: AjjjaJI ^ u a -^jl AJjVI (j* <j£ (Y < 

z 8 ( J ) z M m z 12 (i) 

nr 



. AjjjIj Ajlljjj o^oj (JS ( i ) 

G £ j*jS t> 4j1*3 V> 'J-O l£ Ijl" : ^Vl jjj&U bLi*\li. i_j j^I (YY) 

. "ajjjL (jjSj G (jli ' 
Z p<? AjjjIjjI 3_>ojll CjIj] ^ j^fc ^.jla jjJ jl (jpje. q ' P (^) 

gja^a JJC. r > 1 <lua> Z , Ajjj1.i1! oj-jll _^ jjc ^ . Lljl p jSal (Y £) 

cj^bjjj Sjxj ^» Ajajj^jjji (K,+) ( j ) 
: G <c * AjLJI j^I . ' 0J *j (G,.) j^l (Yl) 

\/a,beG: a*b:=b.a 

(G,.) (^jj-jj^) aKL£l> (G,*) J <^i& oAjj 

( : jll jiiol : jUJ) 

a (-> a 1 

: ^Vl* 4ij~> < * ^ -1 Ijc. Lui AjLLJI jl^Vl Sj-j (5,*) jSil (YV) 

^) (M\{0},.) 2- aKLSL. (5,*) J . a*b=a+b+ab 

(R*:=R\{0})) ^:R*->S (SlSLii) 
? 17 <jj Jl cjlj j-jll jjc ^ t cjUjjajjxjjjVl ^jLvia. aj jj (YA) 

: AjLU. J AjjL^i AoiV! jiJ&\ ^AS. L I jj ^ (r . ) 



Group Theory j^jJlC^&j ity 



» i uL <J£JXa a^a j (J^a ^M_>^ ^0'"'*^-? CS_>"'^ A^jl inott dAc.jAa-al1 Jl-lC (^-l) 

oj- jit <JJJ 

AJlAit J J lie ^ 4juj j aj-aj J£ ( : 

4 J (;"''■» Ajjj=k a_>xj AfuiiHj (_5_)xuJ A£jLL» llllc- jn-^ ft ^jiaj'V ( J 

jjc. a j ^ 

. ...a\ J) \...\\\ \ ^^joij A£jLuLa Ac-j^a-a ^^A a^aj) AjjJ>aJl a^ajll ( j 
a^ajjl Ajjj jjuiSj <JJJ (j£ (j-o Ji<-i'ltV ^^It AjgYln oj-aj ( j 

a^a ^ i aSj (JS j-a j - aJ& 1_J j"'^"' ^JgV^ j (-i^ ( ^ 

G uAHj?' U^J^j K '•H Cliil£j 4 4 Ajjj CLslj a_>aj G dul£ ijj (V^ 

:J ^Jc. tj* 4 // c ^ c G uj 

: ASH\ J-SJ (VY 
W^j ^[3] s >"-j ( ^ 

^ Sit a^a j ^ 5 + [4] A£ jUuJI djlfcj^afl <jj j 



14] 

: Uai. jj£> l^j) j U _a^> tjjSj AjjVI jjjlaill \J\ x^. (VT 
TV tlulS I jj JaSa j Cull li] <^ s>a J Jaia ^jLaj ( 1 

»ia.jJI ^J-ulj jA UJ^ M-^ 'J - -^ u^" 1 - 2 fjPjJ^jiJ ti' (—? 

aJ ^>^»jfi (torsion group) f 1 t^l a j UjI a jl JUL (_a 

f.l_ajll *^>*_} (illjS eljjJI a^yejl iiS a^aj <J£ . 4jgVirt 

no 



5^ M^j l^j ( free torsion eroup ) f I Igj] a^ji JUL ( j ) 

«.l jjIVI (>a AjlLk Ijj'lflni^ _>*j ^ ftj">j (j?' UJ^ J^' t>° °_>0 J^ 

aJ! 

. ^oJ! a^ k « «IR= {w| re E} « j ajjjIj 8J<a j ^ ( c ) 
<p g :G-*G <jj G tlya.) gG G 51*?- ac jl ^ u*J* ( r 1 ) 

G ft _>« jil Aju n)-i S^j^ ftJ-° j UJ^ l e cs^'"^ ft.la.jll ^jj3jj« jjji jA 

(Ac jiU AluVl 6- £ A t £0 t £ £ 'aSJ jM) (pjJi 
^illll VJ ^nJall AjjjsJI j^jll j> -J |j] (simpje)^-u Sj-jl JUL (n) 

O^jV G (jli Y = l«Jjh Ajj ja. S j-j ^ G Ajfriia ftj-j jlal I jj Ajl ^gk. ^jA jj 

AJaJjaiJ jj^J (jl 

Sj- j TV dul£j t Gij^j^ u£A>- ujj j* j N ' H c^ilS I j] aJ ^k. jA jj (rv) 
HnN J jU Vli. • H ^ aj*jjL jj£ H nN d&G ,J Aj»nV» V > 

G o jj jjuiallj ' 

*^.> # ' G (^a a^uL Ajjja. 6 jxj AT |j| Aji ^Jc jA jj (Y*A) 

jj£ fflV jli G J ajj > ijAj^&HtAZ \'4j -HN = NH jli G J 

• G (_si Aj» nU Ajj ja. sj* j 

Cii^ dy^? ftj-j ^Jj?. « j >-^»l t> dilAall lilliA Ja (V^) 

j?" UJ^ G ftj* jl Ajklill CjL» jj9 jj- jj jVl ft >oj (ji (jlc. (jA jj( £ . ) 

((£-£-^ ) jJajl) (>j-.!jjJI J j . ^iVi AjLc Ciaj G tllUjjSj^a jJjVl ajxj (> 

SAa.lj Ajjja> ^ Jai^lj (Jjl^J Aj^iLa G ft J-j tlijlS Ijj Aj| (^Jc Qkji (£ > ) 

• G ^ A w nln Ajj ja. a j^i j j jSj /f (jli Aiuta Ajj j ^ // 
OAj. . 5 A^ Ai3j Cjlj Au3> - ft> .j Jc JaVl Jc jS*3 G uSl (£Y) 

G t> A^nia Ajj ja. Sj^ j (jjSj 5 Ajj jll (> G Ajj jaJI jll ^Jalij J ^ 



Group Theory >4jJi£o>lai (j»Vl|»-*2)l) 



xM>cosx+/sinx 
: ULU. J Uj^.n <j_&! SPVl jjjUjJI til ^ (£ £) 

I j | ^ ir-- \2.£ya jjj£oj LaJ_J j^JJ-aj-a jA <]aiiil_aJ j^^aLic 6(j-a <j_j£La SJJ- 1 - 3 ( l -r J ) 

1 j»*-uft 12 aj-aj J i 6 0 _>-aj (j* f j^JJ^J-*J* ~^Ji ( — ?■) 

jA-aL\c. 10 CA'i IjaJ ^\ j^aCiC 6 dlli i> ^ jjij^jxjA -la-jJ ( J ) 

o _>a j ,^11 4j$jia JJC. a ja j qa f jj3 jjxj^jA ^Jc. J J > ^>- . \ 1 (j^a^Sl j-a (_>ajS ( — 

jA i ^ .-^11 (jjUajll (jl ljjJJC.1 IjJ {!>l£l-uj) La j&jy*J jji ^ jj3 J_a* J-a J$-5I UJ^J ( J ) 

JoSS Jjl a ail >■»'■» ^ jj* *l tlljlfk j i a^)j)> 

u^Jwa jj-j-ja (p 2 :G 2 ^G x * $:G,->G 2 o£Jj u±b*j G 2 * G, jSil (£©) 
J <> jj . sja.jB UJ j :G 2 ->G 2 « ^ 2 o#>, :G, ->G, uj 

<ft = W' eta ' G 2 iG, —1 (p 2 <■ <p { t> 

l^uju ^Jc G —5 f»j«ajj-jjyi ja ^ I jM J ^ ( ' ) 

G'i u jVj.'k oAh j*- H' <■ H j i u£j*j G' <■ G jjSlS ( £ V) 

UJ.It'l.iiJ (p (j\ ^jifc (jA JJ . G' G (>> LoJyS J_J-a>ajA ^? • mjj 

:^Vl£ <i j-ll * AjlajJl G uS3l . G2=tfU2,3^5&7} ^ j^l(£ A) 

Va,bGG: a*b<a + b (\) 



VagG: a * a = 0 (<^>) 

(V-Y-^ jtil) Sj-jB Jj^ 
(Nim 5 >4 j LjUa.1 s_^ajJI oiA ^g-^) 
^^uJI jjc. jic . a AjjIJj Ul jjJ ^yj-j i? a ' Z> 10 <_ji LlLul F o^jI (£1) 

A Jllo jiul) aJLu (JjuJ ^lAilui! jj-lJ t ujii Jji^aLa£ (R }6 F) ~' 
JC£ G _>-ali*il tj-a <_S J J* .UC Ajl (^ylft (jAjjj AjjVu »J-«j G tllilS lij (° •) 

40 o'Aiu <— i^^l ajLc. diaj {5 '15 t25 '35 } Ac j^all jt ^^ic o*^? (°^) 

aJUJI jSUVl bU . Sj-j Jj^ Jj^l jlJ (oY) 





e a 
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d | 


e 


e _ 
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b 
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_ c 
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e 
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d 




a 


b 


d 











aAjoC lIlvj ajjctj l i u. a a» Laaa-i-o Ij^c 12 (j* ^ o>*t (j-aj-^a 15 ' 5 (jl-liaJI ( 0 V") 

i-icVl (^SLi . 56 o"^ 0 vj^l 
: <2,Z>€ G (i ] -^J IjJ G 'J-j 31 J ts^ l)*J* (°*) 

(_j _^jaJl <jLc Cjsj s jaj jjS ^«eZ tiya. TG'jI^&Vi ac J ^^Ic <jAjj ( 00 ) 

jl-lcVl t> Jj-aLuJI dllj 3X3 £ jilt t> «— ll9 ji.^i J AC j<ay» <jl (^ic tjAjj 

: ajjj^JI (^Ij AjLSaJI 

"1 a b 
0 1 c 
0 0 1 



U A 



Group Theory j^pli^ji^u (JjSfl^S)!) 



: ^VIS 4ijx-all t—JjjJal! AjLoC- £-a a j (jj^ 



"1 


a 


b 


"1 


a 


b'~ 




"1 


a + d 


b' + ac' + b 


0 


1 


c 


0 


1 


c 




0 


1 


c' + c 


0 


0 


1 


0 


0 


1 _ 




0 


0 


1 



i^Aj aJLjj <s^c l^Jj iUTt <Lj ^jkil Jjjj SjjU. Werner Heisenberg 

(Heisenberg Uncertainty Principle of ^1 ^ ^ ju A^xis.iUI 

Quantum Physics) 
AjjSb c^yl U(20) dj*a*ji ( oV ) 
: Uj Ord(a) = Ord(b) = 2 : ^Vl 6 * a uO" 3 ^ li 5 ^ • _>0 -^J 1 ( oA ) 
Ord(ab) = 5 Ord(ab) = 4 (^) Ord(ab) = 3 (1) 

f Ord(ab) tOrd(b) iOrd(a) ^ ^ J* 



(Ac ^jio 

: l _^c (jy^ Z (>« Ajj j*. a jaj jk^J\ (1 • ) 

8 .13 (m) ([8 d4] ^ csl) 8 *14 ( 1 ) 

n . m ( ■>) 6 <15 (-^) 

[it] <jA Ajj jsJI Sj* jJI JjSj lillaj A: Laasuua Ait ia. jl aJU. <J£ ^ 

? £7(20) t> <u> Sj-j # J* • H:={xg £7(20) | x = lmod3} u^l (1 1 ) 

: tjjfL 1 = Uila-« j R qa U ji-aliftj 2x2 (j* 

cos «6? - sin n6 
sin cos «6? 



cos (9 -sin# 
sin 6 cos0 



cosV^ -sinV^" 
sinV^ cosV2" 



cos 60° -sin 60° 
sin 60° cos 60° 

cos 6 -sin# 
sin 0 cos 6 

U^jl . ^j3b^j3> j*j 6 <>tii^ C/(15) (ir) 

<> ^jt • U^jl . Ajjjb j^j 7 (jic. <_sj1*j D 4 ("U) 

j U» • G t> 4 j«n]-i <Jjj=>. o _>« j K <■ K {j* ^ J»J) l -» Ajj ja. aj-a j 7/ (j&l (1 

ij*jNj*N<G J JLZ) (H l H 2 ..H k ■= {W-K | /*,. e #;.}) . V> ij- j 

(G tjS ^nia Ajjja. 

iYjlio ^1) H ] H 2 ...H k <G : e_ki» J s>iV»- *fl—B 0 A ) 

(<<C jjla <UiJ 

4 j (homomorphic image) ajs jj-^jA s Jy ^x ^Jt 
t> jja < XG G ^ f(x) = x~ l uj ^ G Sj- jU U jjijj-jSji / jlS lil (V . ) 

AJIijJ G J (jic 

t Ua._jx Uj^ i n b^c ffZ <_£J J ' « W^J ^Jfr"* M"^] °J"0 G ) 

. /:G->G 
xh)x m 



Group Theory ^(Jo^ (JjSn^-i)t) 



ajxj £-a (^KLila) Zj&jyajjA (jjSu G <j\ (jAjJS G 1= 1S3 dil£ lij (V^) 

G —1 <iLkU cjU Jya jjjVl 
(a^ jSL. aHo! t> £ 1 Jllo jliil : jUS J) 
? [a] ^ [a 4 ] _J cs^l a£ jUJl olc j-^JI ^ ^ Or</(a) = 30 a 1 * ^ ( vr ) 

. (SAcjA-y nil £>jlA -ijjall 

<ui ^gic. (j*__>j .G j-a •Sjj j?- -<4 ^ Ijajc. J LoS dlliS 
6* jjj • G • j u_& Not (A) (jli G^> "Mj?- A I jj 

7V(/4) = Gu^ l^j iSij u 1 ^ ^] A<G CP G&* 4pj=> A<1^ lij <ui ^ *SSljS 
%G)=Z(H) « C=tf ul^ (G=H)H ^LiLa G lil <d _^ (w) 

(ac jjlo 4JLal (j^ 0 ^ t £ ^ 

. {1} <> s^jUl '^jll ^ H o^j • M={-U> ' (Q\ {0},.) M jSJ (VA) 
4 G o-a ^ JV.'k » j-O N i G (Jjjjj ja. jjj j-a j AT t// 0^ ) 
. M . % . y^C&j ' JV 2 < AT, . iV,<G . s^jGoSsl^.) 
. aJ\^J UK // 2 , ^/ « ^ , H 2 <H X t H X <H o&^P* 



i 

i 



.(UjJj^jjji) b&LS (p.G-*(j uSJj • a l«Jj t^jSb Sj* j G j£J (AY) 

_j UUj Ijj^ ^j(x) ujSj G ^ ^ jj 
Z I7 4 Z • Z g « Z 6 ^ Z 2 _S ^Lcjyjj^jVl (Ar) 

ft 

c-L?.^ <jjLula j-ic. « <J£1 ^4w^(Z n ) = U(n) : t^ 5 - u* (^°) 



Group Theory ^Ik^ki 





Permutation Groups o^JJJ^V jjOj 



Permutation Groups q)Uj**JI >»j : <>UI ^Ul 



permutation group C£b.iu a y» j l» S j^ji JISj : ul>?u ^ - ^ - Y 

aJjLlLo aj-aj (J>o ^pj^- djl£ I jj 

Cayley's Theorem L JbS "*4 Y - ^ - Y 

x\—> ax 

. a Jja. (The left translation) >*jVI JSaII 
i:G-> y(G) 

a 

(rjii- (A-r-i) ^1) ^j^^xja 
^er(^) = {flGG:/„=l G G 7(G)} (G J* s^jB H j > 1 G ) 

= {aeG:^(je) = l c (jt) VxgG} 
= {ae G:ax = x Vxe G} 

= {e} (G ^ jyUJI ^u*II e ) 

^ ^ inj fuailj 

(I) o-r-i 

(OrJ(r„) =)n! = ( 7„ ) : kMl-lzl 



Group Theory >._>)! s^^lii (Jjittn^) 

. ji A 'ni l (j* n — 1 jj^o 1 ^'u Jfi (jjjc. jA^all ^ i ^I&jVI 

: jli <p(<2 ( ) = b. t <jj dipj 5 J) ^( t> LalaJ i jLlS (p I j] 

qj ' : 4, -> 5. jUI jkli J£ gla o^ki • 5,- i4„ t> LpU.1 I jtla jjliu 

<p(a)-=(pXd) , a<=A n 

(n-\) ! c*5liA uj^i ir^Uj^ ^IjSW^I t> j • <p:A—>B LpU.f IjMjj 

5 J\ A 0- tpU i jliLa (« - 1) ! .41* q^Sj ' 5/ J\ A n i> Lui I jJiLS 

.lie. (jlfl i !- 1, B (i^auJ lj* oj iis. qaj . (p(d n ) =b; j) 

«(n - 1)! = n\ CxA B J\A o* M^Vl ^ 
. X ^ aZLuJ\ S jit ^ t(Z ) < AjIU. jjc ^ X jSil : Ljjjjj £ — > — Y 
j^alic. LaAic. t ((finite) Aj^iLa) (cycle) a jjj /(X) ^ 7T j»<Vnlt ^^ojou 

: liua>J JC m t... 4Xl Alia UliC. 

/r(x) = x +1 Vie {l,...,m-l},^r(x m ) = x 1 , 
^"(x) = x Vxg X\{x,...,x m } 

Wl^ t^ 1 S J>^ J^J -*JJ^1 (The length) Jjk m ^y-^j i 7T=(x l ,.^x n ) lJ&^ j 
(yu • J«) ' *m) o£j>>— J J-4jj (transposition) jjjjgj J 4tfj 2 

.j nl . ^iiu ...,_v„ }<{xi, x m }cpcj^l\ ciijlS lit (disjoint) fll3La&L> 

^ lr. (<—l1; i nil a j* j ^ S.ia. jll j.^-iir. jA 1 ) <J ?t 1 <Ljui <J£ : Aj jlaj 0- ^ -V 

^ 4iL cr aAjajlIII jib cj^j xe X AJaiil C(orbit) j^jt <_i j*j : jJI 
Ho 



Permutation Groups >»j : ^Uil hiUI 

(jjli jL*JI lia> Jlaj (j -J <r' <jj& j£k t^aj x jy^> {x,<r(x),cr 2 (x),..} 
.kin ilyf?-j — « u J' > -'' > ■ •*' (j^JiiJ <T"(x) = <7 n+i (x) Lola. J^^Lo. li$Jj t U$j1« 

pa . s\ jiu^al m jlS 4 <7*(x) = X : ^ylc J. ^iVt (J"" (j nWirt 

5 — iliahall Jaiill <jx m ij-o Uji >ilU (jjSij jLauJI jla i (j m (x) - X uj^j (>, <j^ J S-^J- 4 
UjJ C X-cj^A m cr'(x) JS ol* • C = {x,o{x\...,O mA (x)} 

ACja^xII si* aJaa-a (J <LjJjJl .('—ilia-* (JJJ^ S-^JJ <^ ^lllt (J^) jLaaII jjjiij 

. m JjUl 1*1 <7 = (x (TCx)...^-'^)) ^jjjJ aL^ ^ C<=Z ^>ii 

lllljLuujll (j-o & ^5LlA (jfLiJ . (T 1 iajjjalb JaJj jLuus ^1 X €= X * laSj <j£ 

lift ^ 6 j!^ . ^. AjjjJ aLjjj ^jA C, J£ (jic. a-Ha-a (Jji (J _ 5 Cjfc 'Cj 

ooa t> Jill. (jjdL-ailo jljjSi ^. < ^. jjj jjall jli i * j jlS lij oli 

<T <J*i5 ULa xG X <l»aj Jic jifcll ^^ii 1*1 t X ^ aL^jj jA Akaiioll Cjljjall 
^AJA\ ^ (7 d\* t>j • Q jl— II x tiiilS lij y;.(x) ^ <j(x) 

AL-aila <-iljj.2 ajj^> ^ (7 — 1 (7 = P v ../3 t ' . Jj <jV L-ulaJI (^ic j 

a li3lkj o^jS ^1 jjla ^ j>j . y v ..y k (jjUJI ^ Jill ^ ^. SjIiLiJI s jjJ ^ 

jli . U^ii- /j —51 <7 = ^jj^l! JAoill ^ : >J1 

0- m = 1 Cp£o*j CT m = Y^-Yl ■ m ^ l?V -ola ^ o-j . = 

HI 



Group Theory >.jJljvJ!>lij ( JjSfl^«JU() 



: tS' n — S Lajja j>« jj J uj^ ere S„ (p : cr h-» tot" 1 

y/:a\-^ t~ x <jt 
iyo<p(cr) = y/(<p(<j)) = y/{T<jT~ l ) = x~ x t<jt~ x t = a, 

<pol//(a) = <p(l/f(<7)) = (p(T~ X OT) - TT~ ] <TTT~ l = (J, 

((V-V-^) jkil) ( conjugate byr) T — ■> Jjj jj jja j>»jjjVI) ^1 j5I li* ttfA «LS 

: ^L? jla A- ^ - Y 

. JjJall (j-ij <U y — 5 "^TT" 1 (jSl J 3 L$' CP m J jJall Ifri SjjJ 5„ <^jl£ I j| 

«* T7T" 1 J oaj^. Usli y=(x i ,...,x m ) ijytl ^ y cA£ lit : >4I 

: ajjJ 

r(x, x 2 ...x„X' = (T(x 1 )r(x 2 )...r<> m )) (*) 

« T(x) BXHXH T(x) jjSj y T/f' 1 jli X/'s —SI 6- s ^ J 

. r(x,.) h4 X,. H> x,. +] h-» t(x. +1 ) : ^VIS u_£> * = *, ^ Ijj ^ 

• (*) c> c>/^ <-*jl»ll M »JJ^ JJJ^JI ki.^\L li* j 

L-ljjJaJI (J (-_uS1 : Ajloia. jioj (J AijAii T^T" 1 (jSljill 

* tot" 1 =(^7 1 r" l )...(z7 (t r~ 1 ) * fjjijj-jsjl > Jal js J£ • ^ii* cjI jjjJ 

. (7 ! AluaiLall till jj^ll 

(^ibj^l) Cj^I t> 2uj£ yA {1 «... iflj^ff aLajj : 4j 



Permutation Groups q)Ua**JI : ^Ul uUf 

(1 2 ... m)^(l m) ... (1 3)(1 2) 

uj Jjfc, < i <y {l,...,n}x{l,...,n} *£>JI ^ijjVl J£ i> Ajj^l 

• <r(i)><r(j) C&W (i'j')ei) CJ jll ^ <7:{1,...,«}->{1,...,«} ^1 
(-l) sgn(ff) * <r _1 cjU&uVI JSil ^1 Jj sgn(cr) jfilj 

jlS |jj <Uijfl V*j] JILj (-l) s ^ =+1 6 l£ |jj Aj^jJ £7 ul JLj • <7 ^ 
o- \pj '''■^«-. I jj <jj ja cr i5J^ • (-l) s8n(<T) = -1 

< 6 5 4 3 ^ (3 6) 3 4 5 6 ijj^, ^ Jxu- ^ j . Aiij-ll ^1 jjVl 
.(5 «6) « (4 <6) < (3,6) « (3 <5) • (3 *4) ^ jJI £ l jjVl il^-Sc. (3 6) jli'ljSA j 
c£j (A, it) JJ^ 1 (A < it) ^ (/« k ) (aLj^I) jli ^ Ai^j 
Atfi ftljwj) J J* J&ij • JbSa h < i < k £*t* (i, k) c (A, I ) - 
Ajjj^I % <> j.ntr. (-I) 58 ** 7 ' =±1 jA <J uu^ jl Jia.V .jgjj & 

• (2 AjSjB ajjjI^SI) {+1, -1} (The multiplicative group) 
ja ^ti.n ^ aL^jj JS ^jj ^ill ffh> (-l) sgn(<7) ^1 J| : 4j ifcj ) .->-Y 

• ^« ^ {+1,-1} J- J <O^J>*->*J* 
JS \c j^xx) £) Ac-^xLa-all ^ (i , y) ^-l j jVl J-ic j^>j sgn(cr) JiJI : pU ^1 

<T cS^JaJ j "'^ liA . <J ^ >. 'SLt j t J <y liua. ({l i... ifl} ^ (z ,_/) ^IjjVl 

^ ((7(0, cC/)) e' ^ 1*^ J -j"^ D ^ > a ^ 1 ^ 

Jtc J <T(D) Afc j-a-JI {1 t... tn} ^ k<£ JS1 Lubjl . z </ 

Jc. r aL^II tiji-i Sj- jiLs oVIj • (A A:) ' (A:,^) o^jjll i> 

«^),^)) U i5jS»3 ydl r(«7(D)) cU^l (7(D) 

^ -uujs j>) ii*iRj e jjS lj* aAJ^I tils ^ . (t(^),t(A;)) 

t> Sgn(r) u&*l T <jla liSAj . T —} (k,£) jrjjll (_>uS*i! (<J(Z)) 
CT(D) -> T((7(D)) jUJI uj 'V(D)<J c 1 ^ 1 

li^Aj jjj5 (j^xjl Ujj j-I j jVl dJia t^axj . jrl j jVl t> Sgtl((T) + sgn(r) 



Group Theory j-pljo^lii ( jjto|»«*2]t) 

0*^4 D->(T(T)(D) jUJI jli >VI Jcj . aLJ 

jrljjVl ^jLoaJ (modulo 2) 2 o-^> 1^ ^ ^ t>j • i> sgn(r<r) 

: tujd jjSLl (jJJJ-a il ^jill 

sgn(rcr) s (sgn(r) + sgn(<r))(mod2) 

^_jygn(nj) _ ^_jygn(r)^_^sgn(o-) 

■ cr h-> (-l) s ^> jli ^ 

: 4*JZ \ ^ — > — Y 

Jjkj J£ jli <ij!sUill t> ^jj oac. a] (factorizations) Cj!>Ua^l 9 1a ^1 j\£ (jli 

. diilajll (jx ^^a. j j .lie <d (jj^J j^I 

Ljjjjjt^ .ija-aJ 4 AlmaiLall AjIjjJ (JjJ-^ qa AjLuia. (j^-oJ 4L.}JJ <_jl < (jli £lLlljj 

. dlljj^l a^A ( 

i> w - 1 u <^a (1 2... w) S jj^ll (^-^-Y) AjjI^II t> : <-M »Ii 

. i^ji l*u J£ t (1 m)...(l 3)(12)c^ Sill 

A^jjJI J£ Afc^*^ t (« > \)A„ acjq oil : 4*^ > r-\-Y 

«! 

— Ia jiAjc j^c. j 5„ t>» <u_>?. » j ^ { 1 i2i ■ ■ ■ <■ n } 

n a* (The alternating group) » jj«l*lt » >» jil » j* jll »iA cj- 4 ^) 

7H>1 ' <J M> 1 jli ? Jyajj-j-jA (7 h-> (-l) sgn((T) I jkj : »M 
j-i>ju jjjaft <Aa*1 a^L (closed) Aili- oj^j 4. c 5 n jli liSAj . or h-» 1 
(jSiJ (jVlj . .S^ o* • j*jA n jjSj JjVl t_jUI Jc <c._jjla ^ £ Jll<ui 

* 

(jSjlj t A 1 1 11I \o AjJjS AL^JJ ^yi Ij-La il£ uj^a! 1 (J { t... t... ( (Jj ^jA y4 n j 1 <-il if. 

dfliS UiSj « ^ji l^Sj . cr,(l 2) .<J,(1 2) Jc. (1 2) 



Permutation Groups «a)U***JI j*j : JUUI uUI 

. (7,(1 2) 4... t <T, (1 2) t> j p oj^J y^ = Cr.(12) jlilKAj 

. S n ^1 Ait < n ! JS1I j*JI 
: Aj^^i \ 

(jl dL>UjJI t> ^jj J^u l$jfc I aLjjj a I j] Aji Jc. jj : ^ Jilt 

ilc j — a jjSilji CxHi L_ljiia J^ola. (X — 5 AjjSjj j£ (jli t Aji. j j ilul£ 

iIlJI Skill (j-a ^ a. j j 

. ((n-i-t) j^i) 

f 

. AjJIajJ AL-aiiJI till jj^ll t5 lc jjAjj : Y Jlla 

Atj^l c> P=(b x b 2 ..b n )<. a=(a l a 2 ...a m ) jtiL^jlJI jti jj^I M c&J nil 
5 = {a x ,a 2 ,...,a m ,b l ,b 2 ,...,b n ,c l ,c 2 ,...,c k } 

U*J*j U^J ■ f3 <■ CC jt lI»»J AjjIj ^^15 j^Lift ^ c's —51 dip. 

6^ (aj5)(x) = (J3a)(x) j J* J U ^ ^ Q0 = ,0ar J Jo 

: a 1 * * = a,- u^j • *e S 
(ap){a t ) = a(j3( ai )) = a(a, ) = a M (i = m M «i > a i+1 ) 

Va.:(^)(a.) = (^)(a,.) 

(jli JlaJlj j 

Vb i :{ccP)(b,) = (J3a){b i ) 

: x = c, 0 s13 u^ 1 j 



Group Theory ^-pl^jjlii (J#1(i— 2fl> 



(aj3)(c i ) = a( J 8(c i )) = a(c i ) = c i , 

c_j jikJi j a/3 = j8a J J\ 
fl 2 3 4 5^ v fl 2 3 4 N 



5 3 2 4 1 
("1 2 3 4 5 6 7" 
4 3 1 2 6 7 5 



(0 



2 14 3 



'1 2 3 4 5 6 
3 5 2 1 6 4 



fl 2 3 .4 5 6Y1 2 3 4 5 61 
3 1 4 6 2 5 



0) 



X4 1 6 3 2 5^ 
(3 t3#- 4) 1 + (1 tSf- 2) 1 - C-LJ<*fi\ jjc (^ ) : JaJI 

2 - 

A±a.j j aLjijoII 

( 1 i 2 3) 2 + (1 ' 4 ^ 2 4 3 5) 4 = i^LA£«ttl jje (Y) 
(1 4) 1 + (1 i>-2) 1 + 

8 = 

Aj^j j aL-IajJI 

(4 . 1 4 2 iiiL- 5) 3 + (1 4 2 CjL*. 3) 2 - cAU^VI ^ (r) 
(4 i'ny» 6) 1 + 0 + (1 2) 1 + 

7 = 

Ajj ja aL^joJI 

(2 4 1 oL« 3) 2 + (2 4 1 4 3 4) 3 = CjU^uVI .ue. (*) 
(5 sty 6) 1 + 0 + 0 + 
7 = (5 7)1 + 

: JjVl A*ojVl *lj=£U ujil AJL> 



Permutation Groups *)L**iA\ j*j ■. ^JUil 1-1UI 



1 J (-1) 2 >(sgn(cr))Wii^ & ^jj : *W» 0) 

*WJJ ' (1 5)(2 3) : ^ Utfl (Y) 

: l«it3£ <£*i (1 3 2 5 6 4) : ^ *L.i£!l (r) 

(1 3 2 5 64)= (1 4)(1 6)(1 5)(1 2)(1 3) 

V s J* n* J ' "I (-1) 5 a& '^J 

^ ^ ^Ulbj (4 1 3 2 5 6) 
(4 6)(4 5)(4 2)(4 3)(41) 

: ^ aL^II (£) 

: o^i -^j • (1 4 2 3)(5 6 7) 

(3 2)(3 4)(3 1)(5 7)(5 6) J (1 3)(1 2)(1 4)(5 7)(5 6) 

: (1 3 4 6 5 2)(1 4 3 6 5 2) : ^ ^1 (o) 
(1 2)(1 5)(1 6)(1 4)(1 3)(1 2)(1 5)(1 6)(1 3)(1 4) 

A n =S n =>n = \ : J Jc jj :JJ^ 
2 4 1 Jii aLjuj Jc ^jlvi J W ^ ul* " > 1 I jj : 

iS^ V ls** f 5 t>J Vj* UJ^ ^ ui* fJ C>J • ^ L5 jjaJI" <J£ 

• "=1 oj^J^i A n =S n o&J^cA ■ A n *S n & J&ij'A H J, 

: ,> JS <jj j t jjc : o 

(1 2 4)(3 5 6) (Y) (1 2 4)(3 5 7) 0) 

(1 2 4)(3 5 7 8) (9 (1 2 4)(3 5) (T) 

3x4= 12 :(4) 3 x 2 = 6 : (3) ' 3 : (2) 3 : (1) 



Group Theory ^jJljo^lii (JjVl,*-^!) 



(1 2 4) (1 2 4) = (1 4 2) (4)^U^ 
(1 2 4) 3 = (1 2 4)(1 4 2) = 1 

({1 l2 i4} ^ J*^d\ fjc si^jll jwiilj 1) 

(3 5 7 8)(3 5 7 8) = (3 7)(5 8) 
(3 7)(5 8)(3 7)(5 8) = 1 

{3, 5, 7, 8} Je. &j» jJ! ^Ij 1 

3x4=12 

1 5 J j*-ajc ^Jc. ^4 g ji ^jic. <jA jj : 1 Jlla 

jjji^aiia jjJjjJ L_ljj_ia (Jjuflla. Sj_yj-o > - n^Jm JnVl«\l li* ji ^jJalj I t *]lA ^1 

jj£j ji c ^*^i}J ■ 3 = (Wl>^) J <-S J^Vlj t 5 = J 

ajj J . ^4g ^y-oJjjS WjJ j^xuJI jj£> ^^a. (jApjS jl l*x j£j=>-J j j^JJ-^ 

. fl 2 3^ 

SjjJ .(U -1 -Y) 3 = (W»Sj) WJ> jV A^jj (1 2 3) jl^b jl 

5 = (l^j)^>uV^jj(4 5 6 7 S)jl^hj( 4 5 6 7 8> 
v 7 1^5 6 7 8 4) 

.15^ (1 2 3)(4 5 6 7 8) j^JI Vij jj£ (n-^-Y) 

jls ^ t>j . jL-all = <CiLuA£*j| Aae jV j 1 e 5 n A}U-a3l : J— ail 

oSLiiiSI jj£tt Y^j i S n <p j^ 1 ^j^I Ac (jSj ts-o^}^ 1 Jj^I _>^i*J1 

•S„ t> ^pj*- "J^j <£J& 
jjSj t^^js jjc n <— i^a. n VSjia (jjJI ijj^Ji J* >^>« Uj-mt b^c. « jSJ : A 

? AjJjS j»i j jj£j ^ j j a^e. n vina. n l^Jjla (jjll e (Jaj ?<U jS j»i j 

Aja.j j « l^ijJa ^jII » jjJ : <Uja n : J— ait 

. ((U-^-Y) 



Permutation Groups t±i)Uj*yf j*j : ^iUI wUil 



. ajjjs <L^jj LbJ a~ l jli aL^jj or 

= jL^JI ja 1 ^ tliUllxjVI J^c jj '''J^ t> • jit ^Liu) l=<3T 1 <ar : t'jU ^1 

(0 jUjj) (2 o*U*) cjL-I^VI ist + a Jk ^) 

CjIuiI£*jVI jjc jl£ '^j J ' OS' 1 cs* U-Ai W-j j OS djLo.l^«jVI joc. jl£ I ili 

. or" 1 ^ ^U£*jYI aid j_£> Ujs cc <J 

i Ord(fl) = 3 < Od(a)=3 j_& Aw #»>0 lsj^ ■ ) ; JH» 

. Ord(aj3) = 5 

. J3:= (3 4 5) i or:=(l 2 3) : J*fl 
(1 2 3)(3 4 5) = (3 4 5 1 2) 
(r JH.(o-X-1) >il) (1 2 3 4 5) J 

// ir . (jj^j (jl L»j <Sl ^yic. • >S/i (j* *M j?> • j H (jSjl : ^ ^ i]\1a 

. (7^4 czB J £^ j ■ H Ac ^ Z? (H ^ jjll 

jl (j* Ji! j.^il ir. joc. jli ^ ^ j i ^ j.^ilir. J^c = (J A junl'ic. .lie- jli 
j^alic. jjc = <x6 jj^aLic. jj& j <xi? c ^4 jli JLoILjj 5 j^Lic. aic. ijjl^ 
' (*) t>* • ('*) ^ j*-olic jjc jl t>« Jai 5 j><-ili& jjo jli (j* j 4 B 

AL^iia dil jjj i-j^Ja (Ji>->K^ AjjVI AJj^jSJI jc jjc : S Y J1^4 

^ 2 3 4 5 6^ 
3 5 6 1 2 4 



V 



2 
5 





ri 


3 


6 4' 


(2 




)■ 


,3 


6 


4 lj 


,5 


3 



3 4 5 6 
6 1 2 4 y 

il^iala dljjj SJjjJa J^>US AiiVl ^JjSjlil t> : j T. 



Group Theory >«>)lC^ojla> 2fl) 



(1 2 3) (3 4 5)(1 3 5) 

(1 2 3) (3 4 5) (1 3 5) = (1 2 3) (1 4 5) = (1 4 5 2 3) 

J 

(1 2 3) (3 4 5) (1 3 5) = (3 4 5 1 2) (1 3 5) = (1 4 5 2 3) 

sgn(T<7T~' ) s (sgn(r) + sgn(cr) + sgn(T -1 )) mod(2) 
= (2 sgn(r) + sgn(cr)) mod(2) 
= sgn(tr) mod(2) 

m ^UjV . cr:=(4 3 5) « r l :=(l 2 3) jj^ r:=(l 3 2) u^lj 

rcrr-'=(l 3 2)(4 3 5)(1 2 3) = (1)(3)(2 5 4) = (2 5 4) 

fl 2 3 4 5 s 
1 5 3 2 4 y 
: oU£*jVI 



3 + 1=4 



1 2 3 4 5^1 



.1 2 5 3 4, 



n 2 3' 

2 1 3 



(=0 2)), T 2 = 



(\ 2 3 



3 2 1, 
Ord([T { ]) = 2 = Ord([T 2 ]) 



(=(1 3)):S 3 (=y 3 ) 



Permutation Groups »aJtiA*ill >*j : ^JUll <-iUI 

jjj 14 < 10 A-JjJfl3l i_« a. .11 r. jjj djja. . tjijla = 4L.1jj1I Ajjj : /)U >l!l 

J ^»U. ^ <Lau3I <J vr.'...-. (l^-Y) ( >i L*llj£ .a.i=Jj ojj^S Akiiill <jl*jV 

(J j — L3I "Jill j »JJ^1I 8 (JULa (jj^JS 2 (.S^P-SH tljVj 7 LaAl-laJ (J _ala tJJJJj.1 i—J^)*^ 

. Ajjja aL^II (jjSj j iAjjjs 2 J jUl cj| j (<Iajl!) Sjjoll j i Aja. j j 7 




1 2 3 4 5 6 7" 
4 3 6 5 17 2. 



<7 = (1 4 5)(2 3 6 7) 

= (1 5)(1 4)(2 7)(2 6)(2 3) 

ClI jjJ <_l (_L-aU. jA n > 3 tlya. t A„ ^ jx^ajc fj\ Q^Ji '■ \ ^ 

3 U>l>la ^jlll ClI Jj-lll (_1 j>Ja (_L^al_ja. JS 4c jasui £<il jll ^ jA yl„) 3 Up-« j£ J _>i=» 

tlOUill (^jj Ale "-Jjj^a (J*- 3 ^. (jjSj <J <jU Vint 4 (TE A n : t'jU >a!1 

(aZ))(xy) = (aZ?)((ax)(xa))(xy) = ((aZ>)(at))((xa)(xy)) = (axZ>)(xya) 
^1 j jjj j^SJs t {«,6}n{x,j;}*0 J t giil » ^«i« (xy) t (a6) 

ifoicj < 6=x (without any loss of generality)^.,***!! ^.iSa 

. oUjJI V*i {cbXfy)={b^)={dy) 

. n>2 ciulSljl 
C>rc/(7 n ) = Ord(A\,).[r m : A n ] J ^ ^j=.V ^ ^ ■ 



Group Theory ^jJljuolii (jjSfl|»-2M) 



Ord(rJAJ=:[ 7n :AJ=^f\ = 2, n>2 : & r *j 

Ord(A n ) 

y^J dliS . (V n>2 =L»jib Y*/ Sj^jU JMLj 

/ n 

/ n ciA n (1) J ^ JjVl uAjB Afi jsl. ttJ orjiic <>_, .(v-u-^) 

.(ft _] AsliJI Sj*j» =) 

4, ^ jx^ic JS ) A Jli. (>a n > 3 I jj 0 V!j . A 2 c ^ (2) J jj 

liA AiLuaVljj . 3 (J^ (Jj^ 3 l — J 'jJ J L r J ^> Jk ^ a (J"*»^** * AjjIjS 

AiHs^il i,y',jte JS1 Ails 

(Sf*) = (/ k)Uk)(ikY(Jky e/ a , n>3 
. / n =A n , n>2 J 50, (3) . (2) . (1) o- . 4 c J< (3) J J 
n > 5 Ci3l£ I jj A ni joA n -± aSLUI J ^ jj : Y_» Jll. 

) A Jlla i>j ^ n c / : «>5 J£l Ail iimj <J . 4 c:^, J e^ 1 J : '* jtA ^1 

Ame u^lj * ft ^ Ij—te a=(ijk) -7 n c> 3 WJ> ^Ijj^ 

<T := (/ A: m) t K\- (ij I) ^ (n> 5) Aillk» l«J£ w t £ <j «' jj tiuaj 

• JtG7t~ X G~ X =a : J £ii> 
. (jlAjJI AjL^j 

JSI U : n Jll. 

: 5 3 Jjljil (1 3) * (1 2) jl : J == gJj 

(1 3) (1 2) = (1 2 3) , (1 2) (1 2), 
(1 2 3) (1 2 3) (1 2) = (2 3) 

(jjUJI j^iJI) e = Y (l 2) 
{(1 2), (12 3 n)} Ac j> jljSS J oS-j5„ J c> 6*^ = YT Jli, 
^ ^ (1 2 3 ... n) r (1 2)(1 2 3 .. n) n ' r J Jc V J «> : ,'»U 
»iA J 0*> f5 -(n-1, n) « ... • (3 4) * (2 3) < (1 2) : r a*fiM 



Permutation Groups q^UamJI >»j : uJUII uUI 



: r = 0 ^ic. 

(1 2)(1 2 3 ... «)(1 2 3 ... «) ... (12 3 ... n) = (1 2) 

: r=l 

(12 3 ... n)(l 2)(1 2 3 ... «)(1 2 3 ... «) ... (12 3 ... n) = (2 3) 

« „ > 

CjI ija n — 1 

: r = n — 2 

(12 3 ... «)(1 2 3 ... n) ... (1 2 3 ... n)(l 2)(1 2 3 ... «)(1 2 3 ... «)=(«- 1, «) 

v v ' 

dll jJI (>a « - 2 

: r — n—l Aic. 

(12 3 ... «)(1 2 3 ... «) ... (12 3 ... n)(l 2)(1 2 3 ... n)=(l n) 

v v ' 

till jxll (j* « — 1 

(m fc) (£n) (m £) = (m«) : ji i^U jVl j 
: ^Vl t5j^. AiUli tljiUil! t> - blio - (3 7) aJj^j J lla 

( 3 5) = (3 4) (4 5) (3 4) 
( 3 6) - (3 5) (5 6) (3 5) 
( 3 7) = (3 6)(67)(3 6) 

(3 7) = (3 5)(5 6)(3 5)(6 7)(3 5)(5 6)(3 5) 

= (3 4)(4 5)(3 4)(5 6)(3 4)(4 5)(3 4)(6 7)(3 4)(4 5)(3 4)(5 6) 
(3 4)(4 5)(3 4) 



Group Theory j^ijo^iai ( j#i,»-*2)i) 



<J£ ^jjj . cj^iLj^jj i_y*j ("Mjj^j ji') AKLiila ^jj'i'io ij^j (JS (Y— \— Y) 



,6 



2 
1 



; 4\, Cj! jjJ i_)_)jki3 (Jj-ala^ (jjiuYI (JjIiIj^jjII (jc (^ ) 

3 4 5 6^ (\ 2 3 4 5 6 7^ 
6 4 5 7 3 1 2 



5 3 4 2 



; <L*ailo CllljjJ t—lj^Ja J ■ -»1 < AjjVI tlL^Ll^JjJ! (jc jiC. (Y) 

(1 2 3 4 5) (1 5 6) (2 4 6), 
(1 2 3 4) (2 3 4 5) (3 4 5 1), 
(1 2)(2 3)(3 4) (4 5) (5 1) 

U-uii i S-} £-« (<KL£La) AjSjjxj jj| (jjSj 54 (j* 4 iVi-v a Ajj ja. jxj .la. jl (V) 

. 53 AKLila ^6 t> ^j?- 30 JsVl (^lc JLi.jJ Aj! ^ic (*) 

. (n- \,n) ' ... ' (2 3) ' (1 2) : dSiill 6- &y>S n J J* & j> (°) 

: syftl dOlj^B 6- J* (t) 
(a,« 2 ...aj . (2 3 6 7) . (1 2 3) . (1 5) 
(1 3 5 7 9 11) (2 4 6) ♦ (1 2 4 8) (3 5 7) « (1 5 7) (4 3 8) 

: aftfiM OuL^ill ^jjx (V) 
fl 2 3 4 5 6"| p 2 3 4 5 6 7^| 
21546 3 ' 7 612345 



1 An . ^ 6 « 5 7 * 5 6 (= y 6 ) : j^UJ aLj^I l^jII L (A) 



Permutation Groups QiUA*ill >«j : ^LUi wUI 



Aio >-aLi*J <uj j£\ jjc. (^) 

(1 3) (1 4 5) (2 5 7) < (1 2 4 5 7) < (1 4 6 8) < (1 2 4) 

(1 2 4 7) (2 3 5 8) 

<L^jj ^ AjJjS tij^-^'j *^?*J J L»Al-^J (JnK'm <-Jjj-i» (Jj-aLsi. (jl ( _ r Sc (jAjJ (^) 



1 2 3 4 5 6' 
6 1 2 4 3 5 



1 2 3 4 5 6^1 



n 2 1 3 5 4 6, 

<■ ft' 1 <■ oc~ x ■■ v^li 

. ((3^ U£ ao/3 j*> a/3 

,(1 4 7 8)" 1 = (8 7 4 1) * (1 2 3)" 1 = (3 2 1) : J J* cfiji (U) 

(a J ,fl B _ 1 ...fl 2 a 1 )- 1 =(« I a 2 ...a fl _ 1 a„) 
« Ord(j3) = 2 « Ord(a) = 2 a£> ^ /3 ' or ^ji 5 3 ^ (^) 

. Ord(aj3) = 3 

• G Ajj^a* UJ^ H (j^S till jj^l) (j^ Ajfrjla jl^ci L_l^>iJa [J' al - 

. ne {2,3} c*l£ lij = 1 J o» J* 0 v ) 



^ Group Theory ^Iki ^i 




_.LJI 



hjM h&j\& Uk$> 

External and Internal Direct Products 



o^-UI UftMli i-AjUl H>a » ijMg ■ O lUil uUI | 

o^UI 

L ^ AiJl M yiaJl a . Tj*j G„ 4 ... * G 2 i Gi jfil : L-Lyu > -r 

> jL j G 2 (The external direct product) i ... » ft » Gi J y&xA 

^3^1 <uL G, ® G 2 ®...®G„ 

G, «8) G 2 ® ...® G„ := {( gl ,g 2 ,..,g n ) | g f € G,} 

:^jjVl£ jjiUJI (_)jiia]l (Jj-olfk. "i_JjA^a5l" <-ij*J tijJa. 

(^l'^2'-"»^n)(?l'^2'-"»^n) -— (8\8\ » i>2&2 ' ■•*» SnSn) 

• Gi Sj* jJl (ji «-ij*iJl JjilS i_u*a. g.g' ilua. 
jA __)<a j3l (j^i Ac ja^xI ^»iLiA3! ^^jLiJl t-l^jJall (JjuaLa. jjl 4jA_)Jl A^ jfrmJ (jS-aJj 

Ljoa. (e,,e 2 ,...,e n ) jA 4js jjLa-ail j.^tII (jj^j aLLuJI j_y*J& > — . S j^j 

•gi o-j*" j* ft 1 ^ (ft 1 , g 2 ~\ 
• j"0 f jj3 jj-^j* <p:G 2 Aut(G x ) op j*j G 2 ' Gi oSj3 ; uL j«j t — > — r 

: (^»^)»0'l»^2) e G 1 XG 2 : 

(Y-^-r) J aJ^Ij , 0 U J G 2 1 G, ^ G, XG 2 : *fc«ad» r-^-f 

V(xi,x 2 ),(y ] ,y 2 ),(z l ,z 2 )z G { xG 2 : 

((^l,^)0'p}'2))( Z l. Z 2) = ^ l^ 2 )Ol)^ 272)^1^2) 

(x 1 ,x 2 )((y„y 2 )(z 1 ,z 2 )) = (x l ,x 2 )(y l <p(y 2 )(z l ),y 2 z 2 ) 
= (x x (p(x 2 )( yi <p(y 2 )(z x )),x 2 y 2 z 2 ) 

ViY 



Group Theory j-.^ltjojlii ( jj^n^2«) 

= {x x <p{x 2 )Cv, )(p{x 2 )(g>(y 2 )(z, )), x 2 y 2 z 2 ) 
= (* { (p(x 2 )(y , 2 )o #>( j 2 ))(z , ),x 2 y 2 z 2 ) 
= (^(^Xj'iM^X 2 !)'^:^) ( 2 ) 

J ^ (2) » (1) <> 

((*, , * 2 Xy, . ^ ))( z i . z 2 ) = (*i . * 2 . y 2 X*, , 2 2 )) 

jIjuU-JI e 2 eG 2 4 e,eG, »>» jiS ^U-Jl j& (e,,e 2 ) 

V(x, , x 2 ) e (G, x G 2 : (e, , e 2 )(*, , x 2 ) = {e x (p{e 2 )(x, ), e 2 x 2 ) 

— ( e i^G, C^l)'^^) — (^1*1 > ^2*2) — (*1> ^2) 

: Cji {(p{x 2 )(x; l ),x 2 ) j-iJ > G,xG 2 e (x,,x 2 ) j^Jl o*_£~ 

1 )( V ), ^2 1 )(^, , ^ 2 ) = (^(^x^rVte'x*! W* 2 ) 

= (P(* 2 _, XV*i W* 2 ) = (Pfe'X^).^) = (e,,e 2 ) 
(The semi-external direct product of G\ , G2, w.r.t. <p ) 

G ! X p ^2 ^ >JJJ 

tjj%Mi G2 ' G] U^^"j^ J^W-^' "-r 1 ^^' (Jj-ala. (ji £tJ-i»lj ! 4^3 »xL» £ — ^ — V 

: G 2 — > ^uf(G[) ? jja jj* j* j*Jl ' j) W m j^all <_M^- AjJil tjjL** 

• * 2 G G 2 fr^ Pfe) = !g, i3*^ 
. JajU^I e 2 e G 2 « e t e G, 1 jl2 j-j G 2 « G : Aja»al» o-^-r 

• G,x,G 2 u-u^u^j-J k}xG 2 . G x x{e 2 ) 



ej^LU <ui>UI$ W>Al| Jrflj* : OJUI uUI 

: {e,}xG 2 = lM J* 11 

\/a,be G 2 : (e,,a)(e p 6) = {e x (p{a\e x ),ab) = (e x e x ,ab) = (e x ,ab)e {e x }xG 2 
(e x ,a)e {eJxG 2 o*>" : ae G 2 JSlj . (e x ,e 2 )G{e x }xG 2 ji* ^ 

jAj (ej.af 1 ) > ^ (^(af-'Xe,),^ 1 ) csjU^ jAj (^(fl-'Xe-'Xfl- 1 ) : 

: G,x{e 2 } V-ilbj {e,}xG 2 ^ >-i& 
Va,be G x :(a,e 2 )(b,e 2 ) = (a<p(e 2 )b,e 2 e 2 ) = (al Gi (b),e 2 e 2 ) 

= (ab,e 2 )eG l x{e 2 } 
(a,e 2 )e G x x{e 2 } a € G, JSJj . (e,,e 2 )e G^e,} # 

J* cs? (l Gi (fl _1 ),e 2 ) ^1 (^e 2 )(a _1 ),e 2 ) j* tf i (^"'Xtf -1 W) j* 

: ^Vl^ <p:R -> ^Mf(K) c&lj « G x =G 2 =(K,+) uSJ : J&> l-)-r 

Vx,yeR: = e*y 

'• eft ? <p 

Vx x ,x 2 ,ye M : + x 2 X>0 = e^'^j = e Xl e Xl y 

= <p(x x )(p(x 2 )(y) 
(0,x)e{0}xR = H JSlj ( fl ,0)eRx f R JS1 
(a, 0) + (0, x) = (a + ^(0)(0), 0 + x) = (a, x) 

: jji . # Jj < h Ah (a, 0) ti j-y a£ jLL. ^ {a}xR ji 
(0,x) + (fl,0) = (0 + ^(x)(fl),jc + 0) 
= (ae*,;c) 
. 7/ Jj A^ulL (a, 0) 

t> {{ae x ,x) :xs R} c) <ji 

Mi 



Group Theory j^jH^jSij, (Jj£i|»-JLH) 



(—ic-Uixall ^^A Aj^Ho ja jl ^i\j-sJl L_J_^Ja]l (JjLjaLa. ^ jj-aic. : <J jJaj V — \ ~ T 

: jja JL . ->i -aaxJl "CjUSj-" i_u J (The least common multiple) ji^SM ^ JU^I 
0</(g„g 25 ...,gJ = tcm{Ord( gl ),Ord(g 2 ),...,Ord(g n )} 

t = Ord( gl ,...,g n ) . j = /cm{Ow/(g 1 ),...,Orrf(g ) ,)} u^i •• £jUj^ 

: j^'j 

(ft.-.g.)' =(g 1 %..-g n , ) = (e,...,e), 
(g[,-,g'„) = (gi ,-,g n )' = 

. f ^ l*K Ord(g n ) « ... * ^ 0) 0"^ 0-i ^ o-j 

t g„ ^jj jj 4 ... t g, 3jj j3 (common multiple) ^ <_ic.Lii* ^a. r j]i I j 

U*J • g„ ' • • • ' gi "^J^ J*^VI iiljii-«ll cJcbJaJI jA S (j^ * — * (j^&fj 

• * = * (*) 

: jjla Qj.'T-j* (jja ja ■ a (jJ-lic- 6 < a ^jlS I j) : 4-i±^-4J A— ^ — T 

ab = £cm{a,b}gcd{a,b} 
t (» jjj^I o-lS 0 flj&U uLs) b-=p?...p n k k ia= p?...p? jSJ : >4l 

(jji jjAic . aJLu dual 

tcm{a,b) = Px...p s k k ,s, :=max(m.,n,.);\ 
gcrf{a,6} = p,' 1 ...^' := min(w„n,.) / 

£cm{a,b}gcd{a,b] = p"' ,+n> ...p™ l+ "> =ab 

(1 ± IjftU) jiiu ^.IjS L*J ^ 0</(fl) t Orf(G) lij LSij Jt£ lj] AjjSb 



op&Uf <Uli|jJl£ <u*;UI Hj-«JI J-al** ^UUll uUI 



Ord(G®H) = mn u! ^ CW(#) = « < Ord(G) = m <j£J : flU >4l 
(^Vl <4 >UI ^.UJI) gc</(«,n) = 1 uSJj . i/= [A] * G = [g] u*J :"=>" 

Ord(g, h) = lcm{m, n} = mn = Ord(G ® #) 

. J^jSb G®// ' G®H -AAy>(g,h) dJ 
. ^jiix Ji (jjiJ n i m <j\ ujlkellj "Slj^- 2 G®H o^jI : " 
<j_>kill t>j . mn Ajjjj G®H ^ (g,h) j^c- ^jj ^jjjIj G®H <jl 

: ^ cU^i(V-^-r) 

mn = Ord(g,h) = Ccm{Ord(g), Ord(h)} . 
Ji ^iij t « -\ ) « ^xjuij OrdQi) c*UJ£j t tw ^j^Sj Ord(g) <jbla j-j 
ji ^ijja t £cm{m,n} < mn cfilj . £cm{m,n} 2j £cm{Ord(g),Ord(h)} 
^1 jS L^] (jAii n i m j gcJ{m,n} = l jli ^ i>j <. £cm{m,n) = mn 

.(A-\-r) <£ JSJL. 

j*jJl G, ®G 2 ®...®G„ >SM ^jUli J— ^ : h£ ) i^±zl 
ga/{Ow/(G f ),Ow/(G,)} = l, 

. <a^>u-<a jio&i n^t ' ••• ' «2 ' «i m=n l n 2 ..M k : AajIj ^ ^ - > -V 

J-a> w Z B( ®Z„ 2 ®...®Z„ t (Mjj-jJaJ) ysua- uj* ^(=%^) 

. gcfl?{w,.,n y } = l, i*y u^lA 1 



Group Theory >.jJl£j>ii3 ( J#l|fc«ail) 



z 2 ®z 2 ®z 3 ®z 5 = z 2 ®z 6 ®z 5 = z 2 ®z 30 , 
z 2 ®z 6 ® z 5 = z 2 ®z 3 ®z 2 ®z 5 = z 6 ®z 10 

Z 2 ®Z 30 ^Z 60 u^Z 2 ®Z 30 =Z 6 ®Z 10 

: ^ilai \r-s-r 

i n t> jiu-ai J&\ jl.le.Vl l£ »J««j ^ U(fl) j£jJ : ) tJ^» 

. C/(6)®£/(8) 
: & o-j t/(8) = {1,3,5,7} , 17(6) = {1,5} : ^ 
1/(6) ® C/(8) = {(1, 1), (1, 3), (1, 5), (1, 7), (5, 1), (5, 3), (5, 5), (5, 7)} 

.3.5 = 7 (mod 8) < 5.5 = 1 (mod 6) <jV (5, 3)(5, 5) = (1, 7) J i^V 

Z 2 ® Z 3 = Z 6 J J* c*j! : 1 JH* 
« tAjjaj Z 3 « Z 2 J ^ (> : ((1->-r) AjjJiill jJiil) : pit 

. Z 2 ®Z 3 =Z 6 uj^ gcaf {2,3} = 1 

: tuLuia. lift (jx (jiaal] j 

Z 2 ®Z 3 ={(0,0),(0,1),(0,2),(1,0),(1,1),(1,2)} 

: d_y& (1,1) vj^J 
2(1,1) = (2,2) = (0,2),3(U) = (3,3) = (1,0), 4(1,1) = (4,4) = (0,1), 
5(1,1) = (5,5) = (1,2),6(1,1) = (0,0) 

Z 6 (^Jj- j jj') oj^j 6 Uj^aUc jjc. . (1,1) U^l jj Z^®^ jj) 

(\ > -r) AaJiiSl ^.iaaJj : SjiU. ^jii AijL 

. 2 fcSjB <> ^> J-j 7 l*i Z 2 ®Z 2 ®Z 2 0* ^ = g tH=« 

^ iV 



opiUi iuiftUli <Uftjlalf Hj-oJI J-fllj* : ^ttJI MMI 

: flU ^ 

z 2 ® z 2 ® z 2 = {(o,o,o),(o,o,i),(o,I,o),(o,i,i), 

(1,0 5 0),(1,0,1),(1,1,0),(U,1)} 
(0,0,0) o- Ajji- 'Ao^^ 4 8 t> oj^ Z 2 ®Z 2 ®Z 2 

• Z 2 ®Z 2 ®Z 2 <j<» Ajj ja. * J - j UJ^ ' At lm\l Jifil'ltll (jx jil 

. AjjSb S j Z ® Z Uul jl j> jj : t 
-Uli jioic (m, n) IaJj-j ajjjIj Z®Z (jSSJ . SjjSIj Sj-j ^ Z®Z : tl-aJ 

^Ijj J o^J^ (w, n) (jSJj . m,n = +1 J (^=^ j • (km,£n) = (1,1) 

. ajjSL.^)} Z®Z jj) . (-1,2) 
? IjUJj? Z 2 ®Z g =Z 16 Ja : o JH» 
AojSb J o^jV Z 2 ®Z 8 ((^-^-V) '^J^\ : 
^jiJi o^jV j (1 + 16Z J 1 ^ UjIj,) A^Ij Z 16 Ul g C J {2, 8} = 2 

. t_ijliaxll (^ ^— \~ V) A->ni\l (jc ajjiUx I AiL^la 

? 9 ^1 Z 3 ®Z 9 ^ ^UJI ite ^ : 1 Jll> 

. ((V-'l-r) A^ijJl : J-aI) 

6^ Z 3 ®Z 9 «> (a, 6) j^.UJl ito (.^i>i,„ 

9 = Ord(a,b) = £cm{Ord(a),Ord(b)} 

(i) Orf(a) = l, Ord(b) = 9 

J 

(ii) Q«/(a) = 3, Or</(&) = 9 



Group Theory ^ic^lii 

ji 2 ji 1 : <jA b oj^a cjUlSJ di« 6 _ lj j ^ijt£J a —J (i) <jj 

CMSJ 6 ^Ua uj^ jrllu-VI j&lj 8 ji 7 jl 5 ji 4 

. (a, Z?) ji rt'wll 

12 ^Ua jjSj l^jj ( CjUISJ _J jjSjj jtijlSJ a _J jjl, (ii) ^UJ! J 

.18 ja 9 ^jlt l^J ^1 Z 3 ®Z 9 ^ j—liJI jjb. ojSjj 
Zsoooooo ® ^4000000 ^ 4 ^Sjl \«] ^1 j-UJl ^ ^ji : VJti, 

4 = Ord(a,b) = £cm{Ord(a),Ord(b)} 

(i) 0r</(a) = 4 , Or</(6) - 1 

a = 6000000 J a = 2000000 i b = 0 

(ii) Ord(a) = 4, Ord(b) = 2 

a = 6000000 ji a = 2000000 . b = 2000000 a£* 

(iii) 0«/(a) - 4, Oa*(6) = 4 

jUjl£J b i a o-» <J£1 OjSjs 

a = 6000000 J a = 2000000 o&j 6 = 3000000 J 6=1000000 

(iv) CW(a) = 2, OJ(Z>) = 4 

a = 4000000 a&j 6 = 3000000 J b = 1000000 aJ^ 



6>4UI UftlJIj M>atl J-al$* : uUI 



(v)CW(a) = 1, Ord(b) = 4 



a = 0 u_&>j 6 = 3000000 J Z> = 1000000 jj^ 

2 + 2 + 4 + 2 + 2= 12 

Sj-j H J Jc o*j) . #:={(g,g)|ge G} u^ilj G uSJ : A JH» 
dul£ .(G®G (The diagonal) s jS .ja ^^3) G®G t> 

. # , G ® G U^^a < L^a G=(H$+) 
J J (e,e)cH : 
= (g,g),(h,h)eH JS14 

gX*. *)'' = (g, SX*-' , ) = (gh- 1 , gh' x ) e H 

. G ® G i>° ^j?- » j-° j u' c5' 
J»aJl ^ // U . J£ ^ G® G ji ^Ijs G = R lil oVIj 

y = x Altaian ^ill ^111^1 

G,®G 2 = G 2 ®G, 

(x,y)h*(y,x) 

V(x,.y),(*',/) e G, ® G 2 : rtfojOtf ,/)) = p(jcc',x>0 = (x/,*0 



Group Theory >4jJ!Crtj>laj (jjSfl,*«21») 

G®H i>^> 

» J G ® {e} J <Jc V jt • # > e o^J : t 'jU >dl 

^jic tsj^i G ® {e} <J j : <jH^ G® H qa kp j*. 

: (g,e),(h,e)€ G®{e} JSlj ■ ^-B G >^ Jfrl 

(g.cXA,*)" 1 =(g,e)(A" , ,«) = (g*- , ,«)e G®{e} 

: JIM G = G®{e} : J 6* > uVlj 
p:G->G®{e} 

gl->(g,e) 

: jjV ^ (p . <_$:>U.i jMl) (p jl ^cjJal j 
Vg,/z e G : <p(gh) = (g/i,e) = (g,e)(/*,e) = <p(gM h ) 

■ lM • (* JJ">J ji' ^ 

G" := {g n | g 6 G} oSl . n t M^l • j* j G 0^3 : j \ JUi 

jjjJl^jj jij j-j H ' ^ i— Ijj tjVlj . G t>» <jjj=>- » J G" ji t5 ift o* jj . 

(H®K) n =H n ®K n jijc^ji 
jVlj . aJU. Atj-^. G" J t^i j.nutt eG G" : ciU gfl 
Vg",H'<=G':g n (h , y=g n (h- l y = ^)" 6 G"^u-^'wG" 

Jo o* jj) lA*M K * i/ <jV AjM #®ii: «^ . o^j-j tii * «-ap JSB Jo 
(#®£)" =//" ®iT J J^ u* l)V» j • Sj* j (#®X)" jl* f5 t>j (<4tt A^. 



6>*U! <ul*UI$ M>dJI : CU\ii\ mUI 

{H®K) n 3{h,k) n =(h,k)...(h,k) = (h n ,k a )G H" ®K n 

v v ' 

. aJI^I g®h J til 

<_si 4 AJlijJ Cuiul G tjSi3(without any loss of generality)^ 4 jss j>uj jVl j 

(gMteiA) = (gxgiAK) * igigxAK) = (g 2 A)(gM 

. AjlljJ ,-„„j\ J Ci' 

(S jJlLw JjjLJ ^ ^ Jli. ^ JjUull t> ..n ? j Jllall lift) 

G c) J^c o* jj . <pUJ! i_i j^ili AaLac G-{3 m 6"/m,neZ} : 

Z ® Z £-a ("MjJ^J j^) <J^-"^ 

#>:G->Z®Z 
3"'6"^(m,«) 

V3 m '6"'GG,3'" 2 6" 2 eG: 

= (m 1 ,« 1 ) + (m 2 ,« 2 ) = ^(3""'6' , ') + ^(3 m2 6" 2 ) => p (OAjj-jJ^ 

fe-oJ ^ Z®Z ui^jUS. J jSi) 



Group Theory ^jJi^vj^ 

G j^ic e t*n% x 2 = e : xe G t 4 AjjjII i> ij* j G : \ i 

: flU nil 

Z 2 ®Z 2 :={(0,0),(0,I),(l,0),(l,l)},G:={ e ,x,7,z} 
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: jxJl (p: Z 2 ® Z 2 -> G J ^ j 

* 

^(0,0) := e (G J 4—11 < ^(0,1) := x, 

9*1,6) :=y <<p(il):=z 



(Z„ :=% z J J&) Z 4 ®Z 6 /[(0,1)] y-Uil Sj-jB : 1» J&. 
: a li liSAj t Z 4 ® Z 6 ij-jB <> *jj5b <u> [(0,1)] : J^JI 

[(0,1)] = {(0,0),(0,1),(0,2),(0,3),(0,4),(0,5)} 

Ajj]aj j>j j*j< jj-aLic. 6 c> U_£" [(0,1)] ' ' J^c- 24 l«J Z 4 ®Z fi 

: Aj^ill ^ < ^-alic 4 t> uj^ Z 4 ® Z 6 /[(0,1)] : J 2^ ^ J^V 
(0, 0) + [(0, 1)]; (1,0) + [(0, 1)]; (2,0) + [(0,1)]; (3,0) + [(0,l)] 



o>*UI UkUli M>all «>0f^» : OJLUI -Ul 



Z 4 ®Z 6 /[(0,2)] = Z 4 ®Z 2 : J ,> qajj : HJOj 
:^j'Z 4 ®Z 6 ij-jB c> ^jib <u> ^ [(0,2)] : flU ^ 
[(0,2)] = {(0,0),(0,2),(0,4)} 

t> V> »>»Jw "csjV Z 6 J-Ull ' 2 + 2 + 2 = 6 = 0 J M 

Z 4 ®Z 6 /[(2,3)] = Z 4 ®Z 3 :Mi f >,^p: ILfe 

[(2,3)] = {(0,0), (2,3)} jl Jfatf : ^U^ 

(Z 4 ® Z 6 *,jSb ^> s^j [(2,3)] uV) 

WI Z 4 ®Z 6 /[(2,3)] J^J ' 24 ^ Z 4 ®Z 6 « 2 ^ [(2,3)] ^jj 

. 12 Aiij! 

W Z 4 ®Z 3 -Z 2 ®Z 2 ®Z 3 i Z 4 ®Z 3 ^ 12 AiSjll j> 3a^li j-jll 

^ji ^-kialjj . j»/Vl»\l liA (Jla l$2 (JjijI Z 2 ®Z 2 ®Z 3 LaijJ 4 (j"> JifVlCV 

^Sll - a>a j ^ 4 <M UJ (1,0) + [(2, 3)] ^jLi^l 

: Z 4 ®Z 6 /[(2,3)] 
(1,0) + [(2,3)] + (1,0) + [(2,3)] + (1,0) + [(2,3)] + (1,0) + [(2,3)] 
= (0,0) + [(2,3)] = [(2,3)] 

J^^aJ] cjl jA\ Jai hoc 4^ ^Jl (1,0) + [(2,3)] *iLi) JS-jY ji jj 
t 4 a^JI o- Z 4 ®Z 6 /[(2,3)] J li* . [(2,3)] Je. 

Z 6 ®Z 8 (^) Z 12 ®Z 15 ( i ) : ^jl : ^ A Jtl« 



Group Theory ^li^lij ( jjifl(u-2W) 

>^Vl 4 jUU ^U^fl /cm{12,15} = 60 : <Zj j£\ ( i ) : J*fl 

ton{6,8} = 24 : ^ j j^l (v) 
((v-^-rj^jfcji) 

« Ord(C,) = 2^ G=q ®Q®...®C„ Jj 2" ^ G J Je o*j** « 2 

(*u3b C,) 

. AjII^I s j*jB • j* JjVl <-jU1 Je Ac jiLo J \ Jli« : ,-)U wB 
. [^JeG J j' «i J* ^u 51 - 1 G J J G=[q] a' M -e^qeG o^J :jVI j 

ajfc JjVl aIUI J . [fl,]®[a 2 ]cG uj^j J j ! C? = [aJ<E)[fl 2 ] u_& J M 

. 2 ^ijll 1*1 i j*j l£j . G=[o,]®[a 2 ]®...®[aJ U3U 
j Z 4 <KLil« oj^j u' M 4 t>» G »_>-<0 ls' J^ o*_« •' ^ * 

Z 2 ®Z 2 ^-aHUo- 

f! lij . Ajjib Cu*}3 ji t Z 4 AKLilo ^ :Lj3b jjS J U G S>. jll : <'M »1) 

.(4 G<i5juV) G~Z 2 ®Z 2 ujSui li& ^.^j 
■ Z 4 ® Z 4 Jo Z 8 ® Z 2 i> fjwajj-*! -ul Jo oajj : n JO. 

^ 00 



ej-iU.1 ^OftlJIj i*»jU)l w>all : CJUI wUI 

^jjj^^^l jjj . ^jJjj^l ^:Z 8 ®Z 2 ->Z 4 ®Z 4 uljl : wB 

j go, (r-i .-^) a*>i c>j a-rf(z 4 ®z 4 )=a-^® z ^ ( ^)=i6 
Orrf(^ e r(^))=i i^j o*/(z 8 ®z 2 )=otf( z *® z ^^ 

• ^jj-jSj- ^ u_&j ' Xer(p) = {(0,0)} j J\ 

. 8 Ajjj j jx^aic L$j Z 8 ®Z 2 0^1 . pjjS J>«jjji Lp! 

(p:G®H-^G 

. G <^lfc G®H (projection) J\ li* tjAuy ? (^j) si jj L» 

Vfe,*), G®#: 

&(^={fe/!)eG®^:g=e G G j^)} 

= {(e G ,A) G G®//} = { eG }®// 

(a,6)i-> a -6 

. 9> _, (3) 

: J=jjj 

V(a,Z?),(c,J)eZ®Z: 

<p((a,b) + (c,d)) = #>(a + c,6 + <f) = a + c-6-J = a-b + c-d 

\ on 



Group Theory >.jii^j>laj ( jjSn,fc«aJl) 



= (p(a,b) + (p{c,d)^> ?jAjj*j*jA (p 
Ker(<p) = {(a,b) eZ®Z: <p(a,b) = a-b = 0} 

= {{a,b)eZ®Z:a = b} = {(a, a) e Z ® Z} 
qr x (3) = {(a,b) e Z <g> Z : ^a,6) = a -fc = 3} 
= {(c?,fl-3)|aeZ} 

Internal Direct Products 6>SLM <UiiUH H>al) J«fll$a MT 

: JVI JiaJ I j] G = HxK m&j KiH-i >iU-ll JaJ-sH uj j^l 
HK?={hk\h<=H,keK} ^G = HK(\) 
keK i h<=H hk = kh(^) 
(G J >-sJI e) # n A: = {e} (-*) 
: t-jjj»jSl lift 

JLu lil G=H l xH 2 x...xH n :±&jH„l ... t H 2 « //i— ! jJM 

G = H l H 2 ...H„^{h ] h 2 ...h„\h i eH i } (1 ) 
A,./*. = VA,. e #,.,/*. e J5T,, / * y (m) 

(fr I fr a ..ir l )nfr w = {e} f /=i > 2,...,i-i M 

j«jU >SUJ JiljH (_i J^,U ^ G Sj-jll c^sl* lil : h j& Y-Y-f 

(j^AJ G ji^i'ir. <JS jj' J'SLittil t5^'-^' C-ljjJall (Jj-aLi. i_SJjxj •' £*M jjjj 

. Ala. j JAollI lift J j^ 1 0* J* 1 " 1 • G H. tJJa- ^..^„ JiilL jiwull 

^ oV 



»j*UU <ui»UI$ wi>ail J-al$* : -JLJI uUI 



g = W...h n ,g = k x k 1 ...k n ;k,k i e i/., i = 1,2,. ..,n. 
h l h 2 ...h n =k i k 2 ...k n ,h i ,k l e H t , i = l,2,...,n (*) 

^kX*H x H 2 ...H n _ v k n K*H n 

^>kX e ^..i^, = {e} ( JyuJH c> (I*) J-jiB) 
=> = 

^>h x h 1 ...h n _ x =k x k 2 ...k n _ x (* o*k n ih n 

/*■ = J J~»j jjj^Wj • ^„_! = £„_i ^ J^aJa ^ L. 

. JA«j]l J jj\ . i = 1, . . ., n 

<p:G^>H x ®H 2 ®...®H R 

<p(h x h 2 ...h n ) = <p(k l k 2 ...k n ) c& 



(h x ,h 2 ,...,h n ) = (k l ,k 2 ,...,k n ) 
^h x =k x ,h 2 =k 2 ,...,h n =k n 



\j{h x h 2 ..\Uk x k 2 ..Jc n )eG-. 

cp{(h x h 2 ...h n ){k x k 2 ...k n )) = (p(h x h 2 ...h n k x k 2 ...k n ) 

= <p(h x k x h 2 k 2 ...h n k n ) = (h x k x ,h 2 k 2 ,...,h n k n ) 
( M ) J, jAB 

^ oA 



Group Theory >.jii5o>iii (jj^ft^ili) 



=Q\,K-AXKK,-A) {^j^ J-u t>) 

= <p(h i ,h 2 ...h n )<p(k 1 k 2 ...k n ) => <p^j^ 

aJj^a. ejx j jjjSjjj t Aide ^yjjl IjjjU (JmjI j<a j 4jV ^>JJ (jl (j^-aJ ^^jLiJl ' ■ I j ■ all 

Ujla « _J Luia A: 'A' : t-L t-T-V 

C/ 4 (n) := {jce U(n) | x = lmod(£)} 

: Ailai o-Y-r 

1/(24) 0- tj*J /ffiT < ^^{1,13} » #HU7} ^ L» ia : > J&* 
0- H c& (17)(17) = 289 = l(mod24) : J-jJI 

0(24) = {1,5, 7, 11, 13, 17, 19, 23} 

0(24) t> V>»j*j * lP) • (13)(13) = 169 = l(mod24) 
HK= {1, 13, 17,5} 
(13)(17) = 221 = 5(mod24) 
(13)(5) = 65 = 17(mod24) 
(17)(5) = 85 = 13(mod24) 
(5)(5) = 25 = l(mod24) 

0(24) t> Sj- j u^! 
jjU-B j-jJI ei VI: = {e, (13)}c //: = {e, (12)} J ^Ij S 3 J : t JH> 
? S3 t> ^pj?- HST • S3 ^ cfi£ ja- U^^* j ^3 



ojAM <u1aUI$ «UA,liJI J-al** ■. -JUI wUI 

= {e, (12), (13), (12)(13)} = { e, (12),(13), (132)} 
(13)(12) = (123)gi#: 

• Si o* » j*j -HST (j^j 

■HK = S 3 J 6*^ • AT: = [(12)] • tf: = [(123)] ft ^ : r dJli* 

? IjU ? H®K = S } c> 
. £={e,(12)} » #={e,(123),(132)} : J^Jt 
{e, (12), (123), (132), (123)(12), (132)(12)> 
= {e, (12), (123), (132), (13), (23)}= ft 

« AJI^j] aj-j CluJ ft Laiij t aJIoji) o ^sj H®K UJ^ O - ^ - *') Ajjiiill i-JUaa 

.((x-Y-r) Ajjki jkii) jsLsni ij* ^ v 

£-a (jL-all (> Aja.j*lt AjsjLJI .sl.ic.Vl (M*,.) : ^ ^* 

(R* +> .) _J j^UJl t_i J^U (R\{0},.) jjt^jiu j»jJI ^Lc 

{1, -1} Sjxjll 

R' + .{1,-1} = R\{0} : J : dUj jj} 

(R\{0},.) c>u^>u^j OC) ' ({1,-1},.) u!^ 
R* + n{l,-l} = {l} : OlicSiiiS 

(R\{0},.) ^AjU-B s-a ja l^V 

l_l J^l Jjuala. ^ £/(.Sf) jli . ^£ jii* j»J j3 UfrLj {jail f 4 5 tjSj] 



Group Theory >#jji£j>ii3 ( j#t|*-JUt) 



aKUSIo uj£ U s (st) oi* ij* J* • W[0 ' *7(«) -I j^M m 

: Jii jl^hj . U(s) g« ^SUSL. uj£ i £/(f) 
J7( jO = £/ (st) x £/, ( jO s U(t) ® C/( j) 

i^ljiiJI ^uil) gcd(n„nj) = l,i^j m=n x n 2 ..n k l&1 : 4a.iu V-Y-r 

<7(m) = (7 m/ (m)x£/ m/ (m)x...xt/ m/ (m) 

A At A* 

= l>XwJ®L/(« 2 )®...® £/(«*) 

: A-r-r 

1/(105) = (7(15.7) = C/ 15 (105)x(7 7 (105) 

= {1, 1 6, 3 1, 46, 6 1, 76} x {1, 8, 22, 29, 43, 64, 7 1, 92} 

s(7(7)®£/(15), 
(7(105) = (7(5.21) = [/ 5 (105)xC/ 21 (105) 

= {1, 1 1, 1 6, 26, 3 1, 4 1, 46, 6 1, 7 1, 76, 86, 1 0 1} x {1, 22, 43, 64} 

= C/(21)®C/(5), 
£7(105) = (7(3.5.7) = C/ 35 (105)x(7 21 (105)x(7 15 (105) 

= {l,71}x{l,22,43,64}x{l,16,31,46,61,76} 

= £/(3)®£/(5)®£/(7) 

: U.I 4L. 

C/(2) = {l},C/(4) = Z 2 ,I/(2") = Z 2 ® Z 2 „. 2 ,» > 3, 
U(p") = Z p „_^, (Jj&juc) ^gP\{2} 



(7(105) = £7(3.5.7) = £/(3)®£/(5)®£/(7) 
i-Y-r 

= Z 2 ®Z 4 ®Z 6 
i-Y-r 

£7(720) = £7(16.9.5) = £7(1 6)® £7(9)® £7(5) 
n-Y-r 
= z 2 ®z 4 ®z 6 ®z 4 

(7(720) ^ 12 j^UJl asc ^j! : Y $U 

£7(720) = Z 2 ®Z 4 ®Z 6 ®Z 4 1 JioO- : J-^jt 

: (jiaj (a,b,c,d) Jiiilb ill <_)jikAll j.^wll ^jjSj (V-^-V) ^jjiaill (jxj 
Oc?(c) = 3 (or) ji Ord(c) = 6 j Ord(b) = 4 (!) 
Ord(c) = 3 ji Ord(c) = 6 j Ord(d) = 4 (m) j' 

< c = 5 ji c = 4 ji c = 2 ji c = l : (1)301^1^ 
6 = 3 J 6 = 1 

^ Upl jjjli li^jj (<ieZ 4 iaeZ 2 ).^jja JjAj d i a _A£^' u^y 

(2. 2. 4. 4 = 64 : jV) 12 ^Sj» ^ t >^ 64 ( i ) ilUJI 
: ( i ) <JUi! ^ j flj 12 i^j ^1 t> Lui : (uj) ^U! ^ 

2. 2 . 4. 2 = 32 I >-3c 
J csi « JjjS jj^ ae Z 2 i Ord(b) = 2 J Orcf(6) = 1 Ua) 

c y = 3 ji J = l . c = 5 jl c = 4 J c = 2 ji c=l « 6=2 ji 6=4=0 

(a = 2 J a = 1 



Group Theory ^ic^tu ( j/fl(*->2M) 



| 



96 jA AjjlkJl j^U*U ^^Kll JiJl ^jjSd aj (>j 

: jVlj . 49 e t/(100) J . 49 ,n (mod 100) jL?J j* ^jlkJl : J-^JI 

C/(100)=l/(4)®C/(25) = Z 2 ®Z 20 

i-Y-r 

x 20 = l(modlOO) : (JS^ jcg L/(100) >^ tii J is ^ i liA j 
=>49 m =(49) 100 (49) u =(49 20 ) 5 (49)" =(l) 5 (49) n 
= l.(7 2 ) n = 7 22 = 7 20 .7 2 = 1.7 2 = 49(modl00) 
? liU ?£/(40)=t/ 5 (40)x£/ g (40) t> . t/(40) * t/ 5 (40) < £/ 8 (40) : t 

C/ 8 (40)= {1,9, 17,33} 
C/ 5 (40)= {1, 11,21, 31} 

C/ 8 (40)xt/ 5 (40) = {1,1 1,21,31,9,19,29,39,17,27,37,7,33,3,13,23} 
= £/(40) 

£/ g (40)x£/ 5 (40) = t/(40) : u_& d w (1-T-r) A,>i3! <> 

<— ) >-ll ti-U ^ C/(20) Ja • C/io(20) * t/ 4 (20) < C/(20) : 6 

? (t-Y-r) 2Lj^iull ^ liA orally Ja ? f/io(20) * £/ 4 (20) — S JsJjB 

(7(20) = {1,3,7, 9, 11, 13, 17, 19} 
t/ 4 (20)= {1,9, 13, 17} 
C/ 10 (20)={1,11} 

£/ 4 (20)x£/ 10 (20) = {1,1 1,9,19,13,3,17,7} = U(20) 

o^X^j . C/io(20) c t/ 4 (20) -S jAfJ JsJjH m >iJl J— U ^ 1/(20) j-J 
£/(**) u_& uV tjftS tLjJi (n-Y-r) k>J*!te . (n-Y-r) ^jkili ^ ij* 

ur 



o^iUI UftlJIi iUftjlall M>aif J-»l$» : 4JUI wUI 



^IjS L^J / i S (jjll Vi J* J t/^O t U s (st)— 1 _>ilx<J! V >iJl Jk-aU 



(jjJJjja, (jjjjxjl Jjilfa ^jiilj S-lJ*^a Jn-iN^ Z>4 (j^J 4ji <ji>juail flU 



1 2 3 .. 








fl 


2 


3 ... ri\ 
















2; 








3 


4 ... \ 



EH d^K i//UD 4l > jiyka 

^ jlill i_j j^l J^U ^ (aKLSL.) D J ^ (Y-Y-r) Ajjkil! (> 

D 4 =H®K :ddK*H-l 

fl 2 3 4 5 6 7 8Yl 2 3 4 5 6 7 8^1 

2 3 4 5 6 7 8 1 



j8a = 



I 8 7 6 5 4 3 2 

1 2 3 4 5 6 7 8' 
8 7 6 5 4 3 2 1 



= (1 8)(2 7)(3 6)(4 5) 



Loiu 



1 2 3 4 5 6 7 8Vl 2 3 4 5 6 7 8^1 



^2 3 4 5 6 7 8 1 
fl 2 3 4 5 6 7 8^ 



J 8765432 
= (1 2)(3 8)(4 7)(5 6) 



v 2 1 8 7 6 5 4 3 y 

* ^« J ^1 



Group Theory ^jjli^lij 



: (jjliJ qLjaj^ jui\±a LS i=>.lj <_jjjJa ( Jxo ta. I'unjl 1S3 (ji (jA^>J I V Jll* 

(jjUxJI 5 3 j-so e) AT. = {e,(2 3)} . //: = {e, (1 2 3), (1 3 2)} 
jtyixi > u u J- j K i H : &LJi \ J1A\ J^J -OJU JsJ : nil 

( _ s lkta ujii (Jj-aLa. 5*3 _j!a . AjIIaiI diuul — jjxj LiS — 53 L&jjj 5*3 jlljll^j] 

. c±4 ^ o^sui! ij* ((^ r-^-r) ^ > y jh.) JuJi^i 

[HK] i HK ^ji . K: = {e, (1 3)}< H: = {e, (2 3)} c& S 3 J : A Jll. 

((y-u-^) jiai . /«: 

HK = {e, (2 3)} {e, (1 3)} = {e, (1 3), (2 3), (2 3)(1 3)} 

= {e,(1 3),(2 3),(1 2 3)} 

^ lj*J HK jj^aLic. CLlUjjjSa-a ^ -l aa ^^Jc- (_JjiaJ /fl(f ^^Ic (ijoaJ "s>J*j d 

£1**. ^Jc (ijisJi <illj£ .(1 2 3) jA (jjill (1 3 2) (^ifc (Jjiau (^ 

(1 3)(1 2 3) = (1 2) Jd «d!5£.i5 l«d tfl . (1 3)(1 2 3) 

[i2K]=S 3 : ul^o-j 
< /HT uyoJ . Z 12 i> AT: = [6] . //: = [2] <jP ^ : ^ 

i/AT = {0,2,4,6,8,10} + {0,6} = {0,2„4,6,8,10} = [2] 

[2] V*i3 t //K ,Jc (_j jo^j Ajj ja. a j jiu^i (jA j [//AT] 

I^jj jxjl ^iUJl <-j J^-aU. ^ Z n J (^ic. jA jj . gcd(r,s) = 1 ji 

no 



[r] + [s] = [l] : u^.g-cJ(r,5) = l jV 

=>W+M=z. (i) 

uj^j 0 <xy < n J tsi jc^G Z B Aji ^^j-^uSj 11a . O^ze [r]n|V| 

(*) = n u^) < n ji <j\ rsxy<rf ji (j^iij li* . z=xr=ys<n : j) 
*lJ f*i5 5 J ^juj • y— ^ re) giy god(r,s)=\ ixr = ysQ\ i> 

(2) [r]n[s]={0} <jjj •(*)£- o^ 1 -" • xy— 1 ^AS n ji J\ xy-1 ^Ja rs ji l$' 
. SjJSU- <_i jlkoJl ^ (3) < (2) . (1) t> . (3) 7L n J J\±\ j 
o*K:= {e, (24)} ^: = {e, (13)} j&S>JI op j-J» i \\ 

j> i A > £© Jtia jJijl) (111 jkUj a jxj) D 4 

[HX] . HK 

= {e, (13)} R (24)} = {e, (13), (24), (13)(24)} 

LSj^i D4 t> Ajj ja. a j ji^l jji ^tjlbj t D 4 (j* <jj ja. S j i^X" (ji £t^a! j 

[HK]=HK HK ^ (iZfif t» 

£7(900) ^ _>^>U*ii ^uj jjSI ^.jl : VT J&> 

: J_^JI 

£7(900) = £/(4. 9. 25) = {7(4. 3 2 . 5 2 ) 

= Z 2 ®Z 32 _ 3 ®Z j2 _ 5 =Z 2 ®Z 6 (8)Z 20 
i-v-r 

fcm{2,6,20} ^ £7(900) ^ j^,U*il j£i jj£j 

= 60 

((v-i-rjAjjluB >ii) 



Group Theory j-yic^iai 



<■ G = HK tlul£ li] . G o^jil ija tjjjjjjsk jST ' 7/ (jSil : \ T Jtla 

<. (h) <nj i (g) ajjj aSIc 4jI ^.jj <J$i t keK t heH iL*a> g = M 

T (*) 

G = HxK l«» ^1 ^1 JUUI ^ . ^ jft JjVl yUl : d-^Jl 

J (v-i -r) ^jkJi (> pLu usii 
0r</(g) = £cm{Ord(h),Ord(k)} 

. £±4 U(p m ) ® t/(#") I jU ^bj 

U(p m ) = = Z 2r (JJ p ) 

« Ord(U(p m )) lj] ^ U{p m )®U(q n ) uj^- SU^I c> 

^li 2 (i^- jjc- l^j (1± ) ja U^iu (jiul <9rc/ U(q") 

1/(144) = (7(140) ui^o*^ M» J&* 

C/(144) = C/(2 4 .3 2 ) 

= t/(2 4 )®t/(3 2 ) . M(2,3)=l 0 V) 

n-Y-r 

= Z 2 ®Z 2 „®Z 3J _ 3 =Z 2 ®Z 4 ®Z 6 (1) 

i-Y-r 

£/(140) = f/(4.5.7) = £/(4)®t/(5)®C/(7) 
i-Y-r 

uv 



(gcrf(4,5)-l » gerf(4,7)=l . g Cfl r(5,7) = l jV) 
s Z 2 <8)Z 5 _ 5 „eZ 77 „=Z 2 (8)Z 4 ®Z 6 (2) 

. SjjiliA I— IjlKftll ^JJJ (2) ' (1) 

. [g] JLSlI J&HK j*- -K: = [10] . 77 : = [4] Z ^ : j 1 jOg 

£=[£>] i H= [a] dip. AiUll • j* ^ 
[4] + [10] = [gcd{4, 10}] (^1 Ua UoJl) : JaJI 
= [2] 

[a] + [b] = fecrf{a, b}] 
& . Z = HK J J* 0*ji . K: = [7] <■ H : = [5] Z ^ : \S J&g 

? K l H 5 >Sb-B tf^J-sB V lUU tf l Z = HxK 

[5] + [7] = [ga/{5,7}] = [l] 

= Z 

0*35e[5]n[7]^>Z*//xis: 

oSSS : > A Jill • 
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G = HxKxL ? Ja i G = HKL J J* &ji 
: G c /7XL J uAj^j . i/£L cG j ^ j : 
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Group Theory j^jjijo^ (jjt\fu*Zh) 
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a,b,c,x,y,zG 



1 x 0 
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V7 7> 
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y-b-ac, 
x,y,ze Z 3 

g c m J ^ 

G = HKL J J 



1 a 0 
0 T 0 

o o T 



V 



10 0^ 

o T c 

0 0 I 



1 0 0 
0 I c 
0 0 I 
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I a 0 
0 I 0 
0 0 I 



^ 1 a ac^ 
0 I c 
0 0 I 
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I a 0^ 

o T c 
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G^HxKxL i j^j > isvi« ^ (^-Y-r) (^JajjiH o^! 



i kGK i heH i geG ^ det(g) = det(/i)=det(^)=det(£) = 1^0 

: n > 2 -ui i> ji ■ ^ a^l* 

t/(«) 2 :={x 2 lxGt/(n)} 

. U(jl) (3* (*^J)J' '***) AjLuS Ajj_^a, s^x j 

(i) let/(n)=>l = l 2 e(7(n) 2 

(ii) x 2 , / G C/(n) 2 =>x,y<=U(n)=*xyeU(n)^x 2 y 2 = (xyf G t/(«) 2 

(iii) x 2 g C7(«) 2 ^jce l/<n) => x" 1 g t/(/i) => (x 2 )-' = (x' 1 ) 2 g t/(n) 2 

=> U(nf t ► U(n) (U{n) t> Sj- j C/(») 2 ) 

t bJc x < « ii. • £/(w) t> V** ^j?- »>>j t^(«) 2 u 1 ' <^£V 
w OulS |j] . xGC/(a7) 2 * xeU(n) J g& . * ga/(x, «) = 1 

. x = 2 ii. ^jJjs 

j-jl ^iU ^jU J^U£ ^i/f(Z 2 <g)Z 3 <8>Z 5 ) jb, : Yj Jilt 

z„ jsjiii 

^(Z 2 <8>Z 3 ® Z 5 ) = AutiZ^) 

i (JjVl mMI c> ^ OijUi 6- Ao iiu^ZJ = £/(«) J ^ ^ 

: <jli (> j 

^trf(Z 2 <8>Z 3 ®Z 5 )=(7(2x3x5)=L/(2)<E)t/(3)<8)t/(5) fi-Y-r <>) 

= {1}®Z 3 _ ] ®Z 5 _ ] 



— *"2 



I Group Theory j-pl^xj^lii (Jjifl^-JiJt) 

i — — — , — ~ 

. SjjSj Aut(Z 50 ) J 6*^ Aut(Z 50 ) J cAA^ 0j± : ^ Ai* 

Aut(Z 50 ) = U(50) = U(2)®U(25) = U(2)xU(5 2 ) : flU ^ 

= {1}®Z 52 _ 5 =Z 20 

C/(27) V** 31 ^J^ 1 J- J 31 ^ J 1 U(27) <J CjLL*=> ,1 j»J jj^ : tt lM> 
C/(27) = [/(3 3 ) = Z 33 _ 32 =Z 18 

(27) 6- V*a J-O &J M OJ^J (H-^ ^-1) jrlajd^VI t>J 

(18 p-ljl) 9 * 6 • 3 t 2 
tjjSj aj-j <^ic ijyd ((/-group) U i j*j ±?>j> <i Jc. <j* jj : TV Jtl» 

Z 3 ®Z 3 (aAjjaj jji) AKUax 

1/(63) = t/(3 2 .7) = £/(3 2 ) <8> 1/(7) 

= Z 3J _ 3 ®Z 6 = (Z 2 ® Z 3 )®(Z 3 ®Z 2 ) 

= Z 2 ®(Z 3 ®Z 3 )®Z 2 

: J Jb. oa jj . ci^l ^ j //:= {3 fl 6*12 c | a.ft.ce Z} 

//*[3]x[6]x[12] Uiw G = [3]x[6]x[10] 

tj-j ojSi J m~ [10] « [6] . [3] jV [3] = {3* |xeZ} J : flU *» 

. G=[3][6][10] J lMU^Ijj G = [3]X[6]X[10] ^ G^^> 

. (1*) JnjJUl ^ J* [3][6]n[10] = {l} » [3]n[6] = {l} : 

• [10] < [6] * [3] —I uliljB u cUU y» G jjj 



ojJiUi ^jLJI u>ail J-al$* : -JUI mUI 



^ (1+) J. J [3][6]n[12]*{l} u> ^ ' 3- ] .6 2 =12e[12] 

?Z 2 ®Z 2 ^1 Z 4 ^JSLffi U ^°]{j s( 2 0) c> : lg_jQfl 



t/(30) = {1,7,1 1,13,17,19,23,29} 
t/ 5 (30) = {l,ll}=# 

(30) = WJH*lWJ.ZH t YIH,\9H,73H,29H) : 30 ^ m >ill 

1//, 11/7 = 7/ : d -^V 

17//= 17{1, 11} = {17, 187} = {17, 7} = 7{11, 1} = 7// 
23 7/=23{l, 11} = {23, 253} = {23, 13} = {143, 13} = 13 {11, 1} = 13 H, 
29 77=29(1, 11} = {29, 319} = {29, 19} = {209, 19} = 19 {11, 1} = 19 7/ 

=> U °% 5 (30) = {H,1H,UH,\9H} 

314 19 H Ui * UJ Uj* 13 77 US) 77/ Ul jJj-S ^L^j *jj5b 

( 2 ^ 19 7/^juV 
Z 2 ®Z 2 oylj Z 4 JSLffi JUIUj 

» Zl ° 0t/(1 %,9)] 

C/(10)= {1,3,7, 9} 
[(2, 9)] = {(2, 9), (4, 1), (6, 9), (8, 1), (0, 9), (2, 1), (4,9), (6,1), (8, 9), (0, 1)} 
Ord([(2,9)]) = 10 , Ord(Z lQ ® U(\0)) = 10x4 = 40 

0 „Z 10 ®£/(10)/ ) _40_ 

WY 



I Group Theory ^jlli^lii ( j#t|«— 21t> 



(jln* nU (jllu ja. jjlj ja j K i H t G t*n^ G = HK t— ul£ I jj : YV JUu 
^ G J o* J* ■ G u£ aiUaSI e liy* < H r\K-{e) <■ G ^ 

ts*aJ hk = kh J J vW^ 

. i j«Lw (_i jikJl ^jjj j . he K i he H 

z 3 ®z 6 j j^l. 

niU?Z 27 ^JUSUS- Z 3 ®Z 9 Ja(Y) 
? liUS T Z 15 <KUilc Z 3 ®Z 5 J* (r) 

jT^ jauuV liLaS £ti^a j . 2 ^jil t> (oAixiVt) <J J JJ J « t> 

K®KS^»j]l ^l£Uila (jjSj ^aaJI AjLc. £-8 AjSj^II jl^C-Vl »J-aj jl ^ift i>J^( 0 ) 

Z 3 ®Z 3 ®Z 3 yis^jll ^jL-yV j^^i Aiij ^jl(l) 
Z 9 ®Z 3 (ji ttllfl ^iijJI 6- 2u5>ll j-jll ^ (V) 

^ 4->Lc. ^ A^-R®E®R®R oSilj i ^Uji.nJ ^ Uac 

(componentwise addition). cjUS 

? X « £ jill t> CAi ji-aJl 

D 3 ®D 4 $D 24 dJ*&Ji 0) 
Z 90 ®Z 36 ^ 15 AijJI o- ijjjljll *£>Jl J*J» Ase. >j! (W) 



wr 



: 2LuVI J*J J-S! (^) 

2luj1I l^J 18 o« ^ j£ ^J 31 ^ 1 ^j^ 1 '° J-J 11 ( ' ) 

2^ j ^ Z 3 ®Z 4 (^) 

tejAi Z I2 ®Z 8 ij*J» t> (4,2) >-iJl (_^) 

Z_ ® Z_ £-> aKL^- ^Wj* ( J ) 

Jll j^liJl o- - l*J Z 2 ® Z ® Z 4 

. ^1 jW! JSj Z 60 !^L£L. ^jUII u_&! ^4 Z„ J^JI ^ ^ J- J 51 

Z 2 ® Z 2 J J- J 11 <W ^jl 0 ^ ) 

Sjxj £* AKLiL. jjS Jil Z 2 ®Z 2 ®Z 4 o- 4j3>1I >«j3l *) 

jJiL- Jib S-IJ*- 3 J^>^ "M-^! *J"0 '•^^ J 1 (jW L_lJjJal (^ O) 

.FK^$k\heH,kGK$ G ij-j t> u^> o£j*jKi H CiilS b) jSi(n) 
? £/ 4 (24) C/ 6 (24) = U (24) Ja . £/ 6 (24) < l/ 4 (24) u£c U (24) J 

? bU ? Jib cjj^I J^iU Ja 
. UHxx ci 51 jJ» ^4 £/ ^jUuj.i J^US £7(165) i> ( W) 

tjfl J« dji^ U*a ^jl jJlU. ^kb c_j j^a J—U£ 1/(165) t> (U) 

. 4ilii* 

(! dlLLaC.) <JJjb J*jk JjiUx ^^jli i—lj^Ja JjyoUk£ JJ (165) (j& J^C (^) 

. Z„ J£i» Jc 

1/(81) J *j5>1! ^ jji 1/(81) J »1 j»J uj^ ( Y ') 



Group Theory j^jJijvjjiai ( Jj^i^«jUI) 



djULu^ «.! Qj^i 6 IjiS j Aui(Z 720 ) j^»U«J1 asc (Y^) 

^(Z 720 ) 

^Ij 2 W^j ^1 ^U«JI jjc ^.jl Aut(Z 20 ) ^ ^ULu^ *l j^l jjjj (YY) 

• 4 Vuij 

t/(55) = U(75) :JJ*,>ji(Yr) 

Z, 4 AiSUiln Ajjja* tiji^J t/ - * J-O -^J^ L>* J) 

z 4 <s>z 4 

(jiij-ijl jJjlxa (^jti. t_J^jJa J.^il->^ Z 4 6_>*jM O^ajV 4ji ^^Ae- 0*JJ "0 

(^-a^- AjlajJl) 2 La$ia JS Lg-i* ^jJJJJ ja. 

(jjjjAjl j^Lla Lg ^.J^x <~^J*j* <_L-aL*£ Z g ej-ajM L&*i$ (j*JJ (^^) 

: a^U. f ! CjI jUJI c^l£ U li) jji (YA) 

G^G^G^G, o&Gi 'G 2 o^j-jciV(i) 

( _ s ii.b i-J^a Jj-aLa. <j£ajV Jji AiC. ^ Ajj j till j 6 J- J (^1 (^-l) 

. Ifri* (jJdi«a oA^j?- O^J^jA 

Z 2 ®Z 4 sZ,(_-) 
Z 4 ®Z 4 s5 8 (j) 
Z 3 ®Z 8 = S 4 (^») 
O</(Z 12 ®Z 15 ) = 60 (j) 
? (jijs Ait aJ^I JJ& j ji^si La (Y "\) 

? LjljJJ OJ^S *-^J j jJl ti J^AjV ^ji JJC. JJe, jij^ai La [X • ) 



Wo 



Bj*Ut <wl*UI$ **>lftll : WUJUil mUI 



: j-si (n) 

— -^ (Z40Z '%2]x[2]) O 
(Z, ® Z '^ 2 2)] (v) 

Z 36 J [18] ( i ) 
Z 3 ®Z 2 ®Z 4 ^ [1]®[0]®[0] (v) 
Z 3 ®Z 2 ®Z 4 ^ [0]®[1]®[2] (_^) 



W1 



^ Group Theory >*>llli>ki 



-iLJ 



Fundamental Theorem of Finite Abelian Groups 



jxjl j*iUx (^^a. jLk) 4-i^>i-b Jjk-aLi. tjj^ ^Ja*'° *_>*j : 4j jlaj ^ — ^ — t 

Jjkjll liA (jli liA ,^1*1 Sj!Jb.j .Jji (power^i) a ja ^ I^jjjj Ajjjb 

. JJjJl ujjj jj l^c. Lcjs (factorization) 
^ f< (^js j^jjjI) jj^ h jll t> G "Sijj'- 2 » _>0 <ji jVj 

Z^®Z^®...®Z^ (*) 

.Uajj p" m m i ... t ^ 2 ' A"' 4 ftJJJ^W '^'^ AJji ^IJe! /?/'s -JI dua. 

. G —> (uniquely determined) l^jl^j 
G —I JgLjjgj) J^afl Aj^S JjLJI (*) J^lL S j ^1 4jUS t5 *«fi : <-L j«j Y-^-t 

(Determining the isomorphism class of G) 
LaJ (jjJ « t m ciiLa. m« <jjjJI (y Aj^ala AjII^jI »>0 G jSSl : ^j^jj *j V- ^ - 1 

* ^ := {xe G | x n = e) cLul£ j H :={xe G\x m =e} £d£ lil . a£ >L» ^ jS 
(K i H-J ^LJI <JaJ JI uj j^i J^U) G=HxK Q\k jjUJI G 

. Hr\K= {e} Jj l G = HK J <^+>! J! ^ UAi aJ^] G = 

. 1 = SMi + £rt tjjj tlijaJ f 4 5 tj laaauua jboc. gcd(m, Tl) = 1 u) A? 3 - l> 

o- (**")" =(^r =c : l£j x=jt : U J jcg G Ji uVlj 

* (j C " , ) m =(x , r=e a li Jl^j jli .JUUj (T) ^uill 

. G = HK uli li^Aj .x'"eH j J 
(\) ^-\\-\) 'a+$A\ ^ x m = e = x" : oli ^ • xeHnK o<J jVlj 
t Ord(x) = 1 (jli gcd(m, n)=\ uj <Aj a - t>j • «' "J t> ^£ ^ ( x ) Xijj j ^IL 

. jJl <jl^j . x = e uli jJUUj 

WA 



Group Theory j^jJljojlij ( j#l|fc-21t) 

_S! Ord{G) = p?p n 2 \..p n » u£lj Sj-j G jSJ : i-> — < 

t> ^ G(/7 / ):={xeG|x w, =e) (jSjlj .Ail'i-so ajIj! l$J£ j>i's 

G = G( A )xG( ft )x...xG(/ ? „) 

t e JjLa-JI U jj^ajC. j Jji JiJ a jS l$JJJj 4jllju) 'cjaj G : 4jAjfAi S->~t 

: J£ill ^jic G AjUS (ji-oj «ula juAjc . 1$j3 Aij jj&i a] G <ji fjj^c. a jfLJj 
* [a] _S (>JM) JiljB lUU ^i) G = [a]xAT 

n = 1 ^ IjJ . n <jie ^LjjII *l jSWtfl ^ j t Ord{G) = p" jSii : flU 
. AjjjIj a^ojSl iiulS U ji Tjjc L» a j-j Ij) Ail . G = [fl]x[e] cP 

. A; < n tL±a> j?* Ajj jll 

Ajjj (ji ^jj) • G jj-atifr (jjj (j-a p m Aiij A] (X J»«Vl»ll ia. U^'j 

• JCG G ^J"?^ JC^" = C (j]^ ^J-^ (-W^! u ""''J Aj^jiaJl a^ajjl Ajjj a > aSj j> '•»*"*- 

^JU t*SJi j : [a]n[fe]={e} J ^ o* .Z>g[a] u) 'Vj ^ j j*^ ^ u_& 
^1 aL>1U 6* e J »sn-i Ord(b p )=^Q- $ . Ord(b) =p : J Je 

: d \i 13* j < e = = (6*)^' = (a')""" 1 :J Ji*y . fe' = a' <A1 .ft l« UjisJ 
-1 ) e Uil-VI u- AjU »5 o-j « [a] — ! Uj* u-J a' cP lis *J • Orf/(a') < /A 1 

Ajlfl JIjIUj * I ^ J ^ (jAjjj I^Aj . gcd{p m ,i) * 1 UJ^! 0 ^ 



. c = flf 7 & >-aiJl jjdcl jVI j . b p =a' =a PJ : jla ilsjc j . z = pj : ji 

:<jli ^ . [a] J b Vlj [a] J c 

p a! 4 c T U^j Uili li^Aj . c" = a Jp b p = a~'b" = b~ p b p = e 
< b£[a] j 4 Ajjj ji^l aJ & duaj 6 Ujli.! LijV j . c £ [a] <j) 

I j] . G J I x := uSjJ j . G := ill s j jik.1 jVl j 

« J J** {flf =e u^i Qd(a)<Oni(a)=p m cP> 

\'£*3 . Ord(a) = p m J f a^e[a]n[6] = {e} : u! ^ 

•I jSlu,VL>j . G J X^j j£\ a! £ t>j Od(a)=Od(a)=p m o^ 

u^'j -G (j* K »>«jl [a]x^T J^ilU G ' . (jl ^jliuHi Lr JaLjj^\ 

U&li (jaJ . (^Jtulall f JJ3 jj^sj^I j* " _ dua. A" := {x £ G | X £ A"} 

JCH-> X 

Ijaj 4 xe[d\rk=®=§b}} oji xe[a]n£ W . [a]n^={e} : J 

iJSli. ^jjjj . xe[«]n[fe]={e} uji ^ t>j xe[b] o\i JUlLj 4&]=[&] 
.(jJM ^-sJI ^ j**B lU^) G=[a]x/: J^L, (*K/=[a]^ J ^ Jl 

Jib ljj^ J^U jj£j Jji asc ((_>i) sjS ^ ^jjj l«J ^jII^jJ S j 

jl ? A^SiJ yi^yi j^jll z+Ajy AjjiuB jj lUSj ^ ui JAj u^ij 
s jj^l Jt I^IjS jIoj G 4j<piJ UI^VI s j*jB J J^ t> ^A^l 
(o-i) sji ^ 1*1 sj^j ^ G(^) ^ G = G( Pl )xG(p 2 )x...xG(p n ) 

U. 



I Group Theory ^jjli^lii ( jjVt^2Jl) 

J^aU. jA <_JJ j«Jl si* jji AJjLill Lnk*j (l~^-£) AjAig Uiu .^J .lie, 

( _ s Ljj <j! ^g-ixJ I^Aj • "Mji .jlJei (<JJ"ji) j3 tfrfjj ^>*_^ J^V° ts^" 1 L r 1 J J >-< a 

<ji ^ 5ja jJl iaa ^^Ljj 4jli ^ULj . _J <_s ja 1^ j ^311 G _>^Uc. J^j 
J^ciUS (7G? f ) AjIjSJ (up to isomorphism and rearrangement of factors) 

. Aj^jlj JAji ^JjujLlo i—J^Jxia 

: V->-i 

dul£ lit . J ji ,11c. ((_>J) » j3 U-^J ^-M"''" AjII^jJ sj-aj G (jSil 

G = H,xH ? x...xH = K : xK 7 x...xK 

11 mil n 

> 0</(iQ > ... > 0</(£J « Ord(H l )>Ord{H 2 )>..>Ord{H m ) 

. / ^ Ord{H t ) = Ord(K.) . w = « jli 
(J ji jjo) *1U ^ ^1 j jjjiUl . 0</(G) Jc, ^LjJI *l jSL-VIj : ,'M 
(jx Jai L$jjj j ^1 A-ill^jV 1 j-ajll ^j«->\ pa ■ ^ jjjSjII u'l <>a JSijJ .Ord(G) = p 
6- Sj*j := {x p | xe L} : S^jll Z *jBjJ i j-j jVl j .Or^G) 

: x p ,y p G If ci'V ^lliSj , L p * <f> c)Je = e p eIf & : Z, ij-jS 

G" = H p xH p x...xH p =K p xK p x...xK p 

uii j j jt ■ JOc. jjSift' < Ord{H f )> /? (j) t*tj>.l I pa i «•» J^C. jjSI m' liua> 

G p — 1 tttklJ oi^iM ctfj>iJl 6^ 3 • Ord(Kj) > p jj 

t>a Ord{G p )<Ord{G) & 1 j^j J-» c> u^i^V 



oV f>ij . i = \,2,-..,m* ^ Ord(Hf) = Ord(Kf) . m' = w' 
. / = l,.2,...,m' ^ Ord(H.) = Ord{K.) Ord(H i ) = pOrd(Hf) 

J t> aj^Ua jjoj 11a j m - m ' = n - rc ' ti' • 
Ord(H x ).prd(H 2 )...Ord(H n ,)p m - m ' = Orrf(G) 

= Ord(K l ).Ord(K 2 )...Ord(K n ,)p n - tt ',Ord(H i ) = Ord(K.) 

. m — m' — n — n* ji <j' 
. m = n (ji ^ii) m' — n' jj ilua. t> J 

: jli a ;t v.> ^ tiijlSj Ojjj f j C i B i A <^ul£ lit 

. 5 = C jlSljliSjjjlSli!(o^) ,4®5 = ,4®C 

: 4Jl«t 

aJjuVI Sj*jll AiSj dulS I jl artant SjiLJ t-Jjxiall J^l t_u£l : ) Jilt 

16 M 8 M 4(1) 

Z 2 ®Z 2 J Z 4 (!) 
Z 2 ®Z 2 ®Z 2 ji Z 2 ®Z 4 ji Z 8 (m) 
ji Z 2 ®Z 2 ®Z 2 ®Z 2 ji Z 2 ®Z 2 ®Z 4 jl Z 2 ®Z 8 ji Z 16 (_^) 

z 4 ®z 4 

G: = {1, 8, 12, 14, 18, 21, 27, 31, 34, 38, 44, 47, 51, 53, 57, 64}o^ : V Jll* 

(^jLaJlj j^iilill i_l^>jJaH ^yL-ala. G (jC- JJC . 65 (>A_lLa (—l^jJall AjIxC. 

. AjgJiia _>°_^ LAJJ^W^' 



Group Theory j^Jljojlii 



64 


57 


53 


51 


47 


44 


38 


34 


31 


27 


21 


18 


14 


12 


8 


1 




2 


4 


4 


2 


4 


4 


4 


4 


4 


4 


4 


4 


2 


4 


4 


1 





. 8 tl&Jj ' ^"kr . |j jj^J fji ^iir - jlja im : j*iL-a j^ii.lJS Ji^-iK^ ( i ) 

lilJaJ G f Jjl^JC jUiJ ^ . UJJ^' cl^U. ^ !l«lc. [8] JjSj li$Jj 

uj% (4 ([8]) ajjj ' 16 ^ fG) jV) 4 ^ (a) jjS 

a,a 2 ,a 3 <£. [8] 

G = [8]X[12] : OjSj li^j < i j^ill »iA ji^ 12 . ([18] = {1, 8, 64, 57}) 

z 16 ,z 8 ® z 2 ,z 4 ®z 2 ® z 2 ,z 2 ®z 2 ®z 2 ®z 2 ,z 4 ® z 4 

. 16 j jj-aic. I^j (_>«j1 G ' 16 aSjj j le Z 16 jV a n jIulu Z 16 
8 -Cmj l^oJG j8 (l,l)e Z 8 ®Z 2 ^ ti,fi,», Z 8 ®Z 2 
12 I^j G Lajjj t 4 Alii j j^jt l^j ajV s^jIul. Z 2 ®Z 2 ®Z 2 ®Z 2 

. 4 <JJj3l (j* t ji rt'\r. 

: 4 6- ^Vl j^.UJ! l^j Z 4 ®Z 2 ® Z 2 
(1, 0, 0), (1,1, 0), (1, 0, 1), (1,1, 1), (3, 0, 0), (3, 1, 0), (3, 0, 1), (3, 1, 1) 

: ^aliJl !.}& LojS 4 ^JJjll t> lAj^lic. £X*a. : Z 4 ® Z 4 

(0,0), (0, 2), (2, 0), (2,2) 

* (2, 0) < (0, 2) ^ 2 j> j^Uft 3 ' 4 ^jll t> T >^io 12 ji) 
. G ^ aKLSL. . (0, 0) j* 1 JI ^ j. oir .j t(2, 2) 

: r Jilt 

G: = {1, 8, 17, 19, 26, 28, 37, 44, 46, 63, 62, 64, 71, 73, 82, 89, 91, 98, 107, 
109, 116, 118, 127, 134} 

ur 



^^lib i_i jjJa Jv o Ia£ G <>- • (modulo) 135 <>>L}L» s- 1 ^ 

: jls ^ o-j 8 3 = 512 = 107(modl35) : cUA 

8 6 =(107) 2 (modl35) = 109(modl35),8 12 =(109) 2 (modl35)sl(modl35) 
.(134) 2 Hl(modl35) ^ 0*j 134=-l(modl35) : jli ^ 

Oc/(134) = O</(109) = 2 J t$! . (109) 2 = l(modl35) 

Z 24 =Z 8 ®Z 3 or Z 12 ®Z 2 =Z 4 ®Z 3 ®Z 2 or 
Z 6 ®Z 2 ®Z 2 = Z 2 ®Z 2 ®Z 2 ®Z 3 

((u-^-r) ^jli ^1 j) 

liSliA lilliS . 12 J J-aic l^j <iV «JJa.Vl S^ajll ,1«fu.n 12 (8) 

G (jjj • 12 J* 2 <ifS J -1*1 j j^aie. l$J Z 24 LaiiJ 2 Lo^jjj jG^j' JJ-aj& 

12 ([8]) i 2 ([134]) ja >2M t^ 1 ^ 1 M J^ 1 tUUi aa-ooilLi U 

. <jUS]I ^ ..ill (jjiiLuJl (JjIIaaII ^ J£ (3j3 "~" ^ > >»' '• ^Jajala 

G = [8]x[134] jli (>j * 24 (G) <jj jj i 134g! [8] J US 

Z^ ®Z^ ®...®Z^ JLS1I Je. z 4 ®z 4 ®z 2 ®z 9 ®z 3 ®z 5 •• * ^ 

/Z/_l — 5 U*al5 77; (jjSj /ijV) 

: J-aJl 

z 4 ®z 4 ®z 2 ®z 9 ®z 3 ®z 5 =z 4 ®z 9 ®z 5 ®z 4 ®z 3 ®z 2 
= z 180 ®z 12 ®z 2 



Group Theory >.jJijvj>^i (Jji/l(*-SH) 

: ^ \ >-\-t 

. m I^jjj j <ij j^. S j<a j G {jji ' G 3 jgVm 
Sjxj j^Sc Jjx^aJl (-ijILtll . <J1ajJ ij-j jjAj 72 ajjjII t> G : J<1» ^ W^-t 

. 12 ^SjB l*J V> 
: j^jll aKUH» Gjj& ^j^V' J^J^ ^J-">^ AjjiiiiJ tSa j : 

Z g ®Z 9 or Z 8 ®Z 3 ®Z 3 or ®Z 4 ®Z 2 ®Z 9 or Z 4 ®Z 2 ®Z 3 ®Z 3 
or Z 2 ®Z 2 ®Z 2 ®Z 9 or Z 2 ®Z 2 ®Z 2 ®Z 3 ® Z 3 
V> c5i^ i^pB t>j ((U-^-r) ^ j) Z 8 ®Z 9 =Z 72 

((U-l-r)^lj) Z 4 ®Z 2 ®Z 3 ®Z 3 =Z 12 ®Z 6 .12 l^j 

{(0,0),(l,0),...,(n,0)} : ^ 12 l^j Sj-j <> ^ 

: a j]l jib Z 4 ® Z 2 ® Z 9 ft jx jll t> 12 LpJJ J Ajj jaw a j* j JiC J j^aaJ j 

{(m,0,n)|meZ 4 ,n{0,3,6}} 

: S j* jll jib Z 8 ® Z 3 ® Z 3 a^jll t> 12 W^j * j-j ^ Jj~=l*B j 

{(m,«,0) | we {0,2,4,6},«e Z 3 } 

: Sj-jll jib Z 2 ®Z 2 ®Z 2 ®Z 9 t>j 

{(M,0,/i)|Me Z 2 ,«e {0,3,6}} 

: s^jli j»b Z 2 ®Z 2 ®Z 2 ®Z 3 ®Z 3 o-j 

{(M,0,0j)IMeZ a JeZ,} 

: Ag»jl4 4£ui ) Y-^-t 

^ AO 



. Z 3 ®Z 3 ®Z 4 , Z^Z^Z, v Z,®Z 4 : ^ ^jVl j-jllj« = 36 : 

. z 3 ®z 3 ®z 2 ®z 2 

Ja . 15 Ajjjj ji^uc .la>jj 45 Aijjll (> AjJI-ij) *M cs* ^ O* ' ^ 

? 9 •^JJJ tji ^iir. 45 4jj jil t>« j lS 

^jL^ jj^j -ul 45! .Z^.^®^®^^: ^ 45 *j5jJI i> M^V 1 J*JS: ^U^' 
<ui ^alj . 45 AijjJl L»$J ^IjjUjjJ u^j-O _P (^^j^j^ 4 jj/^) <^£L2Sj1I 

(1, 1, 1) j^i-il Z,®^®^ Sj-jB ^ij 1 15 a^j (1,3) j^iJl Z^®^ » j-jll ^ 
. 9 ^^it l^j o4 Z 3 ®Z 3 ®Z 5 ij*jB -((v-^-V) ^1 j) 15 

Aijja. o^j Lagia J£l 108 AjJjJI (j* (jUjBojJ U^J^j ^ U*-W : ^ 

3 Ajj^jH lafi tall J j 

« Z 4 ®Z 3 ®Z 9 « Z 10g sZ 4 ®Z 27 : ^108 ^SjH i>M^V» j-j 11 : ^ ^ 

. z 2 ®z 2 ®z 3 ®z 3 ®z 3 « z 2 ®z 2 ®z J ®z 9 1 z 2 ®z 2 ®z 27 . z 4 ®z 3 ®z 3 ®z 3 

j> .-mil (jx o^3ji<ill a_y*jA j^jA 3 aAa.lj ^JJ^? - *_>0 ^4 ® ^27 *_>0^ 

: ^ J (0,9) 

[(0,9)] = {(0,9),(0,18),(0,0)} 

(j* S-lljialt Ojxjll 3 (j-a J *->*j Z 2 ®Z 2 ® Z 27 

: (_jA ui (0,0,9) 

[(0,0,9)] = {(0,0,9),(0 f 0,18), (0,0,0)} 

jxj ^jj! Ug-La JS1 108 AjjjSI (>> o^'A?! CPj*J -^jj (jic- : * J^j 

^>J| ^ajll Z 4 ®Z 3 ®Z 9 S j-jH : IjSh* JjUI Jliall J} jfcj&j : ,'jU nil 

: 



Group Theory ytjl^ji* (jj^t,*-^ 



[(0,0,3)] = {(0,0,3),(0,0,6),(0,0,0)}, 
[(0,1,0)] = {(0,1,0), (0,2,0), (0,0,0)}, 
[(0,1,3)] = {(6,1,3),(0,2, 6), (0,0,0)}, 

[(0,2,3)] = {(0,2,3),(0,1,6),(0, 0,0)} 

: ^>ll j-Jll 1*1 Z 2 ®Z 2 ®Z 3 ®Z 9 : Sj-jllj 

[(0,0,0,3)] = {(0,0,0,3),(0,0,0,6),(0,0,0,0)} 
[(0,0,1,0)] = {(0,0,1,0),(0,0,2,0),(0,0,0,0)} 
[(0,0,1,3)] = {(0,0,1,3),(0,0,2,6),(0,0,0,0)} 
[(0,0,1,6)] = {(0,0,1,6),(0,0,2,3),(0,0,0,0)} 

. 2 Ajj jll t> 3 ViurJL l^S « 120 t> aJI^j] sj-j G <j£l : o Jlla 

: ^ (jSLiaJl J jli 120 AiSjll t> aJI^jI Sj- j G dulS lil : J-^-SI 
Z 8 ®Z 15 , Z 4 ® Z 2 ®Z 15 , Z 2 ®Z 2 ® Z 2 ® Z 15 

AjjJI djl jj Uj^lj*a Sj-jll ^ Z 4 ®Z 2 ®Z, 5 aj-jll ji ^al J 

(2,1,0) < (2,0,0) . (0,1,0) 
(up to isomorphism) (djL» jja jjx j JyVI) i_iL*a. jjj^j : 1 

. 360 jll t> AJIajVI 
: ^ aJI^VI j-jll uj£!i*jj 360 = 5x8x9 : J==ji 

z 5 ®z 8 ®z 9 , z 5 ®z 4 ®z 2 ®z 9 , z 5 ®z 2 ®z 2 ®z 2 ®z 9 , 
z 5 ®z 8 ®z 3 ®z 3 , z 5 ®z 4 ®z 2 ®z 3 ®z 3 , z 5 ®z 2 ®z 2 ®z 2 ®z 3 ®z 3 

uv 



. 4 ^jjj^ o<o ^j? - *.>»j *.>0^ LSj^-j u' * 

t> Ajjilj ' 0>a j (j^j ^ j ^jjSh Ca^jl Z 2 ® Z 2 & j-jll : L)U jJi 

. 4 ^jB 

jlilia-o (jUl ji (j'jOc g<t ^ dija. pq- ( J ) 42 (—?.) 15 (v) 6 ( i ) 

aLLJI ^jUill ^ ( j ) aJ j'l :>l.ici r i q t p tlya. (— a) 

SJ^jll^j Z 6 =Z 2 ®Z 3 M ( 1 ) : J-^l 
jll Z 1S = Z 3 ® Z 5 (m) 

jll ^ Z 42 = Z 6 ®Z 7 = Z 2 ® Z 3 ® Z 7 (^) 
s^jl^j Z H sZ,®Z f ( •>) 
s^jl Z ff s Z p ® Z ? ® Z r (-*) 

. ^ji ^jjx (jji n J*lje 
, 1080 »>. jll ajjj Lt lij AlU ^Uiiill ^ : ^ Jll. 

180 ^1511 

1080 ^jll t> U\^\ j-jll oli 1080 = 8x27x5 : J-^M 

z 1080 = z 8 ®z 27 ®z 5 , z 4 ®z 2 ®z 27 ®z 5 , z 2 ®z 2 ®z 2 ®z 27 ® z 5 , 
z g ®z 3 ®z 9 ®z 5 , z 4 ®z 2 ®z 3 ®z 9 ®z 5 , z 2 ®z 2 ®z 2 ®z 3 ®z 9 ®z 5 , 
z 8 ®z 3 ®z 3 ®z 3 ®z 5 , z 4 ®z 2 ®z 3 ®z 3 ®z 3 ®z 5 , 
z 2 ®z 2 ®z 2 ®z 3 ®z 3 ®z 3 ®z 5 . 

: 216 * 540 i 30 * 60 j* j A^f 

> AA 



Group Theory ^jJlj^j^lii (J^l(«— 2ty 



4x3x5 l*uS Jts sll [(2,9,1)] V>J> j- J t> tii^ Z 8 ®Z 27 ®Z 5 

1x2x3x5 W^JcP 11 [(0,1,9,1)] * j* jS ji»3 Z 4 ®Z 2 ®Z 27 ®Z 5 

4x3x9x5 l^j [(2,1,1,1)] <A>Jl Sj*jB Z g ®Z 3 ®Z 9 ®Z 5 

U^j «3l' [(1,1,1,1,0)] ij-jB tii^ Z 4 ®Z 2 ®Z 3 ®Z 9 ®Z 5 

. 4x2x3x9x1 

• LS J^' 4-" J (jV JlalLj 

(-Jjj t_lLua. (j& »ImUluiVI (j^-oJ IjLal ^j-la J (^~ ^~ £) Y (Jlj-o ^ I ) » Jlla 

I^jjjj j i n\ (jV t \l±£i i tjiri") (jl SjAa.Vl 4 tn^ll j.i ^ li n jl t_JJJ : J—^t 

j}| ^ 4 Uafjj (jjll j*-aLi*Jl t> .lift j£\ j 9 J& JjVl Ijj-suc jjift .la-Vl ^ 4 

<KLila SjjjjJL jjS ^1 Z 4 ®Z 4 Sj*jB ^LuUU 8 jA 16 Aiijll t> aJI^VI 

^UJIjj SjxjJl ^joiii S^J ^ juVir. {j\ Ajj j ^jjj (^) ' ( ^ ) 
t (Y-1-V) »(U)(V-U->) « jjlj^V (r-\ :Chj^A p WuA :^>1 AijL 

. (a ;a ".uw u^yi _>»jis k±Ju&\ (^-^-t) 

? U G Clil£ 

Z 3 ® Z 3 (^) Z 9 ( I ) : u^-j 9 <SU ^ jSUalt : J-aJ) 



t_Uj <_$!) jj^ajfc 1$J3 Lu j^Lk. Ajuji <_JJ J AS ^Sljil ^ ^Uaj 

; j.^U.K (t_l)<(!),jjjlUJl ^ c_ujJl t.i.nVi lilli (jLnl j .(a-ia-jJl j^ajc AxAJl} jju^Ufr 

.9 ^jajll j^luJl ^L, . lAiijll a! 0 • 3 <±>J W 6 t3<jl ( 5 ) 
. 1 "<±> J a1 (0,0) Sis. jll Lua i 3 <M WS >-U*J! (<-j) 

( i ) cUill <> G ji) : tP^Y 1 l> 3 ^jjV 

( S ) <_L-ai5l (>G : 3 Aijjll t> J'^' r - ' 3 Ajjjll JJC- i> jA-alic Aj2£ ia.jJ (Y) 
( i ) Jj^aill ^> G : 3 AijjJl (> o' j^jc- ' 3 Ajjj5I jjc- i> jl ^aic .la. JJ (V) 

Ji^all ;> G:3 <ijj3l t> j^alk. a£Aj i 3 AijjJl jj£ i> ^1 j j^»ic. (£) 

(i_s) (J*^ill l>» G : 3 AjjjII t>» Ji-a\i*l\ ^X a a. (o) 

Ajjj 1$js Loj) 4 t>« (_Jai 4-"^' ^■if- Aij*AJ (J£Lii3l tjj-oa i Liu£i <jl dj^ao 
<_L^»a]l ^ ^jSj G jli 3 jUjL-uV Jaia o^J ^ ~~ '4* j^c- 

• Uyj^ u£f>J A3j*J ^tia-iVj ( l ) 

: jX-aa : G — S cJSJSlI Jj*-«9 18 AiS ji! aIU ^ 

: ^ Z 2 ®Z 9 Z 18 = Z 2 ®Z 9 ( i ) 

(0,0),(0j),...,(0,8),(l,0),(l,l),...,(l,8) 
« 17 « 13 « 11 «■ 7 * 5 « 1 : fc- 18 V ^1 Z 18 >^Ut 

il6\T4<To<8<4<2:^ >-Uc Alu, 9 AiS Jl LjJ ^1 j 
12 * 6 : t»A 3 L**i u^'j « 15 » 3 : U* 6 ^jS W JiUI j 
.0 jA 1 2Lujll Ai tf ilj 9 2 aJ ^ ill 
i^Vijj Z 3 ®Z 6 j^Lkj Z 3 ®Z 6 =Z 3 ®Z 3 ®Z 2 (m) 



0,2) 


(1,1) 


(1,0) 


(0,5) 


(0,4) 


(0,3) 


(0,2) 


(0,1) 


(0,0) 




3 


6 


3 


6 


3 


2 


3 


6 


1 





I Group Theory >oJ!i^j>iii ( jjVl,«-«211) 



(2,5) 


(2,4) 


(2,3) 


(2,2) 


(2,1) 


(2,0) 


(1,5) 


(1,4) 


(U) 




6 


3 


6 


3 


6 


3 


6 


3 


6 





. A^lj ASjjj AaJj juVttVj Ajjjj A^lj j- ate j 

(Jx^aa l$J G ci±il£ 9 ji 18 ^jjjII l>* l& f^j j > ^ ^ » .' ■ ■■ s-uj 1 lolc. lit 
l^J G J 'j* t^-a 9 ^ jJl jil8 4jj Ji cjj*Ji li] Ui.Zj®^ JSL&I 

• (0,0) oia.j3l ji>-i'ir. <_£Lkj j.<-iVir. Aluj Aijx* ,^11 Liji jj\ t Z ]g 

. ^13i JjS 9 AiSjJl ji 18 ^Jl 
jj£j dujkj & < a jl j> ^-iV - Igj « 16 "M'^j G <j£ii : j V Jli* 

. G lUsof - a 2 * Z> 2 * Ord{a) = 4 = Ord(b) 
i Z 4 ®Z 2 ®Z 2 c Z 8 ®Z 2 < Z 16 : <pVl JSL21! J_^a 1*1 G : J-aJl 

z 4 ®z 4 t z 2 ®z 2 ®z 2 ®z 2 

Ui (l,0)+(l,0) = (2,0) . at/(l,0)=4=Ch/(i,l) ■ (l,0),(l,l)eZ 4 ®Z 4 

uj^ ( 4 o-LL. ^1 ^ ^L*i) J J^V) (u) + (l,l) = (2,2) 

Z 4 ®Z 4 ja G Sj-jlS JSLSill 
(up to isomorphism*^ jja jj* j jjVl t_jL^ jj^j) AJl^Vi jil Aie ^ : j i Jtl« 

f (24)(25) <»J t>j ? 25 fcijH a* T 24 ^ jll o* 
« Z 4 ®Z 6 « Z 24 : 24 ^jli t> aJ^I Sj-jl JSLiaJl : J-^jj 

Z 2 ®Z 12 =Z 4 ®Z 6 J Ji^V dlSSi gcrf(2,3)=l J J*xV .Z 2 ®Z 2 ®Z 6 
t> aJU j-j 3 ^3Ua (ji] • Z 2 ®Z 3 ®Z 4 ij-jll JSUijj o^j-jJl ^ <jV 

. 24 



jti j-j <4U* (ji « Z 5 ®Z 5 4 Z 25 : L«a 25 ^Hjl! t> i j*jJ JSUnll 

. 25 Aiijll t> cteN 

.[(gcd) (24, 25) = 1 J -M] .(24X25) *£j!l t> *jN j-0 6 u_& J&ij 
? 10 s ^jll 6- MV/' J- J 51 (^k3a* jj* JJ^ 1 ilrt) : j » 

: ^ 2 5 2u3jll 6- AjB^V' 'J-O 11 JSUaB Jj->a . 10 5 = (2 5 )(5 5 ) : tUaJ 

« Z 2 ,®Z 2 ®Z 2 ®Z 2 • z 22 ®z 22 ®z 2 < z 23 ®z 22 . z 24 ®z 2 . z 25 

JiJUj J£L£ J_^a ^1 : Z 2 , ®Z 2 ®Z 2 t Z 2 ® Z 2 ® Z 2 ® Z 2 ® Z 2 

: ^ 5 5 *£jB 0- SjII^V 1 JSUaS J ^ ui* 

« z j2 ®z 5 ®z 5 ®z 5 « z 52 ®z 52 ®z 5l z 5 , ®z j2 « z^®^ . z 55 

^ IS - qjSjj JSLS Jj^ ajliui ^ : Z 5 3 ®Z 5 ®Z 5 t Z 5 ®Z 5 ®Z 5 ®Z 5 ®Z 5 
(CjUjja jjx jjjVl <-A**»- uj^)10 5 AiijJl i> AjII^I » j*j 7 2 = 49 ^Ua £JH» ^ 
• gcd(24,25) = l U Jll. ^ JUI OilS U£ gcd(2 5 ,5 5 )=l J J^V : 

V 1 = jjlsj jll (JiftVl tiljli-ll f-itfll l>Sj ^ jl 1^ 

. {8,6,10} c> « {46} t> » £3} 6- jijH ^IZ,, ^ *jS>» j-jB ^jl : n tl^ 

. W-is Z 12 ^ Z I2 ^ {2,3} «> ^l ^j=J Sj-jll ui! • 1=3-2 : JU=J! 

H «a tfi ®2,4,6£10} ^ *1LJ » j* ^ id jUl *£>il j* jll J j . 2=6-4 

[2] ^ {8,6,10} o-i^jUl V>JI ^ 
. 72 jB WJ M^l *»J-J G 6^ : ^ V lM« 
V IjUj ? 8 a£ jll G t> <u>ll j- jll ^ JjiM £)W\ t «'\ J* ( 1 ) 

? I iUj ? 4 jll l«J ^1 G O- Ajj jaJl j- jll Jiu J jSII ^jVi*i./i Ja (m) 
* Z 72 = Z 8 ® Z 9 : G — 1 JSUSII J _y-3 : J-^l 



I Graup Theory >^Ji^j>lii (Jjift^-afl) | 

* z 4 ®z 2 ®z 9 z 4 ®z 2 ®z 3 ®z 3 
z 2 ®z 2 ®z 2 ®z 9 z 2 ®z 2 ®z 2 ®z 3 ®z 3 

Z 8 ® {0} ^ jj^ <±*^ ^3>il ij-O* G = Z 72 = Z 8 ® Z 9 Ujiitl lili 
^ jjS <u*Ji <pjzA\ Sj-jll <i* G = Z 72 =Z 4 ®Z 2 ®Z 9 ^£ u) ^ 

Z 4 ®Z 2 ®{6} 

^ Oj£ VO^ 1 Sj-jM G = Z 72 =Z 2 ®Z 2 ®Z 2 ®Z 9 c^l£ j] U 

Z 2 ®Z 2 ®Z 2 ®{0} 

^ <jj£ V*^ 1 V>JI G = Z 72 = Z 4 ® Z 2 ® Z 3 ® Z 3 iM£ o) L»l 

Z 4 ®Z 2 ®{0}®{0} 

WJ! <ji>il Sjxjll a ti G = Z 72 =Z 2 ®Z 2 ®Z 2 ®Z 3 ®Z 3 c^K j) U 

Z 2 ®Z 2 ®Z 2 ®{0}®{0} ^jjSi 

4 Wis j S^l j <jjj=> -Uli Z^®^ ^ G Ujiicl Ijli . ^jki^V (m) 

•iA ^ Z 2 ®Z 2 ®Z 2 ®Z 9 ^GU>I |j} U . {(a,0)|ae {0,2,4,6}} 

: ^ 4 Ujjjj >> j ^.jj AJUJI 

1) {(1, 0, 0, 0), (0, 1, 0, 0), (1, 1, 0, 0), (0, 0, 0, 0)}, 

2) {(1, 0, 0, 0), (0, 0, 1, 0), (1, 0, 1, 0), (0, 0, 0, 0)}, 

3) {(0, 1, 0, 0), (0, 0, 1, 0), (0, 1, 1, 0), (0, 0, 0, 0)}, 

4) {(1,1, 0, 0), (1, 0, 1, 0), (0, 1, 1, 0), (0, 0, 0, 0)}, 

5) {(1, 0, 0, 0), (0, 1, 1, 0), (1, 1, 1, 0), (0, 0, 0, 0)}, 



6) {(0, 1, 0, 0), (1, 0, 1, 0), (1, 1, 1, 0), (0, 0, 0, 0)}, 

7) {(0, 0, 1, 0), (1, 1, 0, 0), (1, 1, 1, 0), (0, 0, 0, 0)} 

? Z 2 ®Z 2 ®Z 2 ^ t^ll UJI 0- .uc Jai L. : ^ A Jli, 



Z 2 ®Z 2 ® Z 2 = {(0,0,0),(0,0,1),(0,1,0),(1,0,0), 
(0j,l),(l,0,l),(U,0),(l,U)} 

«> iac JSj . Z 2 ®Z 2 ®Z 2 ^Ijs {(I,0,0),(0,1,0),(0,0,1)} iftj-^JI 

. 3 _jA oUaa-all 6 jJl jj ^jjuaLiaJl 

Ajjjb jjjSj Jji Ale 1 gluj 4j1I.1i) a_>0 <_J£ ( i ) 
AjjjIj (jjS (jiji Ale ((J^) » j3 U-^J "M^j (m) 

{4,6} c> jIjB Z 8 
{4,5,6} Z, -( J-) 

Sl^JJJJ 4jjjl.l 4jJ_)a. j tS^ - (-S ^(jlfr (_JjSj IgJJJJ 'M^j ( *) 

{jjSlui ^3 ji aJIaiJ (jl llale *l jx* i . nl > ^ ( i ) : J— aJl 

((Y) (V-U-^) Ajjiij) Ul^l £jSS t^tiJLj 
. CluuI i UIoj] 4 Wlu j Z 2 ® Z 2 : jL^- Jll* j^LU. ( M ) 

[{4,6}] = {0,2,4,6} ^Z 8 

Z 8 _S 1 = 5 — 4 :mjL^,(j) 

jLjL-a ( J ) ' (— A) 



Group Theory >.>J)uojiij (Jj^i^at) 



U jj^aUc j> jj^ajc JS (jlS lil (torsion group) p S >» j G S j-jl Jlij ) 
jl£ lit (torsion free) *IjjJVI o* W 3 ! J^JJ • (finite order) ajjj a! 

. Aj$jic AjJJ a! (_5.Hl Ala. jll jA JjLa_aJl Ia ji <-iir. 
ejxj jjjSj AjjVu S-"J C5^' JirtVl»\l Aft j<\-> a G A-J'-^j a_>*j Aji ^ySft (jAjJ 

(The torsion G ^ <ujaJl *l jityl Sj-j AjjjaJl s jxjll oi* i^^) G i> Ajjja> 

. subgroup) 

Z®Z 2 -Ss^Aftj^ {(1,0), (0,1)} J c> o*j^) 

eljjlYl tj-o AjlLi. (Z,+) LailJ 4 «il jjll o jaj (jj^J ^j^Vla a jxj j£ <jl ^^Ift (V) 

Z®Z 2 Sjxjll t> V>ll i^ 1 *J-j ^jl ( £ ) 

Z 12 ®Z®Z 2 4 Z 4 ®Z®Z 3 ^a^I *l_£lYI ^jLiij^jl (1) 
(C\{0} 5 .) ij-jS ^>ll *ljtfYI Sj*j ^jl (V) 

? n Aiijll 

AKLiLa JJC. AjII^jJ JAJ <1x& .1>JJ ''n't I ft <-r^-_y> ^Jt > ^ AlC. J» uni La 

? n Aiijll 

"SH • J"0 13 La$i« ciSl 108 AjjjII ^ (jlljll^ji jti j-aj .!> jJ Ail ^^k. (jAjj •) 

3 Ajj jll (j* JaJjJalL 

villi w Aiijll {> AilOiVI J- jll .lie JJJ Jjll CjU jijjxj j/_/l ujluia. <jj.li (U) 

: ia « Aiijll <> ^ 
/w = 5 2 . « = 3 2 ( i ) 
m = 5 4 » ft = 2 4 ( M ) 



jUll^» yUlji jbjc ^ t tiiia. m = q in - p r (— -?.) 
jliiji^ tjUIji <jl.iac. g t p ilu*. m =p r q i n = p r ( 
(jlallk^ (jUJ J <jb.ic. <jr 4 p dua. m =/> r # 2 i n =p r ( — * ) 

. 91 o-yu v >*» s j*j ojS {1,9,16,22,29,53,74,79,81} ^j^l 

IgJ JSLB1I Juj 0^ 

« AiijII j> AjIIojV j*jB uj^ » ^au^Sl jljaVl (U) 

Jj^aj A*jJ IjJ n AjjjJI ^ AjSI^jVI j-ajJl (jj^J '"'JV « 4->j->.nll iO&Vt <JJC. o) 

j*. . 96 o-Ulu ^Lc ^ G := {1, 7, 17, 23, 49, 55, 65, 71} c& (n) 

AjjjIj jxj (>i j^k-ljj (j^J^- UJJ"W* SJJ^a cy^ 3 ^ G Cf~ 

G={U43,49,5l,57,93,99,^ l£1 (w) 

J^sj <j* ^jikl^j ^^jLi. (jjjjiUo <_J^)jJa t5 l^aUi£ (7 <j& . 200 <JJ>tjji-« '-r'J-'-^l 

G := {l,4,n,14,16,19,2l,2^,3l,H41,44} i^^-H (> A) 

_>j-aic |je Lua) jj-aLixll .nc U . 16 5+5 jll i> Aj3^) G 0^ 0 ^) 
. G —5 JSLfiM J^i i>u ts^ W^j J] £^ ^ jS 

'G=[fl]A" J 



^ Group Theory ^Ik^ki 
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The Sylow Theorems (^jan wbj£ti 



The Sylow Theorems mUjiai ■. hH' 

The action of a group on a set <Urfr>as (jit Ja* 1-0 

I^S (act on a set S) ^^^ ^UJ G»>*)1 : uu ^ \-\-o 

JS5 4jl lillSU ((g,X) h* gX — } JJ«j) 5 GXS (> f-l J ^ 

: g p g 2 eG &jxeS 
ex = x, (g l g 2 )x = g l (g 2 x) 

(G ^ ajU-<JI j.oWll e tlua.) 

: ^VIS {1, 2, n} ^j^l ^ <>u ^,(=5' B ) ALlaiall Sj-jll : ^ Jti* 
(<7,x)h>ct(x) , (7G xe {l,2,...,n} 

G Jc heH cU- t5 — y -G ^ V j-^l" > /ix ^ (/*,x) h-> foe : 

6* i-rf&j t G t> csj^ • j-O ^ lit j . ((left) translation) ^ 

. (h,xK)\-^hxK : l^LS 
: c3^' • (h,x)\-^hxh~ l 

(e, x) 1— > exe -1 = x, 

(tyi^x) i-> hfcxhfk;' =/j,(A 2 xV)V ^(/^x) 

j ^Vul l ' (conjugation by /z) /i — j tSal jj J**]) 11a ^^^j 

((Y-^-Y) ^1) x (conjugation of x) —1 tsal jj /zx/* _1 



Group Theory j^jJl^ojlii ( j#l,»-«2)l) 



(to be conjugate to K) ITJfltjj /^/T 1 
• ul^ $ ^ J*> " (J- 4 *^ Cj tljjl^ til : <L ^Jaj V— ^ — o 

: ^VK AijxJl S Jc *£*JI ( i ) 

x~x' e$ gx = x' 

. ^al£j (for some g e G ) gG G o^ul 

: xg S JS1(m) 

G x :={geG|gx = x} 

. G i>> ^Jjj?- » J* j 

Vxg S : ex = x x~ x => ~ (reflexive) ( i ) : t'M >4i 

x~ x' =$3gG G : gx = x' => x = ex = (g~ l g)x = g~\gx) = g~ x x',g~ l e G 
=> ~ (symmetric <SjLoI<i) a jtUla 

x~ x\x'~ x"=>3g l ,g 2 GG:g l x = x\g 2 x' = x"^(g 2 g l )x 

=g 2 (S^)=x\g 2 g^G^ ~ (transitive)4Jl&! 

=> ~ (equivalence relation) 3at£j Aifclc. 
fi.& eG t • G * * 0 ex = x uV (G J ^Ul ^^sJI) eG (m) 
g 2 x = g,x : tia JUlbj . g 2 x = x i g,x = x : J giij 
• g?g\*G x o\* J&ij g?g^G t (g 2 A g l )x = g 2 (g } x)=x : ula ,5 <>j 

3al£jll *£>U1 (The equivalence classes) jalSSlI Jj.-a3 : uL gj t-^-o 
jL- Jl jULjj < J ^ (orbits) G Crf jL»n ^ (( i )T-)-°) J 

x — 1 tyat taJt S ) jl (The subgroup fixing x) x 4jj >aJl 

. (stabilizer of x) x & jl v> jl (The isotropy group of x) 



The Sylow Theorems $L-<i uL>iaj ■. jmUJI wUI 

jLaJI ^^-ajuu ilijc. (by conjugation) (jsl jjib 1$ mii ( _ s Jc J^uu G jll Ijij 

(conjugacy class of x) x — 1 (jat pi tWL {gxg -1 | g € G) :x — 1 
»J*J uJi (jalj^W G » j*jll ^Jc J**j # AjjjsJl Sj-jS! lil : 4&»i o-^-o 

(centralizer of * in //) Hyfix '£ >** ^ H x ={heH\ hdi' ] =x}={hGH\ hx=xh) 
13) j • C„(jc) >Jt? aJJ a£J ^ o i JUL. j) 

jib aJ jj^lumuj (centralizer of x) x >aa aLLuuj ^ .. nm Ujli H = G tM£ 
< G —1 Aj5J=JI <J£ At>s>- S <3al Jilb J«j i/ tiiilS I ilj . C(x) 

{hEH\hKh~ x =K) Aklb ^aj /Ce 5 ^u3i i/ ^ a^>1I s>«j3l 
Ijjj . Nor H (K) > jib l^ll jxiij (normolizer of i<: in H) H L ^ K 
<y> i j*j J JJ (O - ^) j) MwflO aLL^u lJ&l«H=G 

JaSaj jl£ lil G <ji a^uL Sjj j?- » J-O ' Nor{K) ^ AjajiL ^jj j?- » J-O uj^ 3 K 

. 7Vor(iT) = G CP 'j] 

. [G : GJ Jjtall j* 5 3 x jU^al (The cardinal number) 

: <jV • g,/*e G C& : ^-jU PI 
gx = hx <=> g _1 /a: = x <=> g~'/z eG^ /jG^ = gG x , 

(Jjl^i jlilii jA j fiia. ta (jjSj gG^ H > gX — J ^Kiml ! ^1 jll ji JjjjJ 
1>J • X = {gX | g G G} jLaJl ^yic G ^ G x — 3 A£ jLiJl CjIc jxa-Jl Ac jAa»» 

• x o°£J ^ iSj^i [G : GJ 

. G i>» Ajj o^y» j K t Aj^jIu j G (jSu3 : Aaull V~ ^ — o 
(G) Ajj j ^jjiL ^ jll * [G : C(x)] j* G 3 x — 1 cjal Jill ^.Liti ( i ) 

Y ♦ . 



Group Theory >«>Jic^j>iaj ( Jjiif)^-ili) 



(_U»aJ lijli 4 G —1 Aillk-a ^al£j J^^a x l ,...,x n (x j G G) IjJ 
G (The class equation of ^USUI a *> J^aill 4JjU* *i>U-St 

the finite group G) 

Ord(G) = ± [G:C(x,)] 

1=1 

(G) *jj J ^la jAj [G:M>r(i9] jA K &\Ju G <j* j-jtt ^(-^) 

-1) £j1j>V Ajj^j (*l-1-o) Ajjiull ^ s^su. 0 US£ (_=.) , ( | ) : t ' f U j4I 

jj£ g tii (0"-^-°) G J* y& me. * &J& rfiijvj .(r-y . 

( i ) flikiuLj 4 x\,x 2 ,...,x n Jjal Jill J_^>s3 (The disjoint union) J. ^i'^ l jsUjYI 

The Sylow Theorems $JLi ^UjJfcaj Y-0 
Cauchy Theorem (j*. £ 4j & \ 
(_5 jlaj G (jli &>3e .(G) U«Va y J bto c ^jic S j G <j£J 

**pH jli ;? ^ (G) viiS lit .(G)^ Jt > i^AJ» J&"Nb : ''» U ^ 
jikj jVI J • >-uc 15I (? jp (G) (j^J (J lij • Sj^Ij* gSSS 

J til * (y) Ajj j ^ p u! A? 2 ^ J'GG j^oc. : ^jVl ^UJl 

(G ^ ^UJI j^Jl e ) (/)' =y pt =e:J* ^ .Ord{y) = p£,£e N 

. ^ ^ -cni jj x = y ^.jj <ui 

OjSj . G J! ii' j* y (y) P ■ M^ 1 yuJI 

(y) u'^j 0) <h J i—u o-Jj « (GO ^jJ r 15 / 7 ^'j • ^ = %] 

: J r jLus lift, .(G) 



The Sylow Theorems £JL«i tiUjiiu ■. jmUII wUI 

Ord(z) = p u! 'Ap-J G (Ji\ (^ji; Z ^jj Aji ^ (j^Uj^ *ljft"VI cK'J* i>j 

. (z) p =e=4_y] : J ^ 

<uV <>aSUj liA j . p\m = 0rJ(z) J f jJWj IV Ord(z) = p o$Jj i (z) m = e 
(x ^-Sj V /? /j^x ) pJ(Ord (y) Vy e G J o-jill 0- 

. ^jl* jA\ is ^u I i$Jj <Laawwi (2) -UUJl (jt (ji 
W G J J\ t AjJjll l*S Liul p <ijJ J j.<Vi»i So5 jlall Ail jaJl jll : A^Jgla 

• P W^j S>3 >■ « j- j 

(G Sj-ajll jj^aUc. jvs\'\C g <ji ^i) ^eZ(G) '^J : ^Ja.^"* Y~t-0 

I j) -ula JWIjj . xgx~ x -g VxeG jVi>2gi> uj^ g j^ 1 J*-** jli 
« [G:C(x)] = l ljjSj (( ! ) v-Y-o) 6- ^ jcsZ(G)u^j G ^ 

m 

Ord(G) = Ord(Z(G)) + ^ [G:C(x,)] 

(=i 

Jiaj J£j G — S AiHk- Jiljs j^,j^,...,jc il (x l eG\Z(G)) ^ 

[G : C(jc,)] > 1 

Svlow's First Theorem Lf i&l 4j j& r-t-o 

joc w . Jj jje. /? ^ /r , /far/(Q » p m \Od(G) u! ^ 6 j G oSjI 

l^J Ajjjb Sj^j <jA /> ^ (G) ^Pj IjJ » J^W* ^ijj Ajjiiall : 

Aalaia Ajjikill ji (jia JOlilj t Ord(G) Jk. ^JaLljll *l JiLaiVI 

. Ord{G) t> Ajjj l^J ^1 ^ jll 2^ 



Group Theory >0Jli^j>tii (J[#l|»-3) 



ji pJfOrd(Z(G)) : uUJU Ua] ^ j> . (G) jS : Z(G) <jVlj 

.p\Ord{Z{G)) 

^ji U\±tf\ jxjiS (W-o) 4^ ^ : /? | Orrf(Z(G)) J 

4jj ja> a j*j ^jSj H = [a] . O, 9 = e u) tiljaJ t <2 * £ i AG Z(G) 

ojSjj t /? ajjjSI V ( a e Z(G) jV) G <> 
% d^i •ija-Vl o^j* <i*^j • p m ^Ord{G/ H ) , p mA \Ordip/ H ) J J 

• J^ 1 tS^ P" 1 ' • • • < P 2 < P S-"J^ G 1 t> j?> ^ j UJ^ ' • ' • ' 

: (Y-Y-o) cUil! AbUx iJ&i^ : pJ(Ord(Z{G)) *iUl ^ 
0«/(G) = Ord(Z(G)) + £ Ord{G) I Ord(C(a)) 

a 

G I (jj^JJ (Jj-a3 (J^ (j- 0 ji«Vtt*. iiL 4 a j>«-il 1*11 ^^ic. ^o-^ll t * Ij-s 

« C(a)*G a! ^ asG j^c ^ <uli « p\Qd(G) . pJ(Ord(Z(G)) uV j 
o^ja -uli C(a)*G uVj • flQdm) d l*j P^f 

Ord(C(a)) 

p m i ... i p 2 i p ±L J oli C(a) a* ^>il J ^ c ( a ) ^ pl -J* 1 "^ 
Go!i< Jj^p < s j- j G ^ p | 0</(G) a 1 * ^ : t-T-« 

. ^Jl-ijj ejj^>*Ja3L i"uujl AjgaLo (jAj^ *^J^*^ Li U a m j A •> Mill ft^A tjj^Jj 

Y ♦ V 



I " " " 

The Sylow Theorems £1** *^U>Ju : wU! 
J j*j G : Sylow groups v j : JLjJu o-Y-o 

. £^ ^ m i Jj p ^ t p m+l JOrd(G) t p m \Ord(G) 

■ G SaJl p - 5 y> j ^ahU p m AjjjII l$J (J (jx <u js- oj-J (_£ <j|^ 

(Sylow p - subgroup of G) 

cijl^ U£ , { e , (1 2 3), (1 3 2)} ^ aj5>1I ~ 3 - s j-jS JaSa i*J j 
j» e) {e, (2 3)} « {e, (1 3)} « {e, (1 2)} ^ ^>ll 2 - jk- j- j ^ 

t S 4 Jan* Ac (^Jc. J-uu j p" Aiijll j> Sj* j // I j) : ^jJjfAi V-Y-a 
Q»rf(5)=Qyt/(5 0 )(nxd/7) ol* ^ « ,S 0 :={jteS|/ix=jc V/re//} ^ Ijjj 

(Card(X): - cardinal number of X) 

(disjoint union) J»oti<i ^lail aj_j*-a ^ i_u£j ji ^fi^ S £ £y*j 
: Jtilbj . i £iAaJ Cara? (x.) > 1 i 5 = 5 0 U x, U x 2 U ... U x n 
p\Card(x i ) c^h ■ Card(S) = Card(S 0 ) + Card(x\ ) + Cardfy )+...+ Card(x n ) 
ola^o-j- Card(x i ) = [H:H x ]\Ord{H) = p n t Car</(5c,)>l <jV i ^ 

. Cart/OS) = Car^(5' 0 )(mod p) 
(Vfix^ "*l)>" = j^) 

t> » >0 /f <-ul£ I jjj • (p - group) . p - S >4 j l+ij p Jjt JOjiJ jL-all 

(p - . g t> p - 3^3 >» 5 >4 j a! JUj <3lfl p-S j // tlul£j i G i J 

£^?J G t> p - Ajj S j (^A [g] (_>ajjuaaJI . subgroup of G) 

6- V>S P-j^ *• j- j ^ u' -M) . Or</([e]) = 1 = p° ljV « p jVl ^I^Vl 

- S jx j HiP ^ ► i7 ^ ► G J til) G i> (j-«Jaft p - <u ja. S jx j ^ G 

((P = H<==p 
Y . £ 



Group Theory >«i)ic^j)i3j 2«) 

j& Ord(G) ^ ^JU^ 1^1 P - » J* J G ^SiJI S j* j» : ^ 

j> S j«U* *aJdj jA (J^jlSI . p <J j3 <> e jS ^jSj (G) <jj j jli ^g-JUJLj ■ q = p 

. (r-u-^)gjij^v^>i 

« n > 1 « Jji ajb, p dx^ . *ijB l*] s j- j G 13 : <j i&j j >-t-a 

: jlsG^ - <h> Sj-j # cAZj 1 gcd(m,p) = 1 
Ord{H) = p" »j> AaSaj li) G t> *A>J1 p - ' 6>a j ( i ) 

<}J jaJl p — jLm Sjxj jA <JJ JaJl — jIh 0 J* j3 t3^' ( < T J ) 

(v-x-o) JjVl 

( i ) t> « [H £- AKUii- uj^ jfleG 
• (m) 6- ^ (-^) 

: . — Y — O J SjJ.Ua 4hLjl AjjiaiJl Ui4j 

Second Sylow Theorem .41^ 4-j Uaj ^ \-t-» 

( xPx 1 o* V> s j-0 #) ^ ►xPx" 1 u) ^? G ^jj -uli iiiio « G 6- 

(V-Y-o) ^ oMl j> .((left) translation)(j^Vl) J^L, S ^ H 

Card(S 0 ) = Car^(5) = [G : P](mod p) 



The Sylow Theorems *UjXm ■. g*»laJI 

) c^'j^ i>jG(> <^fc /? - *A> P u^) p | [G : P] 

. xPe S 0 i+jiji Card(S 0 ) * 0 jla JU1U, « ((r-^ . 
xPeS 0 ^>hxP = xP VheH 

O x"'/ixP = P G // <=> x -1 /^ ►P <=> /tf ►xPx 1 

6W(i7) = GW(P) = Vrd{xPx- x ) : oJA ^S>H if ^ 13, 

H = xPx' 1 : u]i t>j 
Third Sylow Theorem ttttSa 4j & ^ Y-Y-a 

A; > 0 <— ya. A: /j + 1 o j^i-aS (^jlc. oj^JJ ' (G) ^ J (""fJ G 6* 
tliLSaljjll aic jA "jij" j*j -"c- uj^J ^jj^H j^" d* '• t'M 

f*As j [G: Nor(P)] jA aixll I tjSlj . P o^J ' ^ ^l J (conjugates) 

£x*xl xgx" 1 = £> jl£ lil iSaj 0^ lj) 0g5 o • J» J^W S Jc P 

g . p U1S . pi *>Nor(Q) lj) li] j^Vl LjJJI . xe P 

t5* tjlial jjj U$i ^ Nor(Q) j> ^ 4>j G t> (jlljj jaJl p — U j-j 
jl£ lij iaSa I < JVbr(0 ^ :L>5> IjAjQcti OS! . JVor(0 

OjS, (v-y-o) 5 0 = {P} jli juibj . e = p 

. Car^(,S) = + 1 ^ c>j • Card(S) = Card(S 0 ) = l(mod p) 

J^' (jt^ c5 <^a^l jjc- p — S j-> j Z(G) (ji j^ic o* jj : > 

: (Y-Y-o) ^ G _S ill ilsl— : ^ »II 

m 

Ord(G) = Ord(Z(G)) + £ [G : C(x,.)] 



) Group Theory j^JtJyjlii (J^n-iH) 

l_ _._ ~ — - — — — — ~ ~ i 

« [G:C( Xi )] J* r&p CP (n>l) Ord{G)=p n i[G:G(x.)]>l l£ uV tj^j 
o\i Ord(Z(G)) > 1 t jkij . On/(Z(G)) f-SS p jU ^ ,>j Ord(G) ^ j 

• ^ Jjji (^ic. <_£ jlaJ Z(G) 

jla 4 G Aj^no ej^j qa p — Ajj ja. Sj» j // Cul£ til : Y Jlla 

[Afor(ff) : #] = [G : ](mod />) 

: jjji c^lliS . Card(S) = [G : H] iVUc. . (j-uVl) JiiJlj 5 Jo 7/ j 
xHeS Q & hxH = xH Vh<= H 

<^x~ x hxH = H VheH & x x hxe H Vh<= H 
<=> x' x Hx = H <=> xHx 1 = H 
oxe Nor(H) 

til 4 Nor(H) tii^. x/f jLiJt ^taj^a-all j^c j* Card(S 0 ) jla ^ (>j 
: J ^ (V-Y-o) j . Card(S 0 ) = [Nor(H) : if] J 

[tfor(#) : H] = Card(S 0 ) = Card(S)(mod p) = [G: H](mod p) 
i [G : H] fkuiij ^ (jl c*n> i G Aj^lla »j<0 o* P ~ ^pj^ * I j] : V 

Nor(H)*H 

« [G : H] r&p u! c> j> . Os[G://]=[M>r(//):/fl(mod/?) M : ajj 
7Vbr(i/) * // : JULj . [Nor(H) :H]>1 cfc [Nor(H) : H] > 1 uV j 

(conjugate) tjjjsal jo- O^J^ »j* j c> uA^j^ 1 P ~ jV* Jj* j <-£ ( i ) 

oJja. j3l A4jj=Jl 5 - jiwi sj-O J 0 ti JJ=^ 15 AjJjJl tUl j s>aj c£ (Sr>) 

Y . V 



The Syiow Theorems $1+* «aU>bi : i>i»lall wUI 



J^C. <J£l sJJa.jll Ajj JaJl — jL-i o J-» j j^lfc c5 G ^ ,M*''" ^jl'^j • J"» j ( ^ ) 

G * jil Ajjj Sj ^ Jji 

Ajj JaJl ^7 — jW 1 j OJ& ^ J<*' u * j (J* P — ^ J> * ->* j ( — *) 
. aj-jll J* Ajjja. ejaj Jj£j ejaj J£ J JJ^ifc <Jal (jSl Jill J^»S ( j ) 

(conjugate) Aial JU jj£i ' 4 ->*j -£->^ >^jc. ( j ) 

. AjfriiJ jxjll jjic JaSa i_ijx« (jil Jill Jj^aS ijox ( £ ) 
gja ■ a ( ^ ) i a ( a) ^j-> > <-i (<— i) ^ja > <-» ( \ ) : (J-^ll 

ii^( c ) u*(j) u^M 

. G aJIjuI Sj*j ^ j./iio (jV Jal Jill J~ai ia, jl : o Jtl» 

: aJI^I ij^j aJ ^ : 



xax 1 =xx l a = ea = a 



l JaSa ji-ajxil Aj jaxll Ac jxa-all j* j»<Vwl (jil Jill (J-ua3 ji) 

{x«x _1 1 xg G} = {a} 

. S 2 Jl A^ilU 4 ^ = 2^ AiO jk- Ajjki (JSa. : n Jill 
: 5 3 t> AjijaJl 2 - j^ui jaj . 6^ 1S3 Ajjj : 
. jjUJI jm^JI jA e ^ { e , (2 3)} . {e, (1 3)} » {e, (1 2)} 
3 t*UiS j * A: = 1 kiua, A; 2 + 1 J\ « 2 + 1 ajj^all Jc jj£jj ' 3 j* jll ei* ^ 

. 12 (J 4 ^J?^' 3 — jIaw » j-O ^jjj ■ V J^-* 

. 3 VjaJl 3 - J** Sj-j <£> j Oj^ cj^Wj • 12 = 4.3 1 : lU^I 

54 ^ifij oj* j J* 'ShJ?^ 3 — jliui * j«» j Ajjj .ia. jl : A Jlla 
• 27 c?i 3 3 AjjjaJl 3 -jlj- Sj-j Ajjj jjSj Jttlbj 54 = 2.3' : iM 
24 ^Jfij s J-a j (Jo AJJ JaJl 2 ~ jLj-u jx jl (J^a-all JjJtll Jia, jl '. ^ (Jlx< 



T .A 



Group Theory j^yijsj^ (Jjifl|c-Ji))) 

. k= 1 j±L 3 ji k = 0 i±L 1 U] (jj^! £e N « l + 2k 

• 255 Ljlui J ft J-»j 

255— S U-IS jj^! ^j^' 3 -jk- j-jl J^-l! . 255 = (3) (5) (171: J-aJl 
= 0 ia.li 1 jjSj Ai«Jt <jla ^ j>j . &e N liu* 1 + 3k • ^Ic jj^ j 

. £=28 iiL85 ji 

ftjjj-al! ( _ ? ic. 255 S LjjuAS killiS UJ^i ^Jjj^' 5 — _>*jl J"*'^ all J^*Sl 

. k= 10 iiL 51 J k = 0 iiL 1 AaJ ^ . Are N ^ 1 + 5* 

? 215 Lj-UJJ j ^ (JjSljjSl J JA-aS O-o (_Uia-a .Ue La : ^ \ 

! ajJI^j) jjSj Uuj Sj-jJl (jV 215 j* J*V> o Aic j£i : J-^aJl 

P ^l£j , pfiw < r>l < -ftj-j G ^ Ord(G) = p r m ■ \1 

iy>j&PcHcG oj « > 'j~ > .' p ~ j*j H tiul^j t G ajj jaJI ^? — jLji s j<j 

Ajjlii (>j ( Ord(H) = p',t>0 o\* p - » >«j i/ u) i> : 
p'\p r d i&i p{m d.^v t>j • p'\p r m 3 s^s ^jlj^V 
V>ll p - jl*- 'ftj-J P uV) Ord(P)=p r i PczH jSlj . / <r jj^J JKiLj 

Ord(P)=Ord(H) u_&u r = / ci* ^ u-j • r < t J ^ p r \p' J g&s (G t> 

• P = H o\i £ (jxj 
.aJI^j] G ji ^jic <j*J^ ' J J ^ P ' ' p 2 Lpfij aj-«j G diil£ lj] : > V 
4jj j) A^iUll jjjc. Aj^liaJl p — 't> Jaj G (j' ^^"'j • G j£ jA ^(G) : t'M >4I 
L>*J * ((^"~ ^ ,_ ^) ^ij^ t>° ftJ-O^ Laxiili juik. 



The Sylow Theorems $1** aUjlai : jmUII uUll 



OlS til uVl j • (> J&i Jc tjjla^ Z(G) 0 V-Y-o) ^ \ Jlia 

Z(G) uV) Ord(Z(G))= po\* %G)*G J* »3 . Ul^l Sj-j G uj^ Z(G) = G 

. Ord{Z{G)) =pj 

jjji j^ic. Ljia-a Z(G) oj^! (^Y'-Y-o) ^ > Jlla 
<jjk> j> gSi, OJ(Z(G)) = / 'j» uVlj • M*! G uV Z(G) * G 

G J ^ (Y) (V-U-1) <>j Ord(G/ z{G) ) = p J 

Ord(Z(G)) = p oil > j* J • M^l UJ^ <^kj <Lpb 

(simple) <kuaj tjjSj J <j£-ajV 15 Aj! q\ <jAjj : j o Jlla 

^AjLti jjc. AjxjJa Ajj ja. sj-a j ^^Ic. (_J jlauY A 

a j»jj^ 4jj j?- » j* j ^yic ^ jjaj G cs^- 15 lP- 5 • 1 5 j » _>° j G o^il : o^* J^l 

AjjJaj (jx .(^jl_)a,V <lj^ai £y* a^ajll <JJ_)1 ^jluIS 4jJ_)aJl a^ajll 5 

aj>A Alftj 5 Ajjj (> 4JJ> a ^aj ^ jSVl ^ <J _aWi G (f-Y-o) JjVl jL- 

5 jj^ijia 1 _>*3^' 
. (aSHjII jLu. Ajjiij) (congruent to 1 modulo 5) 
« 5 1 -5 *SAJ*- uj^j 15 CP ^1 JlJoVl Jaia ^ 11 t 6 t luV Tj^j 

U3U « 15 <^Aj G Aijl La^la oj^ lS^ 1 *3Qia ^^Vl »j* Oh t> iSa 1 jV ( jlijj 

^joi jj fl£ G (J^ (jSl j . 5 Aij jil t>« ^pj*- ' b J*j lafua&J 1^1 G (jlj (»_>?^ 

Y ^ . 



Group Theory j^pljo^ ( jj*fl,»-«2)l) 



« <p a (x) = axa l : Ji\S, G ((V-r-1) jtsl) ^ JiljB ^jj-AjVi 

a/fa' 1 ajj jaJl a jll (onto) (^ic. H oa j . ^-^l l a^. j ^^Ic. ji Vx e G 
i»j"->^ a/7a 1 = 77 jli 5 ajjjII <-iili 4jj_>?- '» j*j ijy^ G jVj .5 l^ifij 
o\* t>j • G^ A^iti jjc- V o j H <j tj'\ . a£ G 

1 ^^ajc. 14 t^jSaJ 21 AjjjII t> G Ajjjb JJC- 6 >»j Aji J (jk. <jAjj ; ^ 1 Jll> 

. 3 AjjjJI (jx 

3 jxj j^ic G (jjl^j Jj^l jW 1 ^Jj^j [jx . 21 = 7x3 : t*M >4l 

jx jSl Atoj . 7 AjjjJ! (> JaVI ^ iJaJ j Aajja. Sj- j t 3 AjjjII <> JaVl ^ 

JttJLj . (Aillill jku, Aj^kj) G AjjjJ ^uAS j*j 3A: + 1 JS^j 3 AjjjII t> Ajj>I! 

. 3 t>° ^j' 

(j&jja Ajjoxia AjjjaJl 3 - oj^j tiul^ li] . 60 "J-O G : j V 

. 4jt jili Ajj jaJI 5 — jV" 1 *_>-0 <j' 

5 — jIijoj _>« j ^yic- Ajjla^i G o^jJj ' 3 — oja j M oSjI : <'jU >4l 

60 ^juiSj ^ jll aiA J^c . o.la.1 j qa Ji£A I iL»l) ... i JV| AjjLuJal) jjc. Ajj jaJl 

jjc. AjjjaJl 5 — >Luji (j* -^JJ i 1 + 5k tj^-i (G ^JJj) 

ja jll ftiA . N(, i ... i N2 i N\ Lkll (^i .6 jll J^c j A: = 1 UJ^}9 Ajxailall 

J liOtt Jia.V . 5 Aijll j> I 24 ljI 4x6 ^ Lsii^ aj5>JI 

JjVl Aj>i3l (T-A-^)) G 0- j-J MA^ 6 t ... * MA^ 2 « MN\ 

aia-lj JS jjla i>j (? liUl) AjjjI^ jjSi li^jj 15 U^jj (fj^jj-jjJ^ 

.15 AiiJI qa Sj^ic 8x6 = 48 t*JJiS Aji ^\Aja 8 l*i 

. (j^aSLlj . 60 ^JJ^I t>« 15 ^JJjil ' 5 (>» t j. ale 72 Ijj^J 



The Sylow Theorems $Lmi QUjJai : wUI 

4jj ja. "dja j (_^lc (_j jivj 2p "<JJjII j* »_>°j AjI o\* ^ j^ • ^ A c]\1a 

. Aijjll j-a 

. ajiilla i—ljll-i^ll JjVI <— lljli ^ySc. <Ul<il j-a (Jlxa jx ^-"^ 2 = Ajjj^Jl 

' j' # 4 p ^-y^ pq '^Jt* ^ »j-0 G lii <ui ^ ,ja jj : ) ^ 

G jjSj (j^jjuaaJl <L=kj j^lftj . Ajjjlj jj^J G jji t q - 1 (xuoSjV p i p < q 

• G j-« Ajj jaJl q — jiiui 0 J-a j K 1 G £y* <u jxil — jLui %ja j j£j] : fjlft jjjl 
(JfLuill ^ylfr ?Jp j^J ' G (j-a 4jj jaJ p ""jLij J-o j J^C jj£j 4jHj1! jLui Ajjlaj jx 

ji l + kp = q ji l + kp = p J l + kp = \ jlifj t>j • (~4*j ' 1 + kp 
' a J-J H cs^Wj t fc=0 j gjjj jV j 11a . \ + kp = pq 

. G oAi^jll Ajj jaJl p — jliui 
j j^J^ ^ ' ^ (j^ j^J • G ^ oJ±a.jll ^ — jkai 0 ja j ^ AT jji (Jlalljj 

i^V ) A"=[y] j%ljVlj(Yr Jlia jtsl) G c> jiy-ui» jiy5> 

3; t x ji ^ jA jjj J ^ t5^j • ^L^- 3 G J ^ j* jjI-o j ( jlljjjb K t H J 
xy ji til Ord(xy) = Ord{x)Ord(y) = pq jla iiiicj t(commute) jV^ 
: jla KiH & jVI j • *ij3b G ji ^1 G jIjj 

fViy = (jT'jT'jc),)/ e Ky = K 
x~ x y~ x xy = x~ x (y' x xy) e x" 1 //" = 

• jcv=j« £ c>j ' ^"^"'jcye Kr\H = {e} jlaliSAj 

. Ajjjb ej^jll ji ^yic jAjJS p n ~ ( ... ( p 2 t p <uj J^l aJja, j Ajjja. ojxj 



Group Theory j^IC^j^ ( jj^ln-«2)l) 



Ajjkj ^> . p nA I^jjj j Ifria Ajj ja. a j 4 Iglsj j ^gjll a __>-oJ>Jl G jSul : tjU yl\ 
jV f J^j . p"~ 2 i . . . ( p 2 i p UjjSI <> Ajj>> j*j Jic H (JJ^ J jVl jL* 
Ajj jaJl J*j5l ji 2^ ^ ' G (ji 4jj J-O cr* Ajjj=JI J-ijll »i* 

« asG « rig # jl£ Ijj <#lj • # *• y** uj^ G ^ (M^l tii) Ajkill 
t^*j • t> cJSl l^lij j AT <uja. » a VJj t jj£j s- 1 ^ a <jj j jli 
G jli ^ o-j a ajjj ^li . ueKczH jV f jiu < ueH ji ^ 

. (J — J S^ljiLa Aj^)j|.} (jj^ 

t jll IJC. a£ JLix ^1 j3 jjjUj Aiu t^ul G ^ H Jjta jl£ j i(p,t7) = 1 4 (^Sjl 

q l p OH fkeVl <d >U ^UII =) (p,qr) = 1 OJ(G) = p m q M : rtU wit 

Ord{H) 

H lsJ^ JjVI jij^ t> • (p,c7i) = 1 tlip. Ord(H) = p m q\ 

.G t> /> — jV" » .>0 uj^" K iOrd(K)= p m <±ua* K p -jV" 

: j) tljjaj XE G t*lUA UJ^ 

^ = jcKx -1 c jci/^'x c H (H<G 

• ^i^- 1 UJ^J <5 i> ^Jjj^l p - jl}" J-j (Jfaa. jli ^ jxj 

^jk. (jjl^j G jli jij-iio . n ^ G A^Vu aJI ajI o>«j Lujli J jj5LJ : Y Y Jlla 

. G? ^-JJ^ lg-J Ajj j^. oja j 

jli, n = tfp e 2 \..p e ; o^.-^lA 
G = Z,®Z,®...®Z, 0-1-*) 



The Sylow Theorems &U)lai ■. g**>lill wUf 

^ <u> ijAj Z ^jo^j ^jVl jlu- o* . d = pf'P2...pf r uSJj 

// = Z_ /1 ®Z ft ®...®z , 

((^ -Y-o) Ajjiij jjla) . d l^uij Ajjja. sj-j ^gAj 

AT (jSl! j . G 0 j-a jll ^yi l*vLiAa <pjsA\ p — j^ui H jSH : jlA jjjj 

AT 4 // UJ^! "^j^l J^*" "S)j^ i>° • G ^ ti^p-V — °_>0 

^ jliuij G ^ Aj*^a // (j^lj . K = xHx' 1 : jl x g G Ail iji ' jiiSal jk> 

. ji "»J^ -H = xHx x : xg G JSl <d 

; x6 G lJ^ j] t — o* • ^W^! <— ijlla-al! j ttj^j (jSil (jVtj 

# uVj « G 0* p - jL- s j^jxHx' 1 J g^j 4 Ord{xHx~ x ) = Ord(H) 

. ^ujL H J Vx g G : x//x _1 =H J 2^ '^j 51 V /? ~ j 1 *" • J- j 

(o&ui n 4 1 v jn, jjisi) 

.35 Ajj jll j-a Ajj ja. 0 ( _ s Jc ^ ja^j]05<fj jll j* S ji ^yic. )j: Y £ 

jj£jj 4 105 j>-uiaj G (j-a AjjjaJI 7 — j1h> j-O -i-ic- AjJIjJI j-y** 4j_>^ : CM ^ 
OjIj . 15 j_&! j' 1 uj& d M J* 1 c^Wj ' 1 + 7A:,A: > 0 ij^-JI <> 

* l + 5&,&>0 ojjj-oll ^jJc. ujSjj 105 G i>« <jj_>?^' 5 — j*j 

(_5JJft jjli jl OjV <ji gJ-aJJ jj-atuJl JJfc L-iluia>Jj . 21 ji 1 OJ^J ^4* J^Wj 

Yf JH« (jxij . 1 ja jjjjinJl 2iS oj^i jl J * 1 j* (jjJiJ^Jl 7 4 5 jJ^ui 

(»j^J>«jj^ cs^jVl CMj} (>j . Ajju^L JSVl (^C Ouj-jil J 



Group Theory >.jJ!C^j>lii ( jjSfl|«-«iM) 



^liibj . G (> V £ j^j (jjS LW := {wn | u e t/,/7 e A 7 } <jla G t> 

• (5)(7) = 35 ^ ^>JI 

^iS jjS g~'Hg,gG G o\* • G <> 4jj j^ 1 p -'"jajH <j£j] : to Jlli 

. G tj-* <jj — » j 

.(m — ! 1—13 o^/? J ls ! pfw) Ord(G) = p r m,r > 0,/7/fm : w» 

-ula £ o-j (? >M Ord(g i Hg)=Ord(H) c& ■ Ord(H) = p r jli jiife 
. G t> Ajj_>?JI - sj-j (jjS Vg-ili G t> Ajj j=» S^j g' l Hg Cul£ li) 
j^iJI) e Jc JSVl ^ jS»3 3] 4jU jjo Vj'I UiV G t> Ajj> i >. j g l Hg 

(Y-£-^) o-J • g-\g(g-\gY=g'\gg~Xg = g'\Kg^g~ X Hg 



The Sylow Theorems dU>iu : g*»lall wUI 



(conjugate) Aial l*-^ l$it '"'ftj S4 t>> <JJ_>?^ 3 — jii^ -^j' ) 

4U1 <> £oJ^) AjjUjl! '„ jll (Y) 
.(JjVl sjUI ^ySc. ^cjllo AJl«i t> £A Jll* . £) 4 ^ 
. jal Ji J_^a Jl D 4 "J^" ^jl ( I ) 
. Z> 4 —1 J^aill USfl (<-r>) 

j! (jA__)JS gG G CLljl£j t C7 ^.'g'"" »^><«j (j* ^Jjj^ A£-ya^a H l— lj] 

g~ l Hg = {g~ l hg \he H} g A Hg j^»Uc H ajc 
(Jj-oall aJjI** i . uSI ' S3 ^ Jjal jil! Jjju<aa ^.jl 

(J j > aa ) l dti-"-^ <_S' (J (J** - • ^£3?^' 2 _ _>aj tlt^J lilliA S3 ^ 

Uu>jI! jtsl - X J«j G J t^i) X G ^jLc t til ( i) 

H J 31 UJ^ AG G JS1 Aila((^)-)-o) 

r : X -> X 
G -> y(G) 

((°-y-^) 0- x jn. jta) 



: ^Ijll j-j f jj3jjxj-> G -> y{X) ^ (m) 



Group Theory j-.jjic^lij ( jjift^-afl) 



GxX-^X 
(a,x) h-> (p(a)(x) 

Ar. jxa^a ^jk. 33l£j A&lfc (jSljjJl jl ^ <jAjj 

7 - » j-j <> JSi ^ ti>aj G lij . 168 Lpij 6 j-j G «) 

A^iU jjc. WuL Ajjja. ajxj (Jjiaj 56 UpJJj ej-j AjI ji <jJc (jAjj (U ) 
Ig-ix tjjlijl jSjl ? 1S5 tj-a 4jj jaJl 5 — jJau" j -i-ic- ^ p Y ) 

V G 6- 3 - jlu* >aj .n& ^ 21 Lp£j Ajj^Ij Sj-j G lil {\ X) 

5JSL2jlo (jjS Aj^jla "oj*j (j-a Ajj^?^ — J^" >>*J (1>*~W 0 ^) 

Ljia Liixi. jSil 1 S5 Cy» AjjjaJl 3 — J*j J^C. ^ (^ V) 

Alaljjx T»jo-> ^jic. (jA jjj S4 Ajj jaJl 3 — jli"> j-aj ^ rt-s (^) 

> (stabilizer) J jSjS . aeX X Ac Jc. S jx j G ^) 

. G « >*j 5ta6(a) ^ i> • 5to6(a) := {as G \ a(a) = a} 



\ Group Theory^t^lki 




_.LJI 



vW) dblsll jjo)1\9 sax)/5\ o^LUju09 
Normal Series, Composition Series and Solvable Groups 



wmS>JI >aM nil ni i ii i?i ihlj aNiiiliiiTU 

(G 0 ,G„...,G r ) A*!!, AjIIjIo ^ G Sj-jl : t-L jxi \-\^ 

G j mir . ja e viua. t {e} = G 0 < G, <J G 2 < ... < G r = G i'i^i j^jil i>» 

IgJ »J<0 J£ ^-^'jj • G (j* ^Wjlli ^JJJ?. ej-aj // tj-i*^ H <i G ' Jjla-all 

({e}, G) AjxjjL UuoLa* 

AiuiLu ^^iu lj* jjli AjxjjIj ALiiLux (G„, G, , G r ) llul£ lit Aji t*SJiS ^bl jj 

: AjjjaJl j-jil (> (ascending) o^&L^La (chain) 
{e} = G 0 cG 1 cG 2 c...cG r = G 

' (G 0 ,G ] ,...,G ( .) G 4 j-j! j /mnh jjjjLuLula j! JUL : lJj^j Y- > -1 
(G 0 ,G p ...,GJ~(G^,G^,...,Gj) s^-j (equivalent) ( -jU&SL> {G' 0 ,G[,...,G' S ) 
: <jjSL '""'j*^.' AjjjII i>* AJjLalal! jjx aL^jj) <T j £ -^-jj ' s = r (jlS I jj 

- ^ a(i) / , \<i<r 

.G S j- jl AwnUlt ^...l,,!,!! jatSS ^a" ~ " : 4ia»al« f-^- l 

I jj (maximal) (j^a& Lpl G Sj- j ^ H 4 tt ^Li j» S ^ jl JUL : uuyu t-\-\ 

tfc^cG 

Sj-J pZ : /?€ P Jji Ate JS1 : Z Sjxjll ^ (^) : gjlgj 6-^-1 
{c,(l 2 3),(1 3 2)}^ sj^JI A^iUSl VuJJl *^>Jl S^ojll :S i (=y } ) J (Y) 



I Group fheory^i^vj^u ( jjVl,»-»2)l) 



VI ^nW! j^jll j> JS»3 fl Ijj (simple) jtLugj Sjajl JIL : um 1- > -1 
-fiT <ji) G t> (aL ^xa) 4j3u±L 4jj j*. i J fiT 13) : 4jJ^{-aj V— > — 1 

■ G t> ^-o^c. 4 j»nk Ajjja. Sjxj 
4ii ^JkOLa <jaj ^olitll 4jn 4_u jajl ojajl! *JJ*^ t>° ftj"ta<a I3& : t'jlfe ^jj 

Jlill 1*1 jjlu, ^/ j> <u> Sj*j jli G — 1 AioUJl 'ftjxjll G/ 131 

. G <> Aj*jJa »J"0 # ^] Ja^J 1 j) t> 

jjoillLx (j nohr - (jjjjaujL jjlu j?. jJJ j*j AT t H 13] : jLjjj a" A— > — 1 

. AT j-aj i7 ( j, "hr . 4 j» ni-i Ajj ja> o ja j H C\K jlA t G e j« j 

jVij . g (> a^> s jxj /fls: (JjVi ljLIi ^ jsl. vd) £Y jiia (j* 

j£J . fi r AT= G ji HK = K 3 ^Gj. t ^fce. AiS> Sj* j K , KczHK 
ji G t> ^-a^ <u ja. 'ft j*j H <jS]j .H(^K j! ? jlluu 13a . //AT = AT 
jla . ^ jill o-SUL AjV u-jaj- . K=G 3 JH = K 

: jli JUlLj G 

/// ~ G/ 
/HnK~ /K 

Aja-nL Ajj ja. o ja j H r\K jli G ^xihc <j«jila Ajj ja. ft J« j AT j] <"n-> jx j 



J*U taMSjJI >aV il ilflj ijitnhll ml mill : jxJLkll uUf 



AiuaLia ^ (composition series) m4 a XhL i iIh : uL jau ^- > -*\ 
t^c. a^uJ* Sj-j Gi {e} = G 0 c G, c ... c G r _, cG r =G 

■ G M /G, J J 1 ' G i+! c> 

. (composition factors) m4>A G. + , / G,. ^-Sll >* J (^-^j 

. 5 3 -1 ±£J> *VL^ { e } c {e,(l 2 3),(1 3 2)} czS, 0) : AlU \ 
M c {e,(l 2X3 4)} c {e,(l 2)(3 4),(1 3)(2 4),(1 4)(2 3)} c A A c 5 4 

{<?} c {e,or 2 } c {e, or, or 2 , or 3 } c G (Y) 
{0} c {0,9} c {0,3,6,9,12,15} c {0,1,2,. ..,17} = % z (r) 

' u£ jjj AlmLula IgJ G Aj^jia a J-a j : 4-1 jjgj ^ ^ — ^ — *\ 

. Aits *loVli G = {e} CAS. I jj : >jfl 

G lj] . Ord(G) i> JaVI gj J i>=> 

eljaixuVI (j^aja . G ^ A$iU jjc. A-ut-ula ■fl r .Ails etciYli 

: LaA I S^J^ ^"ilnila G/H i H — 1 UJ%" cr 1 ^! 

{e}cH l cH 2 <z...czH n =H, 

H / H =:GJ H aGJ H ^G 2 I H c...aG m l H = G/ H 

t^S. \ n$ La (Jj-aajj 

{e} c/f,cff 2 c ... c ci7 = G 0 c6 I cG 2 c...cG m = G 

a,/ 



G ' +1 ^ = /,0<z<m-l 




Group Theory >4^jic^j>lij (Jj*/l|*-«ill) 



Jordan - Holder Theorem > Y- ^ -n 

. (jjnql *?! n ^jlj i_ju£j*l ^*)1 i ill i n'l o ^jli i 4j£*tLa *>_>« j G I i! 

M = Ac4c ... c c 4 = g, 

{e} = 5 0 c5,c...cfi J ,cB j = G 
M = C 0 cC 1 cC 2 c...c^,ni 1 

i4 r _j o 5 ! 1 ■ . »<j* 4 1 ■ ill i n* * 

l>i L^ajl t ^ j jj* ^hr , 4 j»nK 6 J* J (~^B s X (A— 1) j<4 Ujj] 

: G — 1 t_±iS j3 cTj^ LuiL i la jjfij AiiVl (chains) JjjlSLJI jla ^ ^ j t 
5,:{ e } = ^c4c..c4. 1 c4 = G 
5 2 :{ e } = C 0 cC 1 c...c4_,n5 j ,c4,c4=G 
5 3 :{e} = C 0 cC 1 c...c4 1 n^ 1 c5 j ,cfi J =G 
VM = 5 0 c5 ] c...c5 i . l c5 i =G 

Usia* Ijlj . ^jljualSilo <-JJ^JJ l*llmlin*M LagJ ] ' A r t ^^JuiaUjll jSlmVI O^J* L>° 

4_, -J m£J* JA^Z* ^ u^Ull oALXJ! cM S 2 ' Si ^ uu^YI jjj=Jl 

jal£j]l <_ijjji"i (j^i j . (jjjalSla (j\M> ill mill (jj^*i (j-kialjjil pi jffiniVI (J^jS tj-aS j»J t>«J < 

AV ^A-A-r/ = G/ 

/4-,n5,- /B s _ x /B s _ x 



Y YV 



. ojjjj^aSU Cjjoul L> o j-a jl <Lalmla (j! (jLu3 Vila t_ljjJal : j tjlld 

* {e} c {e,«r 2 } c {e,or,ar 2 ,a 3 } c G : ^L^ll Sj-jJl ^ :_J=^I 

. lM,„t..,' ^ 

tj^jlj . n ^j(s"'' |rt "Su^ C ' W\>* » «a ta-ie. n (jSLJ : J \\t 

^ = Ord{C x ),p 2 = 0™f(C 2 /C,),...,/>, = Ord(q /C M ) 

' Ord(C, A ) Ord(C,_ 2 ) Ord{C,) 1 
= P i P i -v-PiPi ■ 



Y Y £ 



Group Theory >^5o>£i (Jj^jwll) 



. p — a _y>j jjSj "t>±t*.j i_u£ jj 4luiLula AJJjIj C iMS I jl : r tflli 

{e} c C, c C 2 ... c C._, c C. c C,. +I c...cC„=C (*) 

Ord(C 1 ) = p l ,Ord(C M /C,) = p M , i = l,2,...,n-l (Uj 
C,' l*JC, + i Ord(C M ) = p M p r ..p 1 • A + . *A ' P=-=P, 

: (j^ ^ • P M Pi- X Pi-2-P\ *Aj* t> V> 

0^(C i+1 / C/) = p„ <W(C,' / C H ) = p w 

{e} cC,cC 2 c ... c C M c C.' c C i+1 <z...^C n =C 

AjjlAa.j (>i»j9 £-« (J^aiUj I^A j . (*) t_uS_^ill aIuiLAo (jft iiJikx S-y^J^ Aluiluia (jjr^ 

i^Ci jll <ij j jjSi j 4 /?, = p 2 = ... = /7 n jli ^ t>j t s-y^ji31 c£ULu- 

I' . JjSjP <LmL*L» I4J (jjul (_K»J> «r*>H A^j ^^it 
j> Jl^jjj AjjjIj uj^ V 1 ^' ^H."".^ ^-^V 1 •J-J 5 ' d V j' -laa^j = »3t 

. ((U-U-^) « (Y-U-1) < .-W) jkil) ajUJI Ijc Ujs 

{e} cG 0 cG,cG 2 c...cG„=G 

,jl3 iiAic. j z = 1,. . 4 aJjVi sjj j5! l^ij AjjjIj <jj& ^j/q m&jjJ' lU'jc- ul* 
. o& d ^ J^i G dJ ' Oa?(G) = piP 2 -P„ 



JftU iMU\ >*>Jlj mw£>JI all niliiiitj itiiti jhll qM ml in ill : &*Lil\ uUI 



{0} c [5] c Z 15 , 
{0}c[3]cZ ls 

3 ^ ° /[0] /[3] " /[0] /[5] 

{0} = # 0 c# 1 c...c:# )) _ 1 c# )I =Z 

Z <jl^ t^^^J • 2/wZ Jliall Jjfui ^ylfc i S^itLa AjtjjK ^uj^ (AjfrlLtt JJ& 

: ^LU f i a^^, AiiVI jjjliilt U ! jj ^ : V 
<jLc d^j) Z ij- jll WuL AU,,.-,. {0} c 8Z c 4Z c Z ( i ) 
Z Sj* jll 4;»nU <LU {0} c9ZcZ (^j) 
{(0,0)}c[(0,3)]c[(0j)]c[2]®[l]c[l](8)[l] = Z 4 (g)Z 9 (^) 

(JxoLa. aAi^j AiLjlaJ 4\ilVi <j£xj 1 (ja jj^i ^rji »«•» <JS ^ji jjAj (^jll 



Group Theory ^jjtju^ ( jjVt^2li) 



AjyijU aL-Lu- £l£ I jj (solvable) JaJl aLIS G Sj* jl JUL : <-L gj 1-t-1 
{e} = G 0 cG,cG 2 c...cG r =G 

i = 1, 2, r ^oJ aJI^I ^/ jl 

: Ajy Y-r-n 

[Ajj^aic. e o&J G lili . lWJ "M^! <_£ (}) 

: "A^iUH" WJI AlXaJI Jftl 6^J ^ 
{e} = G 0 cG 

•( ^ cAV^ (ji'n^jiU (jtLjj^. (j^->*j { g } ' (? d 'M'^! ^/( \ 
{e}c{ e ,(1 2 3),(1 3 2)}c5 3 

^JJI 4j5>JI Sj* jll {e, (1 2 3), (1 3 2)} - : N ji aLO^ 

At jllo a£J ,> 1 Jll* jtjl) Ajll^j % j*j = 2 2 <■ (S 3 (> S^sk jll jjc 

: ALU 5 4 (r) 

{e}c{e,{l 2)(34)}(=:A^),{ e ,(l 2)(34),(1 3)(24),(1 4)(2 3)}(=: N 2 ) c 4, cS 4 

.(AjIIJj) Sj-J l^ji £^lj ) Ail*) j-j 5 j/ i N */ i A^uL aVLS* 

/ \ e } /4» /-^a /"i 

aj^jll (j<a AjxjJa Ajj ja. oj-aj ^jA G Sjxjll (j-o G' " AiiJiaJl a J* jll " (jt jSjj (jV'j 

*»J*J %. ^ G' j . a,6e G fl' 1 i' 1 a6 CjUII^VI ;> ijs < G 

. G —J (commutator group) CiUtJuVt 5 » j G 1 . Hz>G' 



G w. = (G («-i)y t _ ( (f*~qjy « G (1) .-=G' . G< 0) :=G 
.UW G^ n) « G^o-Wi ^> »J-j uj^ G^d* oii JUhj 

ke N \ {0} : A: u-jAi jjb ^ lit iaiaj lij JaJJ *LIS G s>. jll : k£j r-Y-n 

(jjUJ) G >^ e ) G ( * } = {e} j) Aw 

AjjtJa UuaLoa ^ jj Ajji ji^ic . Jail aIjU S jxj G jSil : »ti 

{e} = # 0 ctf.c.cA^cA^G 

mill 4 iA «> J j^-VUj . N k _ 2 zd N' k _ x zd (G')' = G (2) J t^fli 
{e} = N 0 zd G (k) => G w = {e} 

: UXJI jiixiJ . G w = {e} : c>^Wj 
[e] = G w c G (t_1) c G (i " 2) c ... c G (,) c G (0) = G 
« m = 0,1,..., A: — 1 ilwa. « AJl^j l$K ^ ( y^, (m+1) j] ^ ^S^ 3 ^".l.u 

J*JI <LIS <jj£ ij*J t> *>• j J ( ' ) 

G/^ ^ . ^ 3 J1tJ ,k j # j£j J , J^JJ ^ s>a j (3; ^ 

•dliS dj& 

Cp < JaJl G//^. , J ^ ; jTjj ,U 4^ - SJX J # | jj 

Jail aLIS G 
Y Y A 



Group Theory >«>)l£o>lii (JjSfl^OM) 



ffcG=> # (1) c G (1) => // (2) c G (2) ^ ... ^ w c G (4) => ... 

(jli liSAj G (i) = {e} J /twjm & Lja. ^u^> ^ <Uta JaJl <Lla G <jV j 

. JaJULlS// J . ={e} 

(a x b- x ab)H = (a~ x H){b~ x H)(aH){bH) = (aH)' 1 (bH)~ ] (aH)(bH) 



d •« jfc-Vb, . G (1) =(G) (1) : J ^ c G' = (G)' : ul^ ^ t>j 



G W =(G) W 

e cilia G <n) = {e} u! n <-±> yajua Ate A> jj 4jlfl Jail <Lli G J 

(JaJU AL\S G iji cji t (G)" = {e} (jl 2% I^A O-aj .AjU-al! G j»<Vir. 

{e}=:H 0 czH l cz...c:H n _,c:H n =H 

H / 

^jSjlj . i =1, . . ., n t "S^l-ijj uj^ y//. < " ) ' H — J ■Ajtji^i <LiLiln 
H / H =:GJH aGJH cG 2 /H <z...<zG m JH czG m /H = G/H 

u , . 

%/ „y 

/GJH- /G IA 

: liol tjjSj iliic. . i=l, ...,m 4 4j1Ia>) jjSS 

{e}=i/ 0 ctf, c// 2 c...c/^ cff. =#=G 0 cq cG 2 c...cG^ cG m =G 
4 j = I, m 4 i = 1 , n 4 <JlAil*y 4 jV I j^jj 4 AlmLa^ 

'/<?-. / 7 <-i 

. Jail <LIS G uj^ 



M = G 0 cG,c...cG 1 ,cG 1 =G 

. i = 1, n t 

G J Ord{G) = 1 jl£ \'4 . (G) tej i^jll *l jSi-VV : ^ 
'G t>» ^-S^j jjc- ^j'jjk "j-O H Cul£ lil . 4 Kjiiii t').nj\ G < Ord(G) <j<« 

. (_ a.) (£-Y-l) ^ Lalla <_1 jllaJl ^1 J*^»j j . <A ji .il-Sfci Ajjjb 

: ^.ftia^^i i-t-i 

. JaJl %LlS 5' n (= ^),«> 5 J t*^ 1 1 ^ 

JS <j jiau A/" j«>5 tG = 5 nt > Sh>> » j JV •' t& ^ 
s j-jll =) JV -J Jt^VI '>j*j N* d t> t> • S H J 3 JjUl ^1 jjJ 

: £ta jfcjc • N <J oij-^c b = (3 5 4) * a = (1 3 2) 0^ 
flf = (12 3)(3 4 5)(1 3 2)(3 5 4) = (3 1 4) = (1 4 3) e N 1 

<7 _l (l 4 3)<tgN' : o& &eS n ^^\*V£aj 
(h h h) ^ <rQ) = h « cr(4) = 4 ' o-(l) = ^ : uj^ ^ ctg S„ 

< t- 1 (14 3)<t = 0 1 / 2 / 3 ) 



I Group Theory j^llSu^lii (Jjin^ill) 

VjiV. 2lu> ij-j G (4) uj^ ^€ N ^uoJ -cfr. f j^ij . 3 JjUl i^i djljjj 

JjiaJl tlllj cllljj.ll! ^ j x a, G**' UJ^ iSf"^ (jj. 1 ^* 1 " 1 j'j^JJ ' G <>• 

. JaJ5 <Lla tiLjJ G (jl cii 4 & c-lx yi £**^a xic ( G (i) ?t {e} <jj^ I^WJ ' 3 

{e} tijLui Vj H ^il aL^5 or • 3 LJjL »j>> ^ L?i^ # u!* H * {e} 
ajjj a l£s fJ lij . tuti {l, 2, «} (^a ^u*]i t> jjSi (iljjj up] dujkj 

^ Of j! Lai j 4 3 ci J^J J U- 9 l^ljia a jjJ (^ic. (^jlsJ ji La) ig-ij-a « 3 UljL 

: La] OC ji 4 (Jsfyl ^^io jiiljuaiia ( jjjLjaj) S J - > JL ^ a (J"^"' 

(1) «r =(1 23 ...)( 

(2) or=(l 2X3 4)... 

c^aJ or jV 4 5 4 4 U jlJj jj>I jxaSj dfr» l> " ^ j^" JjVl *1UI ^ 
4 ,# = (3 5 4) oS3l uVlj • (1 2 3 Jfc) Jiill U! ^1 2Lo jill ci^Ladl ^ s^l j 
cA£ lii Ui y=(\2A ...) ... jla (1) ^ US or liii . y= j8 l aj3 jSl j 

. 7=(12)(4 5)... ^(2)^1^ or 
y —j LJaji tLti til JS^ a — ) fcjti 4ilji / > 5 fSjjlS I il «U)i 11a Sj^ 

US or lil or"V(l) = 1 jti ^ 6- j^'j • ^ tuUi cil 

. (2) ^ ^ a ijj crV(2) = 2 4 a~ 1 yO) = l ^ « (i) j ^ 

(jiiaUj liAj 4 a ^ill ^ j£\ ji^iliirll ^ tu\i Ij^c. tiSjjj qt -1 ^ jli j 
(jiUill ^ i-s u»b (jU^I lU^jj • 3 Jjlall 4jj|j Of <jli j»J £y»j ■ OC jLu^' 



JftU iM»i\j*ji\j mmSj^I tia^iiiliiiitj iyiijihll QM hi I ni ill : giijLJI yUl 

uj^ A n Cp f5 t>j ' H = A n uj^ja ^1551 <_jUI ^ U Jll. Slcljx £- ^ JH» ^ 

. AJaOuU S j«a j 

: AjjVI Ajljj /ill ^jic. V jt o& jJi" 3Vij.ni ^5 Ji <_yl& 41* jjU : jil Ja> 
jl£ lit . G 3j$ii<i a j (>» 4 j»J.'V> 4-U j> a j-» j jV (j^il 

xeH o\* gcd(Ord(x), Ord(G/H)) = 1 
.gcd(Ord(xH), Ord(G/H)) = 1 : J gcd(Ord{x), Ord{G/H)) = 1 : rtU ajj 

J t*' Orf(xfl) = 1 <i* f5 <>j . (Y) -1 ) Ord(G/H) ^ Ord(xH) jSl j 

• * e # JUL j Onf = // 
ji 30 jli iliic- . // A^iU jjc. 4 j»jiV i 4jjj>. S J"> j tr^ tij** 3 A$ j£i5 : <jVlj 
24 a;j^As d t> jSbll c£*ij • Ord{H) = 2, 3, 4, 5, 6, 10, 12, 15, 20 

AjjjH ^jx J ■ ^ 3jI Jfr josjV J <3 AijjJl (j<o f juiift 20 ' 5 AjiSjll (j«a f j.<->ift 

t> j gcd{Ord{A s IH), 3) = 1 a u 15 J 12 J 6 J 3 ^ (fl) j Cul£ til . 15 

til Lai . 3 AjjjII (_£ji (jjjjjuJl jjuaUajl Je. H (J jiaJjoj Aajtuill 4j,\i$ a"i\l 

H is li*Jj gcd(Ord{AslH), 5) = 1 oJi 20 jl 10 ji 5 ^ (fl) <h j 
tjla 30 ^ (H) <Zj til L»i . 5 3jjjSt <> ojj^c- j a*jjYI >-U*jI 

« gcd(Ord(A 5 /H), 3) - 1 

. 5 « 3 ^jB o- j—UJI C&J^Hijy^ I j«j t gcd(Ord(A 5 /H), 5) = 1 
S^J oa.jj . 15 ji 30 ^ (^ 5 ///) ul 1 4 J 2 ^ (H) <f>j Oil* lit t j^i j 

30 AiSjJl 0- SjVj J . 15 AjjjII 1 Wd» Z 1S ,jA 15 **5jS t> S-S**, 

« 15 3iijSl 

. jx^Jl tiA Ju ^ jj^V yl 5 /// jli JtilLj 

. Jai5 aLIS jjc. jj£S aJIoj] jjcj 3 Vij.aj Sjxj (ji G ji ^jic- (j* jj : V 

: .kSa AiiVI ^ilnlt a r »Utt 4l*La*i! Lbal jjlj aJUJI »1a ^ : »It 



Group Theory j-jJl^^u (JjVl,**^ 

{e}cG 

. JaJl ALla jic. G M-^j '-'"'j ^ ^ 

: laliJallj 

1) G'={e}^>Va,beG:a- ] b- i ab = e^Va,beG:ab = ba 

=> G : oiSLfl I j»j 

2) G' = G => G = G (n) *{e} Vne N 

(r-Y-n) Aiii i^yi g d J\ 

J& Ijj Ciuul 5„ 0 ! Je. <> J* (?) ' (*) ?\mAi : i Jll* 

jjc. (jjSi n > 5 L»^jc v4„ t n > 5 ^ J ^lu X Jlla ^ : t -jU >J 

. JaJl *L15 jjfc 5„ jjS (i-Y-l) (>j .JaJI jj£ A n <jj& V Jli. ^ M^l 
. S n _S UuaLu- n > 5 ^ {e} C 4, c 5 n (= ft) J j> jj : a 

( S n AjU^ll e) 
. (.3lfit X Jli.) n > 5 (V ' ^ ' A f A /{e} : t'M gjj 



Jail ih\il\ >*>ll$ wwSjill a^liiilniiti a m jhll all in I in it) : judUll wUI 

. Jail apLli HaJ « > 5 ^ 7„ i A n Cpj*jfl 

Jail 4LIS % « % t ^ 3 4 ^ 2 J O* <j&& LHJ^ f>l^l-lj (*) 

Jail ALU ^ J ^ ^ jj jjil ja.V AJJ^ UWl..in (f) 
Jail jjtiLla ^ ^ 4 ji tglua. (£) 

G ^ I4LIJ Ajjja. oj*j (jk. (JjiaJ G Vmll Sj-jll tlijl£ lil 4ji (jlc. tjAjj (©) 

4 lajjuaJ i^inijl G (j^i ' 2 t5j^-**J 
jl (jAjJ (I) 

JS(I) 
Jail^Lla S 7 (v) 

Jail ALU (jjaj ^ji .lie. IfrJJJj t A-igjLa o jx j j£ ( — a.) 

? Jail<Lla S 3 xS 3 Ja . S 3 XS 3 -J J> *U-1* ^ jl (V) 

. AKLiLa Luxaa. Jc. tjAjJj t Z^ — 1 >— IJ^jall Cj^LjiL..i1 « ^ Xoa. ia.jl (A) 

Z 5 ®Z 5 — 1 Jill ll&,A,A* £J^a. ^ jl ( < \) 
Z 3 ®Z 2 — 1 L-JLj£ Jjll ^M.nl/u ( ^aa, Jla. jl ( ^ . ) 



Ring Theory iilM<u>ki 




. r ;yu. jjc. Ac. t> oj^ 1 (R, +, •) : um^-^-^ 

: (<jt£ lil JaiiSj) jlSlj] (ring) MAla. t . t + (j/nLr. 
(commutative group) AjJ l:u] S (/?, +) ( i ) 
: afoceR JS3 <ul ^1 (associative) J 4^L>i ji) jLS "." AjL^I (u) 

(a.b).c = a(b.c) 

: a,b,cG R JS1 <d (jjw^M ^jJjjII Ujjla (_*.) 
a.(£ + c) = a.6 + a.c, 
(a + Z>)c = a.c + 6.c 
a.6 t> a6 Lllfi. t-u&^j . (R, +, .) (>» Va? R Sic- <.iflii« : Aiayal* T^V^j 
Jl jjbii^j . ASlaJ (additive group) <j» ^ > ll a jll (i?, +) » jll . 
(The zero element of the ring) AilaJI >iua t5 -ajuujj "0" jib U jj^aic. 

. t*Jlj jjc. jjlc o-ajj jj |j] 4ila. LulJ Jg —1 L Jatim 

: a,6e l& lj] (commutative) AJUj] l*j| /? aSLJI JlL (i): ub yu r- > - N 

a6 = 6a 

: aG i? <_£J (jlS til (unity) S-aa. »ll <j] lei? j*^*! JUL (<_>) 

la = a = al 

1 = 1.1' = 1' : 0 li 0tia>J Ua^£j 1,1' ^Ua jl£ lit 4iV <ui Ji^V) 

: (^Vl^ lul jSLuil aE R jj^iE. ij jS i_i j«jui ( — a.) 
a 1 : = flj a " : = aa -' 

. n>2 4 ne N £-*J 
. a°: = l ujw Uili lei? jKlilj 

m 



Ring Theory CAiXssM^j&j (^"p 



: a,b&R : mIuaII Jfrta i-y-y 

a0 = (0 + 0)a = 0a + 0a (i) 

^0 = -0fl + 0fl = -0a + (0a + 0fl) = (-0a + 0a) + 0a = 0 + 0a = 0a 

a 0 = 0 JuIL j 

0 = 06 = (-a + = (-a)Z> + (m) 

=> -(aZ7) = 0 + (-(«£)) = (-a)b + ab + (-(ab)) = (-a)b + (ab + (-ab)) 

= (-a)b + 0 = (-a)b 

-{ab) = a(-b) JUL, 

(-a)(-b) - ab : J » j^L* jjjjj 

: ^«eN\p} 

a m .a n =a m+n , (a m ) n =a mn 
: Vjj l*0:u^ * {0} o^lj 4 fc* jl! ^iol £ R ^ : iUa^ o-\-\ 

l = 0=>fl = la = 0a = 0=>i? = {0} o^aLi 
(right zero l>*4 is A** <j) a & R JUL ( i ) : lJu ?u \-\-\ 

(ax = 0) xa = 0 <j! ^ x€ /? \ {0} li) _J (left) {j^) divisor) 
I jj (has no zero divisors) 4j Aual) ^1 fll Ipl R <SkJl JUL ( M ) 

(integral tU*l« ( jUaj i? <j| JUy . R 3 1 * 0 i^'^R c^' lJli*j V-^ 
J (o-^->) ^ Ujij) . ^JjSJI ^ aJUj aJ^I J? OulS Ijj domain) 

(i? = {0} <= 0 = 1 G 

Sj^j^lae^ JUL . ^ 3 1 * 0 ^ik j? ,-&3 : O. *j A- \ - \ 

: j) vliiaj a,ce u 1 j^>c j '^1 (unit) 
a£> = 1 = ca 

rrv 



. "a.ia.j" t jJl : ujsjj«j3I jJJ jjill Jia^V 

• ti>«j J cs 1 ^ ■Sjj^ H-^ ^ Lii^V 7? ( i ) 
Zj = c J jjij • a6=l = ca i aei?* i a,b,ceR (<-!>) 
« Z),cg i? jj^jc . _>«ji (jjLua Ltuila ae R* (jSJ ( i ) : ^jU >4I 

jj Z> * 0 
: jli jjjjc . a& = 0 , ca = 1 
0 = c(a6) = (ca)Z> = 1 b = b o*&Z 

b=\b- (ca) 6 = c(a£) = c 1 = c (s-s) 
^3l*0 iaSI*./?^ : AJaial* ) .-^ 

aZ>ei?* <= a,Z>e#* (!) 
« i?*x7?* ->i?*(The induced operation) A'Wm^l ajLuJI R* a*. y^A\ (i^) 

a,Z>e i?* => 3c, d e R : ca = ac = l,db = bd = 1 ( i ) : t 'M »M 

=> (ab)(dc) = a(bd)c = ale = ac = 1, 
(£/c)(fl2>) = tf(ca)Z> = d\b = db = \ 

i?.jj a g R* <_£J Aji t^fij J Jim .lei?* ji ^isl jli t> Ajla t*Ui£ . ^IliS 
R* <-«jj«j t> jejJal j LiJ li* jjSlj £>a = 1(= ab) j] tiyaj b& R* 
. (ba = ab =1 <J liijaj Z>e jR* ^jj Aili a& R* <jl£ li) Aji ) 

Y VA 



Ring Theory u&beft^ojlaj (t ^U)in— 2)t) 



: I jj (skew field) Ji* ^ +, .) aSLJI : <Ju uu ^ 

ui tfi abe R\{0}*= a,be R\{0} j J « ^.IjSSl 6- aJU i? ( i ) 

R \ {0} ^ic "•" l-J >i» (ji) dj^lu^l i_l j^ll i? \ {0} 4fi (m) 

•ui R JLJ <fi Jiai li] (R 3 1 * 0 J t>^y ,iA J ■ '» >0 uj^ 
. (field) Stt* u_& lM ^ jla ab = ba dj& a,b& R JSS -d Jl^) 

■ ^ (finite) j-ia- jUai : >r-^ 

\ {0} C J t> 2oa jj| jlkJl . ttlLs i? : U^i 1 

rAJ . a<=R\{0} u^i • (7?* ci?\{0} ji ^) 

: (^jJ j) t5^i j 
Vj:,^e/?:^ a (x) = ^ a (^)=>ax = fl);=>fl(*-j;) = 0 
=> x-y = 0 => x = >> 

J-l£lo jlkj l^jV AJjiuoll fjJ Jill t> AjlU. i? 

. ^ u_&! # J^ij aeR* J J az = £ a (z) = 1 jj ^ 



J A^,„ll c^UU^I ^Ij Jj^JI cj| acj^x : Z[X] Ax. : Y 

. lS-la. jll ji-adt VgJ j Ajllijj Alia. jjfu (jjjjjluJl t_l J^allj £-aaJl ^'jl nr. £-0 X JJ*l»ll 

2x2 ^jjJl t> AjujJ OlijL^Jl Acj^ : M 2x2 (Z) Acj^l : f lSH» 
»Aa.jJl j- <alc 1^1 AiLk Aaaa ■ - A3 jii <-in (j\ jml'if*.) lA ji nljf.j 

fl 0^ 

^^jjl! jl^'VI ac^*^ : 2Z = {...,-4,-2,0,2,4,...} Ac _^JI : t 

. is.la. jll j' talc IgJ (jail j AjII^j] Aila> (jj^ UW"^*^ t_l w >jJall j ^-aaJl JAjoC 
Ac j ^ 

IgJj AjlijI Cliila (jjlljljtSl ' ,'J' U ^ J J^" r - £x AjSLjaII -ll-icY! Ac a 

Ac j^a-o Map(X,R) C0 . ASk i AjIU. jjc Ac jxa-o X o&iJ : 1 ^» 

(/ + *X*) -/(*) + *(*) 

f ' X )R 
JCh»l 

. Map(X,R) 

X t> aI^lUI JI j^ll ^ Ac C(X,M) : te! js Z oSSl : V 

C(X,R) ^ < ^ Jj- ^ ^ J 3 " u^y^ 1 u^j • K J 1 ) 

. oAa.j jm'ir. till j AjII^j] Aiia. (jjSj ^jjjAaxil 



Ring Theory Q£Jb<Ji£o>£u (ty jUfl It) 



"." AjLuJI cjj*iui . .IjLa-all Ujn-iir. jA 0 tjSai j t Ojjj SjaJ (G, +)u&1 : ^ Jilt 

: ^ G J* 

Va,6eG: ai> = 0 

. ^Jljjj 4Sk (G, +, .) ^ 

ja G / {0} olul£ I j] U . Aj>^JI AiLJl AikJl • G = {0} CulS lilj 

» (jjiLjla <_J JJ^aJlj ^'nUr. Z n = {0,1,...,« — 1} J*>^1 : \ ♦ 

. U(n) a&ja -\ a \ \ ^ . 1 s.i*.jll - > i ^ic l$J ajIIjj] ^sk. (jjSj (modulo «) 

o»*Jjll ji ^ (jAjj : j JH» 
£ : 7? 7? , r :R->R 

a ' a 

x I— > ax x I— > xa 

Vx,,yei?: ^ a (x + x):= a(x + >0 

= ax + fly = ^(x) + <£ a (.y) 

Vx,je/?: r a (x + y) = (x + y)a = xa + ya = r a (x) + r a (y) 



AilaJl (ji ^jlft (jA JJ . ^jljjuaic. JSVI j^ic- l$J Afij*a~a X jSjl : Y Jilt 

AjjL-al! ^IjSlI t> aJU. lLumA Map(X,R) 
: <pVl a^L f,g:X->R ^y^.a^b < a,be X jSJ : iM 
M = g(b) = 0, 

A*)=g(x) = 0 VxzX\{a,b} 
■ fg = 0 jSl (cs >-JI fJ J ja 0 ) / * 0 * g : 
^ M^M) aILJ oj^ n>2 <■ ne N J : r J^j 

: gU pit 



o 



o 



o 



J 



o 



0 



0 



J 



0 



0 



0 



J 



Aikll J (^k. (> jj . (open) <^ jii* <nj± Ac j*a^ ^IcC oSjI : i JUL* 
iaSaj CjjlS |jt Ajji^ll jSJl (> aJU qj£2 ((^ £-^) A Jli* jkil) <9(X) 

. (connected) aLjI jiaX |jj 

4 i/jJjJU. jJft jtia. jjLo jljc. >aa-» .la. jj Aili iilje .AJajl jl» t'u.n\ X : t*M >tll 

JJ r\V -<f) <■ UkjV = X : j j£j J^F 

0, xgU fl, xeU 

1, xeF [0, xeF 




Ring Theory CAibJlC^iii (^^(k-JM) 

0) f*0*g u!^/,g:^->C ( JuABll a tiU3) u^b 
. AjjL^JI ^jJ jS3! t> aJU. >*u,ij\ 0{X) • fg — Q (Ajjiuall 

g*6 ubli^o-j ./g = 6 « f,ge0(X) Jo^J^O^h 

(open £ jjs-o J ja. j^jj iLala g <j)l j ■ g(x) ^ 0 ^j^j xsl 

fg = 0 c&jueU g(U) / 0 u) ^ * Jj*- ^ neighborhood) 

X « / t# j • (0 = C/ <> y) / 1 C/ = 0 J ^ Ajli 

. / = 0 j! <iLkj3l Jl jjll jki t> ^jjj 

. (jj^J AjJIAj) ojxjl (JjLajjS jj* j^jVI Ac.j-a=>-o ji ^jJc. (jAjJ : g 

J] « "+" > JU G (ji AjLmJ ^1 . <JIaj) Sj-j G jSil : nil 

. X G 5 '— j^jj^j-^V <J^ ^ 

tjjfLja 4 Ujaa jjx j^j] f : G — > G u^'j 

Va,AeG: f{a + b) = f(a) + f(b) 

+ :ZxZ->Z 
(/,g)H>/ + g 

VaeG: (T + *X«) = /(«) + *(*) 

( G -J u^Jyaj^jJu! g i y) G — 1 f jjSjj*jiS) /+ g j' jVl uAjn-> 

Va,be G :(/ + g)(« + 6) := /(a + 6) + g(a + 6) = /(a) + f(b) + g(a) + g(b) 

= f{a) + g(a) + /(ft) + g(b) =: {f + g){a) + (/ + g)(b) 
G 

: ^frtS "cjjS Jill" *jjlSJl i_k j*j 0 Vlj 



*+*uii fi*s>\A\ ■. jftfi ajf 

0:ExZ->Z 
(f,g)^fog 

VaeG: (fog)(a) := f(g(a)) 
fog ji ^k, jA jij Uji ^i : fjja. Ai j*- "o" ajL*^ jl ^ jVl jA jjjj 
: ^Vl£ (G -J o^Jyajj-j^! g ' G — ! fjjajj-j^j 

Va,Z> e G : (fog)(a + b) := f(g(a + b)) = f(g(a) + g(b)) 

= f(g(a)) + f(g(b)) =: {fog){a) + (fog)(b) 

jez. 

■ uVlj 

0) 

VasG V/,g,AeZ : 

((/+g)+^)-C/'+g)(«)+^)^(/ , («)+g(«))+A(a) = f(a)+(g(a)+h(a)) 

^J(a)Hg+h)(a)-(fHg+h)Xa)^yf,gM^(f+g)+h=f+(g+h) 

: ^VK "0" > Jl) aJJ j^j ji^ ui j*j (T) 
0 : G -> G 

jA < J*- 4 0 j! ^ jA jilu! . G ^ AjUJl jA' "0" tlua. 

: ^Vl£ 0 +/=/ jjl) / e Z fjAjjAjli] Aj\ Jc 

Va,beG:0(a + b) :=0 = 0 + 0=:0(a) + 0(Z>) 

: uVlj (.jjijj-j^l 0 J tii 
V/ e ZVae G:(0 + := 0(a) + f(a) = 0 + /(a) 
= f(a)^0 + f = f 



Ring Theory CAajbJii^&j (to 3i2Ji,»«jat) 



-/:G->G 

a M> -/(«) 

: ^VlS -/+/= 0 <ji j f jjij^j^l Aji 1^ -/ J ^ jn^ 

Va,bcG: (-f)(a + b) := -f(a + b) = = -(f(a) + /(£)) 

= -f(b)-f(a) = -f(a)-f(b)=:(-f)(a) + (-f)(b) 
G 

Va g G : (-/ + /)(«,) := (-f)(a) + f{a) = -f(a) + f(a) = 0 = 0(a) 
=>-/ + / = <> 

V/, g g 2 Va g G : (/ + g)(a) - f(a) + g(a) 

= + f{a) =: (g + /)(a) ^V/,gGG:/ + g = g + / 

(°) 

Vf,g,h g £ : (fog)oh = fo(goh) 

0) 

V/,g,^GS VaGG: 

((/ + g)oA)( a ) := (/ + gX*(fl)) := /(*(«)) + *(*(«)) 

- (fohXa)+(goh)(a) -. (foh+gohXa) ^>Vf,gM (f +g)oh=foh+goh, 

(fo(g + h)){a) := /((g + := /(g(a) + /*(«)) = /(*(«)) + /(*(«)) 



r to 



=: (/og)(a) + O&AXa) =: + /^)(«) 
^Vf,g,h<=Z: fo(g + h) = fog + foh 

: I ASkll ^ &^ jll j^jo jA I (V) 

Vae G: 1 (a) := a 

V/eZ lof = f, fo\=f 

Va,Z> (= G:i(a + b):=a + b -. 1(a) + T(6) 

V/eE Va g G: (\of)(a) := !(/(«)) := /(a) lof = f, 

{fo\){a) - /(1(a)) = /(a) /ol = / 

Aiia. ^ sMcl (jjjjLuJl ^-o X jl cs' 

(cancellation <-«Ul ^jili J d& • a,b,cs R t 4iik R j£j] : 1 Jll> 

jll lit ^ j\3Salo laws) 
a^0,ab = ac^> b = c : jLaall a^w ^> i_jiaJl j^jli 
a 0,&a — ca^=>b-c : jx«uSI ^ i> <-iUI j_jj\5 

t_sjtJl li _jiti jlS I jl iaSij jl£ I jl AjjL-all ^jJ jSlI |jx AjlU. i? <iLaJl jl jA 

R ^ j -aaaa* 

j^lj a,b,ce. R cfi^j <u**^ ^IjSSl jp> 4JU> ./? j£jJ : 

ab = ac, a * 0 



Ring Theory iliJbeJlSojli} (t pU]t l v-*2Jl ) 



t AjjL-all ^IjSlt (> aA± R jVj . a(b-c) = 0, a^O J' (^JaSL liA 
ba = ca, a^O ji J^kj .Z> = c cs 6 - c = 0 jli a 0 

. (jLaiaJla (_4.1aJl ^^la c) ij\ ■ b = c ji c ^ ' ^J 
(j* AjlLk /? ji cliUjj j R jlsLLLa i_iAaJl ^jjli ji (jiajiii] (jVlj 

(jjjla (jV j . a 0 = a b J 2% • ab = 0, a^O^b j£J ^ji^i ^1 jSJl 

AlLJl (axioms <>= jj* j') (postulates) CjIoLlo J£ jjLo UUii i? jlJ : V 
\/a,bs R:a + b = b + a 

• UJ^ C€. R j - -*'"*- j lij 



[Va,Z>G R : ac = be => a = b] 



(a + 6)(c + c) = a(c + c) + b(c + c) 

= ac + (ac + bc) + bc (1) 

(a + b)(c + c) = (a + b)c + (a + b)c 

= ac + (be + ac) + be (2) 



ac + bc-bc + ac 
=>(a + b)c = (b + a)c 

a+b= b+a 



ji (2) i (1) (> 



Vx,yeR:(xy) 2 =x 2 y 2 ^ j <aL. i? : A JIIa 

: rjjk jj) 

Vx,3;ei?:[jc(3; + l)] 2 =jc 2 (^ + l) 2 

(xy + x) 2 = x 2 (> 2 +2^ + 1) 
=> (xy) 2 + xyx + x 2 y + x 2 = x 2 y 2 + 2x 2 y + x 2 
=> xyx — x 2 y (1) 

: ( J*C J^aaJ X t> V JJ X + 1 — J jj-^J^Wj 

(x + l).y(x + l) = (x + l) 2 .y 

=> (jcy + .y)(jc+l) = (x 2 + 2x + l)j 

=> xyx + xy + yx + y = x 2 jy + 2xy + y 



=5>xy = yx 
en 



Vxe :x = x 



Vx,.ye 



(x 2 j> - x 2 ja 2 ) 2 = x 2 yjc 2 y - x 2 jx 2 ;/x 2 - x 2 yx 4 .y + x 2 .yx 4 >>* 2 (1) 



oSl, 



Vxei?:x 3 =x=>Vxe7?:x 4 =x 2 



Ring Theory aULbJigujlaj (^ M * w p 



JiC J^»2>J (1) ^ <_>iiJj»jlljj 

(x 2 y - x 2 yx 2 ) 2 = x 2 yx 2 y - x 2 yx 2 yx 2 - x 2 yx 2 y + x 2 yx 2 yx 2 = 0 

=> x 2 y - x 2 yx 2 =(x 2 y- x 2 yx 2 ) 3 = 0 => x 2 y = x 2 >>x 2 (2) 

: lSj.}la jLalbj 

(yx 2 - x 2 >>x 2 ) 2 = yx 2 yx 2 - yx 4 yx 2 - x 2 yx 2 yx 2 + x 2 yx 4 yx 2 (3) 

: 'Liaji 

Vx€ : = x 2 => (>>x 2 - x V) 2 = 0 

=> j/x 2 - x 2 .yx 2 = (jyx 2 - x 2 yx 2 f = 0 => yx 1 = x 2 yx 2 (4) 

: Jc (4) ( (2) o- 

x 2 j/ = yx 2 (5) 

: Uj^I Lid 

(x 2 - x) 3 = x 2 - x => x 6 - 3x 5 + 3x 4 - x 3 = (x 2 ) 3 - 3x 2 x 3 + 3x 2 - x 

= x 2 — 3x 2 x + 3x 2 — x = x 2 - 3x + 3x 2 - x = x 2 — x 
=>-3x + 3x 2 =0=>3x = 3x 2 =>2x 2 =3x-x 2 (6) 

(x 2 -x) 2 =x 4 -2X 5 +X 2 =2x* -2X 3 =3x-x 2 -2X 5 =3x-x 2 -2x= x-x 2 (7) 

(6) 

: Lbi (5) o-j 

(x 2 - x) 2 y = y(x 2 -x) 2 ^(x-x 2 )y = y(x-x 2 )^ 
xy-x 2 y = yx-yx 2 =>xy = yx 

■ J <J\ ' (idempotent) a .^1 JjUL» R 4lk 

? (j-iJl Ja . AjII^jI ^(ji^jAjJc x 2 = x :xei?J^l 

Y£<\ 



: ji VjI 6*j^ : ljU >J) 

\/xe R: x + x-0 

=> (x + x)(x + x) = x + x => (x + x)jc + (x + x)x = x + x 

=> (* 2 + x 2 ) + (;t 2 +x 2 ) = a: + x=>(^ + x) + (x + ^) = x + x 

x t =x 

^>(jc + x) + (x + ^) = (x + x) + 0=>a: + x = 0 VxeR 

a, be R => a + be R => (a + bf =a + b 

^>(a + b)(a + b) = a + b => (a + b)a + (a + b)b = a + b 

=> a 2 +ba + ab + b 2 =a + b => a + ba + ab + b = a + b 

a 2 =aj> 2 =b 

^>ba+ab = 0=>ba+ab-ba+ba(\/xER-.x+x = 0,baER)^>ab=ba 

• R J cil 

ts—a) 2 2 * 2 o^lj aJU R : jL^o Ji. . ^L, ^ ^jUl 

(George Jjj cs^^J 1 J) V* 3 (Boolean Ring) <Ay 4ila, AiLJl e iA 

((Ulf-U^r) Boole) 
i? J.ISL. JLLs i jSJl JiUl* f e^O jl£ !i! d ^ : j > 

e 2 = e => 0 = ee - e = e(e - 1) (R ^ i±± jil j.^v. ja 1 dua.) : flU jajj 
=^> e-l = 0=>e = l 

AjjWal! ^jjil jail jjx JU. R j e 0 

Yo. 



Ring Theory auia«Hgui>&j (t> jtt)t tl } 



,uc lij (nilpotent) S jill ^Jttla <ii ^ a j.^wl JUL : ^ V JlLa 
aia. jSl j. ^t»\ l jA 0 J ^yic- jj . a" = 0 qj^J ' "'J**.' l> » ^j*> » ^ 

Aji ij\ a" = 0 : n e N ^jj Aila iiiie . SjiSl f .i*i* ae D c£A : flU »3t 
ji a = 0 ^J*" 3 j—l ja <3 c«l D J • =0 :«gN ^.jj 

»l jHy,Vlji a"~ l = 0 jlS I i] . ^Uaiill ^ jS oj^j a = 0j^li! ■ a"" 1 = 0 

. a = 0 u' '-W (j^W 
. b 2 = 0 « s^j a u! R o^j ' ^ R : ^ Jtl« 

. R ^ Sjcj a + b (J ,Jc o* 

: J • R ur* J* 

[a -1 - (a -1 ) 2 b] [a + b] = (a -1 - a~ 2 b)(a + b) = a~ x a + a~ l b - a 2 ba - a 2 b 2 

= \ + a' 1 b-a 2 ab-a 2 b 2 (U\±\ R) 

* 

= \ + a%-a x b-Q = \ 

= [a + b][a l -(a') 2 b] R) 

. R Si*. j a + 6 ji ti! 

o j-ull (—J^jJall j £aaJl (JjLlLaC. AjjVS tlllc jAa-all L» lij .1.1a. '. S t 

LjjjJall j £--aaJl ^"nUc #Z ( i ) 

(5aa. jxJl jLaJajuoll .ll.le.Vl <C- j^i><i) Z + (m) 

^^1) Z®Z (^) 

(_a>) ^ LaS i_l j*iJl j ^1 2Z ® Z ( J ) 



jjjjUxJl «_j jj-bll j <_ s jA 4 e ^ {a + Z?V2 I a,b& Z} (_a) 
tjAitu^JI i_j j-Jall j (jj^ ^ {a + bsfl \a,be Q} ( j ) 

t_)jjJaIj ^nUr. ^ rel tlua. r i Aijj^ill jl.lC.YI Ac * ( j ) 

Z + (s- 1 ) cs^ Ac j<vc> ^1 : LaJ Uk. JjSj Jiui Lc JS : JaJl 

lilLiA OJ^J (1^ ^ '"*^) ^r^' 4jLa»J Afuullj JjLa-al! juVnti jAj jL-all ^gJc (_J jOaJiV 
(jj >*n^ ( j ) tS^ ASjiuall Ac j<i7» oil 4 AjLaC <iuiiiL ^j^ir* JUIIj 

<uY ilia. 

(ji ^^-b 01 j^*- 9 -^j/^ ' (1,1)3* S:La - j^ 1 j'^'f- : Ma?) (— ?■) 

(1, 1) I.1C LuS l_Jjj_ia]l AjLaaJ <Jjou1Lj (jil 
(jajioa .la.jjY AjV ilia. Ca-uJ 4 1 + 0^2 jA Divjll j..-i\r. 4 AJl^jj (_&) 

311. 2 + 2V2 j^i^^j^ 

jA 6.1a. jJl jj^»jc 4 AjII^jJ ( j ) 

ji) S t> ajj>]I J£ (collection) ^ u^l : n JUi 

-: $)(S) "." 4 "+" aAjl^l . (5 -J ijiA ac^^ 

^ + 5:=^u^-^n5 = {xG ^ or xg B but xg^n5} 



Ring Theory GUlsJlJvjjiii (to iiiJt^2Ji) 

A,BGp(S) 

J o*Jij ■ S = {a, b) ^ p(S) _S "." i "+" -J uJ,^ cJSSI 

(£?(£),+,.) 
: 



+ 




{a} 


{b} 


S 








{a} 


{b} 


S 




<t> 


{a} 


{b} 


s 




<t> 


<i> 


<P 






{a} 


{a} 


<t> 


S 


{b} 




{a} 




{a} 




{«} 


{b} 


{b} 


S 


<t> 


{a} 




{b} 


</> 


<t> 


{b} 


{b} 


S 


S 


{b} 


{a} 


<t> 




S 




{a} 


{b} 


S 



. jj l$J ,j jj (3jUJI \ . Jlio t>j ASk (^(5),+,.) J jjlc 4jA jJl jUU c*5 jjj 



: jl till jjj&I iliilS L> lj* iia. : W J&i 

<sla. (jjl) (Jia. JS ( I ) 
s.la, j]l jj-taic IgJ Asia. (t_s) 

UI J£ ( j) 

i'lnijl t Aila. (jjS (Jla. (j-o ^-pj^- " liSliA (jj^ U' 0^-<"^l (j -4 ( *) 

. L5>!>lSa. 

<A\±\ jjSS Aila. Aji £AaJl AjLc. ( £ ) 
^» (jji <J <aia, Aji ^ j' aic. JS ( ) 

<a^ (J.).( c ).( J ).(_ A ),(i):^a 

( j ) « (^*) , ( M ) 



. 1 aia.jll j i ^ir . ^gA j oAt=>.j »^=>-J U-J Z 2 ( — ^) 
ejl^j "0" IJC Lu2 U j^Lift JS t 1 S^a. jll j^iit VfrlR ( J ) 

o-ia. jll j.^iir. (Jill j ^ J., <Vir. ^yJ^iall (jajii-all ji tJ le. JJ I ^ A 

* ^ * * ** v * ** / *\ ** 1 ** 

a = I. a = (a .a). a = a .(a.a ) = a A = a 



Z>:= 



r-i o> 




f , -n 




< a := 











uSJ M 2x2 (Z) ^lijL^Jl ^ 



aft 



1 -lY-1 0 



0 0 

r-i o\ 

1 0 



1 0^ 

1 -f 

0 o y 



ro o^i 

0 0 



'-1 1 Wo o N 



1 -1 



0 0 



_)i .Vic. l^J 4 AjII^j) jjo AilaJ Vila ujJal : T » Jlia 

(jjjj^l (jjljAaJLi i ijjJbllj ' «j. '« . /J ; = jf), a, b, c} ,J.'""~ 





0 


a 


b 


c 


+ 


0 


a 


b 


c 


0 


0 


0 


0 


0 


0 


0 


a 


b 


c 


a 


0 


a 




c 


a 


a 


0 


c 


b 


6 


0 


a 




c 


b 


b 


c 


0 


a 


c 


0 


0 


0 


0 


c 


c 


b 


a 


0 



Ring Theory DUJbcJl^oj&j (^''^p * H ) 



(Cayley's tables) ^AjS Jj'-*?- J 

Ji* Q[V2]:={a + iV2|a,Z7GQ} J JcoAjj: 

: jjjlu,, ^j^ll «u*j£** a + 6>/2 G Q[V2] 

1 _ a-b4l 
a + by/2~ a 2 -2b 2 

Lj*£^o4 4l uV 0^3^ l^j V2 =- VI j a 2 -2b 2 ±Q j 

j£ a + b 

5=2+3 Uiu 2.3 = 0 < 2 * 0 * 3 oV ul;>^ ljU-AS 3.2:2^ : JaJl 
5.1 = 5 , 5.2 = 4 , 5.3 = 3 , 5.4 = 2 , 5.5 = 1 

a jail <SjLola j Clli^j jjfu duaJ R Aik. ^ j.^il Wll ,1a. jl : TV Jlla 
M (j^J MV=1 tjjlj iluaj VGi? •^•Jiti' i,la -J " : ll— ^ 

(ji « 1 = 1 J u(uv) = U 2 V = MV = 1 J f&i ■ U = U C) (j) ojSlI ALLolo 

«=1 j 

«Z> = 1 &a = 1 

\00 



: Si* w» 

Va,b<=R\{0}: 

ab = l=> aba = a=> a(ba - 1) = aba -a- 0=>ba = 1 

a = 6 <^= a 3 = 6 3 » a 5 = 2> 5 ( 1 ) 
I asjJ) ^,1 j5 ^ 6 c a ^ a" - b n » o w = #" (m) 

a = 6 <= (i? ^ si».j3l j.^V- 
: uV! j - a 6 - 6 6 <^ o 3 = Z> 3 ( I ) : flU ^1 
a 6 /3 5 = Z> V = a 5 Z> 6 => a = b ( <J*l£U JlLil! .J «jjaJI ^U) 

(^iUi = 0 <= a = 0 *JL>JI) 
•O^-j ( j, ■ ' uW^aj (lei? lSj**) ^£ I «a u.' m,n (s-i) 

rm + sn= \ (jjfL tLu=u 5 (-jILu j^Vl j r o^Jj ^r^j* r, spp^ ■ ^ <jjJ^c. 



rm+sn 



a rn, b -sn _ yrm Q - m _^ ^-sn _ j-snfrrm _^ jm+sn _ fr 

=> a = 6 

rm+sn=l 

t a x a r - a x a s 0^ 1 j) j < # ^ Sjj^^. U^Uc. <J£ jV R ^jl^o ei* 
^UlUj t a^O « ajjL^JI jSII j> <JU a l (a r -a s ) = 0 r * s 



Ring Theory oUJbJi^jj&j (ty siai p,„a)\) 



a,^0 4 <j>^> f*JjS a-J aSLJI Sj* .a,(fl A -fl i .fl i ) = 0 jli 

. m <n oSjJj <b^ ij^jtm^ o^Mj.a,6e/?\{0} j£l : lM j4 
. (j^Uj liAj 0 = (ma)6 = m(ab) = a(mb) * 0 : jVlj 
. (a(wfr)*0 jli JUWj t^jL-aB jSSl <> yii j? j /r^^O « a * 0 J 

NulD(>^ u^Jj ' tSUaj D j£J : Y A Jli* 

. ^j(jc) = 1 jli Z> s^j x tiijlS I jj <d jA • #>(*y) = #>(x)#>(.y) 
^ ujilS) ^(1) = 1 jli J^j < = ^(1 Jc) = <p(\)<p{x) : <'M A 

^O)*0 61* J^bj 1 = ^(1) = ^(x -1 *) = ^(>~ V(*) :jVlj 

^?(je) = 1 jli '<*>■ >« ^Jau^s i^fri Ujb (p " Jjx-a" jV J 



(1, 0) : U 3 Sjlti Uau. j j-j ^1 U-al»ll AjSjAaJl J <ft ji Jic 0) 

Va ei:(/+ g)(a) := /( fl ) + g(a),(f.g)(a) := /(fl)-g(fl) 

R^R^QR, <8>...®R n := {(a„a 2> . ..,«„) | a., e i?J 

(a l ,a 2 ,...,a n ) + (b l ,b 2 ,...,b n ) := (a t + b v a 2 +b 2 ,...,a n +b n ), 
(a, , a 2 , a n ).{b x ,b 2 , ...,b n ) ■= (a,Z>, , a 2 b 2 a a b n ) 

>u[UaSI m >uai| J^ala. ^ ftui'i^ ^Sla. Jjai ^jijUtA (jjjU <*-a jjj^ J <j*J^ 

. Ltd l^ij^Lo! t R n i . . . ( R 2 t R\ dlilaii 

JJC. J^LlC (^k. (Jjivj i?„ 4 ... t R 2 l R\ » jJiUo (^jIuJI <jO*^' ts^ (^") 

< Jc (jjlaj JS jl£ |js) JaSa j jl£ lij sis-j ji^ijc l$J jji jA jj . AjjL-a 

j.^i'ift Ljj (jjiJ t Ajiljuj jjc. t jjc. AiiaJ Jafit (£) 

^oJl ^pA^ ^ 4ik Z[V2]:={a + W2|a,Z>eZ} j 1 c> (°) 

AJI^I AjL& C^j 4jjjb (jj^J ^1 Aiki! ji J*. jAjJ (1) 

(i? ^4 di* jll J£ ^ ^ £/(;?)) t/(R[X]) 4 C/(Z[X]) o?c (V) 
9|12:Z 15 < 3|7:Z 8 ^ i 4|2 J > u»Ji % 6 J (A) 

Ajftl Q^uL^Jl Sjjj^L) Jiajtf Z„ AakJ» jl J«Ji} « taja^a b-lc .is. j\ (^) 

: Z ASkll 

a = 1 J a = 0 ji j» jtu-i a 2 = a ( i ) 
6 = 0 ji a = 0 0^311^^ = 0 (v) 



Ring Theory dUL-*Ji£o>&j (t7 jliJl^-i)i) 

b = c j» jlluu a b = a c (— ?.) 

JLjll^j *ik oj£ 6 o-Ui- ^j-^l j £-^> tryl^ ^ {0,2,4} ^ >*~ll (U) 
a = 0 fjli-u ab = 0 d o*Ji - * fr>*^ x 3 = x tiia^j V- Aik ^ V) 

: jl «Vj 5 Jb jtiiLc "." « "+" 4 ^ 5 ^ t (5, +, .) j^l °) 

*J-J (£+) (') 

a(& + c) = fli + ac (— =>) 
(a + £)c = <zc + &c 

a,b,ceS 
. Jl* (5, +, .) J ^ jjA jj 
A^c J Jc ^Ajii ^ (1 + + 6) jjilja ? ^u-i : JL4J) 

jjJtjAj; a,b,CGR < AikJ? j£il(n) 

a(b-c) = ab-ac,(b-c)a = ba-ca 

Ola (s^ j5l ^^io) lei? lil j 
(-l)a = -a , (-1)(-1)=1 

(rna)(nb) = (rnri)(ab) : J <J& u*j£ a,b&R<. *&*.R <■ m,nsZo^ 0 v ) 



4*4 Lift f^t>m : Jj*l WUI 

n(-a) = -(na) : c) ae R <■ Aik t «gZ ^ ^! 0 A ) 

m(ab) = (ma)b = a(mb) :Ji <Jg jj* -meZi a,beR<. Aik jSj] 1) 
: li] iaSij li] R J o*Ji ■ R 6^ (Y • ) 

Va,beR: a 2 - b 2 = (a + b)(a - b) 
a " = u_& ' *'.)•>■' aG R <JS1 « v^j-* j j^j ASU. -/? <j£jJ ^ ) 

. -a = a : oei? JSJ <ji ^ jA jj . a 

: (- a)(- 6) = a 6 jl > ^Vl <jU J$ J ^ (<W j») j L. (Y Y) 
(-a)(-6) = (-l)a(-l)^ = (-l)(-l)flft = lafc = a6 

Z 12 Ji jc 3 -2x 2 -3x = 0 Abl*-Jl Jjk ^jl (Yr) 
Z 23 i Z 7 ^ 3x = 2 ALUJI cU (Yi) 
Z 6 ^ x 2 +2x + 2 = 0 aLUJI (Yo) 
Z 6 ^ x 2 +2x + 4 = 0 ALU- II (Yl) 

: AlLU. 4^r>.,i AjjVI Cjljjjiull U lit (YV) 

. U ji hoc. cLlju! n <JLul£ I j] <iji^> jS Ui «2 ( i ) 

. iUlSl* ISUaj Jk J£ (<_)) 

/j ajjL^, J U! ^ « C J R ji Q ujja. M nxn (F) ( ^ ) 

S ^J UJ^ ^2x2(^2) t> ti>^» J-ai& JS (__&) 

cUSia JOlj (« (JjLLo Wall jljeVl <SU) Z n AikJl ( J ) 

Ukliaj 2x2 ^jill 0- a*jjJI ^liji^J Aik) M 2x2 (Z) Aikll ( j ) 
j^,Lic t> ^j^a Jk Z 3 [/] = {a + bi I a,Z?e Z 3 } (^) 



Ring Theory CA2Jbs)!£j>iii ill) 

? 5ULk jj£ CjWj^I tf i (YA) 

Z[i>{a + W|fl,ieZ} (v) Z (1) 

Z[yj2]:={a + byj2\a,beZ} (i) Z[X] (_^) 

) n Jlia jiaJl) i_iAaJI UjM 1*1 JjWjj U!.1j] 4ik ji Je, jAjJ (Y ^) 
UUai CuJ l^SJ * 4jjL^U jail 0- UlL jjSj 4iLJ VII. m . ) 

.lift ft i— ua < a" = 0 jSJ j « 1 eia. jll j*-sj£- ^ t j>^iic a jSLll (V \ ) 

o— \ — \} j* 1 Y Jlla ^ jjj LaS t SjSJl ^»ji*1o tj.^iic a y» ' a 

■ isij^ 3 o»J&*-* ^ I — a ji t^it j& JJ 
((l-fl)(l + a + a 2 +... + a n_1 ) : jLAJ) 

jj-aic. j& La Alia. ^ ojill ^^jjIaL* jjjk-ajc i-JJ*^ jj^aL*. ji ( _ s Jfc jA JJ (YT) 
• (ji U*J^ • W>* i-^>° t^jai i n f^Jc. c/ jfuJ 

Q[-Jd] := {a + by[d\a,b<=Q} 
jj . 10 u-yu ^jj^Ij (^ijLc c^i i? = {0,2,4,6,8} j*J 

? ^jaJ (jUaill ^Jjxj cJl£ (ri) 

ULLj jjSj P:={n\\nG Z} ji <^ic j* jj . j» j^jt a1 ^USu tSUaj D j£J 
^> jU£l« (jLkj JS <j ji^ (jjSj P ji jAjj.Dj- ^- al ^> 

• D j- 



Z> o- <u> Aft y^x, jA Z) jlkil) t> 5 ^ jaJl jUaill : Jli J) 

ia-beP : a,be P JS1 *jl ^ jii D 6* ^3>. (jUaiP J ^ aja jdl 
dip. «1 ^ ijji^ij < 1 ^ ^ jlsj Z) t> ^3?. (jUaj JS . 1 e P t ab<E P 

.( /» (jit (JjlaJ li*Jj i«6Z 
jl£ IjJ Uft IjU . j*-aUft Ala. ^> jjjSjj (Jx\il» jUaj Ajl (jlc jjAjJ (VV) 

? f j>«Vir. _^Jic Annoa i j>^iljf. A*Jji (j<o (jjSSj 

(! OjSj a^Io JxlSl« jUw JS ji jSii : jUJ) 

a 2 + ft 2 = 0 <j) C mH^j & « <Z (jJJjiwa jJC. (jl j^aic. Ajj JjfLj U^iix 511* L jjfc (V^) 

(Z 2 [i] := {a + bi \ a,b<= Z 2 ) . Z 2 [i] _S ^>^ll Jj^ j^i (£ •) 

f J-lHo Jllu ^ Ja ? JSa. AikJl • j* Ja 

jA jj . ijjL^^Akab d ^i*-* a,be R t aJjj) Aik i? (£^) 

• R <^ <J J*"» b J R ij jL-a ^uila a ji 

x 2 -x + 2 = 0 aJjU-JI (£t) 
x 2 -5x + 6 = 0 AbUJl jiic! (£r) 
? Z 7 aU*^i Jjk jjo ^ ( i ) 

Z, 2 tJji^i «W J*J» 

Z, 4 ^ JjkJl Ja>jl ( J ) 

= 1 J J* • j-UJ t>n lj< 515* F jSJ (£ £) 
J 5USL, taUaj Ca^u] l^jSl s^a. jll j^Mft till j AjIUJ aSLJ (jS-<uV liUJ ^uJaj (£ o) 



Ring Theory CiiiJbJi^iai (< ^ti»l,«— 1ft) 



Ring homomorphisms, Subrings and Ideals 

cp\R^R' fj J . oASk (#',+•,.*) . (/?,+, .) jSii : wr^j 

: a,bG R <J£J : lij (ring homomorphism) ^ >4 ja j» 

+ = + (i) 
<p(a.b) = (p(a):<p(b) (m) 

^jyixfeLijjj t (epimorphism)^JaajjAuj tfaionomorphism) ^ >i j »j. v :^ja 11*11 
. (automoiphism)^jjaj-fcLHii ' (endomorphism) ^)ja j,»a,jjj) * (isomorphism) 

. + J 1 ■ ' ' "J 

7^($:={aEi?|#(a)=0'} ^j^l . LSk ^ jj-j-jA <p:R->R' c££ 

(Kernel (9))) (jp) i\ l#iL (R' ^1 0') 
f -yi i v>v.»A (p :R-*R' : oUa»al« Y — Y — > 
(i? aILJI ji^ j& 0) i&>-(#>) = {0} <=> ls^UI fuJ j 0> ( i ) 

r jjijj-^j* y/o(p:R^> R" t= ^ f Jyij^w* yf.R'^R" (— 

(subring) ^iV» ^la> S .ASkfl^^Sci? jSl : uLuj T-1-S 

: (jkj Ii] R t>» 

Va,6: a,6G^^[Q + ^G^ a6eS] ( i) 



SxS-^S,(a,b)h+ab i SxS^£;(a,A)h»a+& uP^-^ oA}L«Jl ^ 5 ( M ) 

. Aial^L* ^sVl CjI jjjftt . 0*ScR i'^Rc^: t-1-\ 

R (> 4ik S ( I ) 

a,be S => ab<= S i R -A aj*^! s j> s j-j 5 

a,be S =s> a-be S , abz S (— ?.) 

: Ji*3W (ideal) . 0*AaR oSJ : *3 a-t-^ 

Vae A Vbe R=> bae A,ab<z A (m) 

tf^ (i) 
Va,beA: a -be A, (^) 
Vre Vae ^ :raG ^,are ^ 

: v-r-> 

j^uxl! ja 0 ^) 4 {0} L»a oApj?- 00^- IJJ^ R ^ J£ ) 

Lpj JUL ^iU jjc. ^jj ja. <sk. ^ij 4 (proper ideal) (ji** ^tl* <U JUL jjc. 

(proper subring) <A*s> 4-u y*. 4ila, 

7to:={ra|rG R} 

R ^Ullo 

0 = 0aGito (^) : Ra^(p : £U ^ 



Ring Theory CiOWl^Uu ^lill,*-^ 



: ra,sae Ra (Y) : 

ra- sa = (r - s)a e Ra 

: s g R i rae Ra (V) j 

s(ra) = (sr)a g Ra, 
(ra)s = s{ra) = (sr)a e Ra 
U\±\ R 

. s^su. pitjvi ^ (r) ( (y) 4 (>) j> 
3meN:^ = wZ <=> Z ^ ^ ^ . ^^cZ (r) 
J ^ 0~Y->) o-j < j*J» ^ 6- (£-£-^1 ) T Jll. : Mjj 

Vn g Z Va g ^4 : g ^4, an g ^4 (*) 

. a = mz ul z g Z ^.jj a e A <J£J ^ u^ 1 j 
V« e Z Vmz g ^4 : n(mz) = m(nz) g mZ = ,4, 

(mz)« = m(z/i) g wZ = A 
. Uti. QjSj ^ jli (*) (J 'j] ^ 

(Z 6 :={0,1,...,5}) <>^>*ik {0,2,4} (£) 

. C Ulix C (JLJI) 6- V> ^ ^']?={fl+&-|fl,^GZ} (*) 

Jll. : jL^. Jll*) gill. Aiik J£ t^yl ^ 4 Aik jA Jll. (1) 

(" 6> ilx* ,3jLuJI (©) 
: 4g A- Y- ^ 

. ^f) jl^l* 0e5 j y-^SL a0 = 0 w 0g i? : ^ >J 

Yno 



: u^'j • ay = 0 i ax = 0 : J ^-^k ^ G S u^jla 
fl(x-^) = ax-ay = 0-0 = 0=> x-jG 5 

: jli 

a(jcy) = (ax)^ = 0>> = 0 

• lM j^' lvj • xyG £ J t^' 
at. <iU £ (The centre of R) tt» ui j«j . i? = j J^j 

. R t> ^uja. 5ik i? jS J j^k. • 5 := {xg R I ax = xa Va g i?} 

Vjc,jv: x, yG S => xyG S 

x,ye S => ax = xa VaeR (1), 
ay = ya Va g R (2) 

: jVlj 

VasR: a{xy) = (ax)y =(xa)y = x(ay) = x(ya) = (xy)a 

V x,yG S : xy g S : <jl <ji 

. a 2 =\ d *f*4 flG R « (*^ j» j-te l«l til) 1g o£3l : r Jtl. 
T 1g 5 J* . R u- Aji> Aik 5 := {ara | re J J* u* 
. 5 * <f> J ti' 4 l = a 2 =aa=a\aeS : lM ^1 

le/f 

ara,asae S => ara~asa-a{r-s)a g 5", 

caraasa = ara 2 sa = ar\sa = arsa g 5" 

. 1 ft.ia.jJl j i ^i'ir- (jit (_jjOaJj (j<a Alia. S (jji (j-»J 



Ring Theory CAiWi^jylii (4 ^U)(^-a)l) 



Ajj ja. Asia. : ji jA JJ . 7? := 





a a-b 




H 


\a,be zj 




a-b b 



M 2x2 (Z) o- 
: JaJl 



R * <t> d l?' 



(1 1 

,1 o y 



a,b,c,d g Z 



a-b) 



a—b 



( a a-fr 
\a-b b , 



c c-g? 
c-d^ f 



a a-b\ 



a-b 



R ji>l jVlj 



K c-d 



a-c 



a-c-(b-d) 



gR 



c c—d 
c-d d 



R 



K a-c-(b-d) b-d } 

2ac-ad-bc+bd ac-bd 

ac-bd ac-ad-bc+7bd / 

• ^2x2 ( Z ) t> ^> ^ R U» J 

Z 6- V> ^ ^4 2Z u3Z a' <A 0* : 0 lSH» 
3-2 = l«?2Zu3Z jfl. 3g3Z » 2e2Z : <-M »Xi 
< c> u^J 1 ^ 1 i> 00 ci* ^ #:=M®R®M uSSl : 1 Jfti 

£:={(a,6,c)e R\a + b = c 2 } 
(! Aila. i? ji j* (jSaj ) • R C>* ^Sla. 5 : ji 0* JJ 
(2,2,2) -(0,1,1) = (2,1,1)* 5 L^(0,l,l),(2,2,2)€5 : & 

. /? (jA Ajj ja. Alia. q*A S jli JULj 
— (J Jc (j jiaJ Q j* AjS ja. Aala. >*J Aa. jl : V lUI* 

^jlkJI <}5>]l *a*JI ^ 5 = {— | me Z,ne N} jl Jc j* jui : fe& 

Q j«j Ajj ja. Aila. 5 ji ^j-ial j 



nv 



2"' 2" 2 



m, m 2 m 3 

— - =— ,m,eZ,n,e 

2«i 2"' 



m, m, m,m, _ 

— ' = — - — -€ 5 

/iV , 1 



V 2 2y 



2 



d -b 2 =(a-b\a+b) uj£j a,6e i? <si ^ • ^ = A Jti» 

. 'a&l R I j] lis j CiilS I j] 

Va,be R:(a-b)(a + b) = a 2 + ab-ba-b 2 : flU n& 
: <jla JUL, o6 = ^li ^J|^| R I jj 

(a-6)0 + Z>) = a 2 -Z> 2 

<ji <ji a6 = 6a u_&j ab-ba = Q (a-b)(a + b) = a 2 -b 1 d& ^! o^Wj 

Vre R Vn € N : #>(«r) = w#>(r) 
^r") = p(r)" 

: tjl aaa > st (jJJJj£Jl (Jl £CjJJj n = 1 .lift I (jj^aLjjll el jSIuiVIj : cM->^' 

Y1A 



Ring Theory caiaJtOo^iii (^un^ai) 



: n = m + 1 Jic 

<p((m + l)r) = q>{mr + r) = ^(mr) + #>(r) 

= m^(r) + (p{r) = (m + \)(p(r), 

^( r m+1 ) = (p{rr m ) = ^(r)^(r m ) = (p{r)(p(r) m = ^(r) m+1 

4 i? ^ S^a.j3l j» nir . 1 <j^J • f JJ^J^J* <P'.R—>S j^sl '. j ; till* 
tjjSj <p(\) (jli iiiie i (lijj i t j*lc. Uui j 0> 4 -S £ {0} 

: oi\j . (f{x)=y u! a?.jjj;g5 <^^j j^lc. ^? : »I) 

#>(l).y = ^(l)^(x) = (p(\x) = <p{x) = y, 
ycp{\) = (p(x)(p(\) = <p(xl) = <p(x) = y 

B czR 4 Ulla ^4 c i? olJ j . 3k ^ jja jj->-ja (p;R^> S : j ) JH« 

. <jija.4Sk B'czS 4 Uli* ^'crS 4 ^3>^uk 

: J (Jb. o*jj 

Jli- ^) C S 4= (J-US) j-lfc ^ ( I ) 
Jli. (p-'iA^cR ( M ) 
V>*ik ^(5)^9 (^) 

V>*Sk <p-\B')czR ( ^) 
(o-r-i) ^ < ^jii ^(( I ) r-t-\) aji^ <> ( i ) : ^ 

V^(a) g q>{A) \/se S: s(p(a) e ^(^^(a).? e (p(A) 



: lij^ij (p(r) = s ^ rsR se S JS1 Aila o! A?^ i>j 

s(^a) = (p{r)q^d) = (p(ra) e ^A\^a)s = (f^a)(p{r)-(F(ar) g ^) 
JlL y4 c J? JB* ^ c 7? 

Vae ^"'(^') VreR-.r'ae qf\A\arE (p~\A") 

■ uVlj 

aef'^ 1 )^ (p{a) e A'^> (p(ra) = (p(r)(p(a) e A ' 

J^A'czS 

=>raG q>~ x (A ') 

ar^qr\A f ) Ji-Lj 

Vjc',/ep(fl):jcyep(£) 

x \y *g 3x,.y g5 :x' = ^(x),>> '^OO^foO 

= ^(*)P(.y) = *y • 

J ls' (p{xy)E (p(B) t5^J B d* R ^ V> ^50!^^ 
J ^ .ad (*-y-^) d-j < J ((^) r-t->) ( ^ ) 



Ring Theory uUi^jj (^UJI,*-^) 



x, ^ e <Z) _I (5 ') 6 5 ' => (p(xy) = (p{x)(p{y) e B ' 

a jjUJ! > ^ Jll« <> <ila l^iij i> Ajj ja. ^Sk jl djja. ^> : t'jU pl\ 

Vx'^.'e 3x,^e i? : x' = <p(x),y'= p(y). 

x'y' = (p(x)<p(y) = <p{xy) = <p(yx) = (p{y)(p(x) = y'x' 

U\±i\ R 

3Z aSLJI ^ (^aj>-j^) JSLiS 2Z aSLJ ( i ) : jl o* : Jtl* 

4Z aSLJ) 2Z *ikll (m) 

,^:2Z->3Z . M 

2x h-> 3x 

p(2.2) = 3.2 = 6 * 9 = 3.3 = <p(2)<p(2) 

(3Z -J ^ 3 i 2Z -1 jJj*2 J i^V) . ^U. j,jii5l 

(R = C) j3£L&. C i R u^Ji : «-A3t ji o* ^ : j i 
g /, - / U C o^U l^i x 2 = -1 *bUJl . jiJ&\ : J-aJl 

R JLJ! ^ 

oJSUli- oUjSj C\{0} « R\{0} jla <jJ£L£- C . R u 1 * ^ = tl &1 
Oo—kfl Ijc Ui ^3S- jJi Ajjitj Sj-j Jji R\{0} Ji jjSl . tdliS 

YV^ 



C \ {0} ^ Ui . Jill 2 * 1 ^ jll W uAsjSb (jii j*j jl^l jj L^ila -1 .1 
ujSJLJI ^ . 4 {/,— l,—z,l} ajjSIjII S j-jll Jljj i jli 

p:M 2x2 (Z)-*Z 



f a b\ 
c d , 



: Jail 



i lYi 6S) 



o o 



1 0 



J) 



2 0 
0 0 



= 2*1 = 1. l = p 



n n n 



0 0 



(p\R 
'a b\ 
0 c 



a b 
0 c 

->Z 



\a,b,ceZ\ : nj« 



: J-jJI 



V 



0 c 









5 

J 




:) 



ffa fx y^ 



ff 



0 c 



+ 



v0 *„ 



a+x & + 



0 



c+z 



= a + x = <p 



a b 



9 



a bYx yV 
11° C A° z J y 



ax 
0 



ay + bz" 



cz 



— ax = (p 



J 



0 c 

fa b 

V 



0 c 



+ (p 



fx ^ 
V0 z 



9 



x y 
0 z 



Ring Theory Gl2JbJ!jvj>&i (^suiln^-ill) 



. (M 2x2 (Z) t> <u> <ak ^ j 4 ^Sk (jLLil! tijlSU ^Sjij) 
(aS^ Z[V2] J 6- 3^) • Z[V2]:={a + W2|a 5 Z>eZ} = ^ 



//:= 



a 26' 
b a 



\a,be Z 



if < Z[V2] J o*^ • M 2x2 (Z) 6- 4a>> Aik H Ji o- <4& JLu 





26" 


c 


2d 


6 




[d 


c 



gH 



'0 0^ 
v o 0, 



6 /f : QU »M 



a 2b 




~c 2d 




'a-c 2(b-d) 


b a 




d c 




b-d a-c 



a 2b 


c 2d 




ac + 2bd 


2(ad + bc) 


b a 


d c 




ad + bc 


ac + 2bd 



gH 

tp:Z[y/2]^H 

i- [a 2b 

. jiJ-ulj lilliSj i ((^J^ ' lW-">) _y^- (p u' ^^a'j 

Va + bj2,c + dj2eZ[-j2]\ 

(p((a + by[2) + (c + dS)) = (p{a + c + {b + d)j2)= a + C 2 ^ b + d ^ 

[b + d a+c 

= <p(a+bj2)+<p(c+dyf2), 
(p((a + b42 )(c + 72)) = ^(ac + 2W + (ac? + bc)y/2) 

vvr 





2f 




~c 2d' 






+ 




6 


a 




d c 



+ 2Z?t/ 2(ati + be) 
(ad + bc) ac + 2bd 



a lb 
b a 



c Id 
d c 



= (p{a + bj2)(p(c + djl) 



) ' al ^ d J* u*jt • i^fjpjy* <p:R-*S jSJ : ) A 

(tfer(p)) 

^er(^) :={ae fl| #>(a) = 0 '} : >41 
= 9>'({0'}) 

. £ AiLJl J Jl> Ker (<p) o& )\ Ji.j-j^ tflaJI J Jli. {J} c& 

• - = 1.-«*Z uSl-G] 

2 2 2 



. ^(^4) cS ^llo AclR t^^jyij^jxjA <p:R^S 

i: Z -» Q 

(inclusion mapping) gin Wil l j : .iL^a* J\i» jjj&I ■ JaJl 

t Q ^ Ulla tluial 4 4jj ja. ZcQi ZcZ jjij_>- jA j 

i(Z) = Z 

(^jLoJI ( i ) U Jlio . Ijxlc. La-uil j I J -La.Y 

C J R jiQ Jib 2Z AikJI : 



Ring Theory <3UU)i£>j>>&j 



. «Z> = 0 4 a & 0 ^ b : Ci\ 6 « a -^ji ^ ' iL»lSL» ISUai Cul£ Vlj 
0 = a x 0 = a" 1 (aft) = (a'a)b = lb = b 

(j^aiUij I.1A j 

Jl 7? (>i (jila. ^ jjSjjx / « 1 Sjla jll ji^aic. l$] Aila. tliilS I j] : TV 
UjV'/l) J t> U* 4 i? ^jUiV ( / ) SI ji liflS lilj 4 JxlSi. JlLj 

. 7? ' ^ aAa. jll j i <-iV. 

: uj^ JC6 ^ VJj 4 /(l) * 0' J V jl iiaiU : ,',U >4l 

/(*) = /(lx) = f(l)f(x) = O'/W = 0' => Ker(/) = * . 

[/(I)] 2 =/(!)/(!) = /(!.!) = /O) (1) 
[r'/(l)-rW) = r'[/(l)] 2 -'-7(l)= ) 0 , ^r'/(l) /( = q , r\ 

(ji cjliia jjlSj AjSI^jJ Alia, 1 q\ <±uz> j 

Vr , e^ , :/(l)r , = r' 

. i?' Slajil ^-ajc jA/O) u' ^ 

bG B 4 a s ^ (jj^! ab = 0 

J til aei? J ^ cg^ . uJl. 5 a&E# ^iS .Z>ei? 

. ujjlkJl . flfee Ar\B = {0} 



(proper ideal) U*i IjJII* ^ J o£*jY <-l^ <_si ji <J>^ jj : Yo il&> 
. / = F jl 7 = {0} J Jc ■ ^ / cF « ^FoSJ : >4t 

t a^eF ^.jj Ajla Jia. F c&j ■ « ae / -uli iiiio t 7 ^ {0} jSi 

Z> = li> g / : Z>gF ^uVlj • \ = a x a g 7 jVI j 

. 7 = F jli ^ (>j i I cF i-ij t>j i F al J> ij\ 

J ^(V-Y-^) ^ 

fl/r .- {ax \xg K} 
t>» j . <z£ = K tjla "M** Cjbllla ^^Ic (_j jj^jV i a ^ 0 c) c> j • 
jli ajJUI AT <j! <j*j ■ ab=l J ^n^i be K 1 g K ji 

. iUa. K uj^ <■ ae K — I csij^ ' &b = 1 = ba 

JaSs lil (sj) *jaJl ^ (o-Y-^) : YV 

Jaiia (jaaj I j] j t >uui ^jAi*^ o' JtL \fae A Vbe R : bae A 
. a*A <J£*A gl jUj VflG ^ VZ)Gtf :flZ)G^ 

lo oj 

gx dli jii n^ll aHa. (j-o ^jjijI UlLa I'wnjl IgiSil ' (jxjl (jjS a,bs F 

. F o* (entries 1*1^) U >^Uc ^12x2 



5:= 



a 6 



| a,b,c,d g F 



YV1 



! Ring Theory CA2JbBll£j>lii (fc ^liJI^5J1) 



a b 
0 0 



a,b& F 



0 0 





~a 2 


K 




0 


0 



G / o^ 1 L)Vlj • I ^ ^ J ^alj 



a, 






a 2 






0 


0_ 




0 


0 _ 





a x — a 2 b, — b 2 



el 



1 1 
1 1 



0 0 

g/ oSJo^j 



1 1" 




"1 1 




gS i 




1 1 




0 0 





"1 f 




"i r 




0 0 




1 1 



S / u' l5' 
g / oSJ jVlj 





€ 5 . 


X 


7 










0 


0 







a b 




0 


0 


c d 





0 

ax + cy bx + dy 
0 0 

(ax + cy,Z)x + c(vG F ji J^V) 

. S Jli. / ji ^ 

S:={;cg #|ax = 0} 

• R J J** 



YVV 



. 0 x = 0 x€ >-jc J£ ,jV * 5 = /? « = 0 jl£ 13 : flU w» 
J i$l « 0 = 0 J Jb*V • a * 0 uljl oVIj • /J AiUJl JliJl S uj£ J^Wj 

. <JLi. jjc. £ o jSj j t 0 e 5" 
a(x - >0 = ax - ay = 0 <jli ^ t>J ay = 0 ' ax = 0 -ul gjii . x,ye S 

• (1 ) ^ t> (t*^ ^jjj?- » _>° j S uj^j ' x — ye S <J g-^j 
: JUlbj . ax = 0 j' giy . xe S i r e i? u^J jVl j 
a(xr) = = Or = 0, 
tf(rx) = a(xr) = 0/ 
<JW R 

((A-Y-^) Ji \ Ji. ^jlS) . s^iU. jSL (2) * (1) o- 

AjLia. jl-lci (IAja^jUc) IgUlAa j^ill t 2x2 £ Jill i>» ujlfl jL^lJI A5L. ^ 



}xre ^rxe 5 



(2) 



a 



K -b a 



a,be 



. K 4> (U l^li, j ( 2X2 £ jill 









' c 








{ c d) 




V 










eM: 


U 3- 












-</ 










V 



a 



c 

-d c 



ac-bd ad+bc 



eM 



f:C 
a + ibt-> 



jy-a cj {-(ad+bc) ac-bd ^ 

-»M 

' a b^ 
-b a 



YVA 



Ring Theory CiUJbJl^jl&i (to jUfl (»...,<») 



\fa,b,c,d g R : 

f{a + ib + c + id)- f(a + c + i(b + d)) 



^ a+c b + d\ 



(a b" 




( c 






+ 






<~ b a ) 




l-d 





f ((a + ib){c + id)) = f(ac-bd + i(ad + be)) = 



^-(b + d) a + C; 
= f(a + ib) + f(c + id), 

' ac-bd ad + bc^ 



a 



bY c d\ 



-b a 



—d c 



-(ad + be) ac - bd 
= f(a + ib)f(c + id) 



• (2) (<A$* ' <-^^ i ) ?^jF d -(1) (3^. f j£ jj- y> J* / d ti' 



/(a + i&) = /(c+w/)=> 













=>a + ib 



=>a = c,b = d 



iJj / ( j^> (O^jj-jj^/ 
. till i£ Jaa. M 0\* J**- (C,+,.) : 
j& . M^{a + b\fl\ a,be Z} jSil : t. 

/ : M->M 

a + bj2 v^a-b^l 



\/a + by[2,c + dj2eM: 

f(a + b>l2+c + dj2) = f(a + c + (b + d)^2) = a + c-(b + d)y/2 
= a-b*j2+c-dyfl= f(a + b-Jl) + f(c + d>l2), 
f{{a+b4l){c+d42)) =f(ac+2bd+j2(ad+bc)) = ac+?M-42(ad+bc) 
= {a-b4l)(c-d4l) = f(a+by/2)f(c + dj2)^ (1)/ 
Va+byl2EM3a-bj2eMf(a-b)yl2) = a+bj2=> (J-U)j-l& (2)/ 

f(a+bj2) =f(c+djl) =>a-bl2 =c-djl =>a-c=(b-dyj2 ,a,b,c,d€;Z 
=>a-c = 0 = b-d=>a = c,b = d=>a + b4l =c + d4l 

(0 ^ j^aLixJl ^ji jj) (_s jL-all jll t (The identity mapping) 
/(l) = 0 => Vx e Q : /(x) = f(\x) = mm = 0/(x) 

= 0 => c5 J**^ f-l jB / 

J ^1 t Q J j^J[l) J csj^ Jli. o- :/(l) * 0 jVlj 

/(«) = /0+1+...+1) = f(i)+f(i)+...+f(i) = «/(i) = « (i) 

v v « v v ' 

f(-m) = -f(m)=-m 

Y A. 



Ring Theory aiabtflfrj^ ( ^w | .--w ) 



f[n) = n : ji J\ 

: p,qeZ 4 q # 0 tiiia. 4 « = — j£J . t>j^ taoc. « jl£ I jj (j JLjj 

p=,£=»/(p) =/(,)/(£)=» /( £ )=^= £ 

^ q q fiq) q 

(q*0=>f(q) = q*0) : ji 

VxgQ:/(x) = x 

Ls ^c- X ija ja 4 (JxLi) jxlc 4 jl j fid j f i X <j£jJ : V t cilia 

Vx )7G X:x + J ; = r 1 (/(x) + /^)), 

. R jyi jji) AKLila <SL. (X, +, .) ji ^ jA JJ 

• f*U"ix) + f(y)),f*U-(x).f(y))eX & f(x),f(y)eR jV : 

f*(m+f(y)) < /"(/WOO) J ^ (jsji 4 j-Li) jjt 4 ^ji ^j/ 

. Jtjel JS1 (uniquely defined) sa^j jkj jli j*j 
Vx,j;e X:f(x+y) = f(x) + f(y),f(x.y) = f(x).f(y) 

: jVlj 

Vxj.zgI: /((x + y) + z) = /(x + j>) + /(*) = (/ (x) + f{y)) + f(z) 
= fix) + (f(y) + /(z)) = /(*) + f{y + z) = f{x + ( y + z)) 

A^R 

=» (x+^) + z = /- 1 (/((x+>;) + z)) = r 1 (/(x+(y + z))) = x+(7 + z) 

YA1 



Vx, j>,zeX:x + j; = >' + x, (*-.y).z = x.(y-z), 

x.(y + z) = x.y + x.z,(x + y)-z = x.z + y.z 

: oVjr^skir ji— ja /-'(O) 

VxeZ:x + r(0) = /" 1 (/(x + (0)) = /" 1 (/(x) + #- 1 (0)) = (/(x) + 0) 
= /-'/(x) = x 

: tjV /"'(-/ (*)) J* XO-J^- 

^ + r 1 (-/ w) = r 1 (/ w + # _1 (-/«) = r 1 (/w - m) = r «». 

■ X = 7? jli ti^Ui jklli t ? jj3jj*j*jA Sjjj^JU/(jJ tlya. (>j 
tjAjJ . Alia, t JSa. AjJi K t^a. 4 ts iia. ^jj3 jj* ja jA <p\K^R ijSJ : TT 

. (_5jL-a3l ^uJ jll jA (jj^J (jl jl (.ia.1 jl 5-^-1 j) tplaJ LojluI j (jjfLs (ji La) ^? (ji ^^ifr 
<ji Y O JUa (> J 4 £ j^i ^lia ^ ( ^? ) SI jj J ^kj ^ A Jlia t> : (^U )4) 

: M 311 VI CjUHUI o- ujjS^V (JjSeJl JjiaJl 

^1 j p J » ^ &(<p) = {0} <j\£ ^ - ^er(p) = isT ji ^er(^) = {0} 

. jL^Jl ^l jJI ^? J liA t5 j»^a Ker((p) = K I jj U . (i$jLJ) ia.ljJ.ia.lj 

<c j^a-a / t (ring epimorphism) Jla. ^ jja j j-jjI 0> : i? — » ' jSJ : ft 

. i? 1 CjUH-JI ^^a. ^j^ /' « Ker(<p)aA u) AczR cjUliall 

: (jJAuil jSl J (^Ic. jjA jj 

G:/'->/ F:I^>r 
A'\^>qr\A) ' A\^><p(A) 

. J=>-VI (Ji>j£*-o La^-La !)l£j 4 jLjLaj jl jMjj 

»/• Je. fe* j» j ja FoG J tsi FoG =1^(1) J j* m jX3— » : >4l 

. I J*. S^jll j j* GoF J ls' ' GoF = I, (2) 



Ring Theory ££Jb^i£o>££ ((J jU)l|>„^tl) 



FoG :/'->/' 

. FoG=\ r J til (^0^"')^' = ^' ula (J*li 4 ^ji ^1 j ^ <j] dua> t>j 

U 

^4 h-» (^ _1 o^)(^) 

^^xiuii I 1a j . (p(x)e (p(A) j liA . x € (9J" 1 o9?)( J 4) = ^" l (^(v4)) 
ye A ^.jj <>i ^jllwj liA j #j(x) = ^(y)e ^(^4) : <jj£j du=n j> e ^4 <ji 
d^o-j • x-yeKer((p)<^A J ^1 ^-^)=^(x)-^O)=0 : uj^ ^? 

. jJI aJ+j . (^7" l o^)(J) ui (j\ <■ ^4 jli J^A i _ys ^4 j] 
p':R'-*S' i p:R^S c&j « (t2») S" < S < < Rc& : ro Jtl* 

p:S^>S' J^JL jj <p(Ker(p)) c Ker(p') Ji ^ <p:R^>R' 

: (commutative) LJIajI ^Vl J^ill u_& t ^=H 




^00:=(/?'op)(*), 7 = />(*) 
-^(x,) = p{x 2 ) u! *2 ' *i o^J : (well defined) ^ <jj*- ^ 

■ x i -x 2 E Ker(p) : J J <■ p(x t -x 2 ) = p{x x )- p{x 2 ) = 0 S J tf ^3i> 
jla JUlUj ^(x, -* 2 )e Ker(p') J ^ <p(Ker p) a Ker(p } ) jl ^ 

• (P'o<p)(x x ) = (p , o<p){x 2 ) ji^i (/?'o^)(x 1 -x 2 ) = 0 s , 
. <_j jik-J! (JLLL JLu^j (p~,y/;S -> 5" jSJ : (unique) ^ 

<^0/7 = ^0/7 => ^ = ^ 

: ^Vlj . y x = p(x x ),y 2 = p(x 2 ) j) ^ 
+^2) = P(/>(*,) + />(* 2 )) = <P~{p(*x +x 2 )) = (jpop)(x i +x 2 ) 

= (^)(x l +X 2 )=/7X^ 1 +X 2 ))=/7X^i) + ^2))=^^ 1 )) + /? , (^ 2 )) 

= (p'otpfej + {p'o(p)(x 2 ) = W,)+(Mi 2 ) = W*,)) + ^(/>(* 2 )) 

_J JUL 

^0^2) = ^00-^2) 
: tl& J-ic. ^.jj <ji Uj iUa. J Ul R <ji jAjj 

+) t> *jj>- J* u' 2^ • «,^G a& = 0 jSJ Vji : flU jjj 

(r-1 .-1 ) ^jlj^Y <j_>lij o- ^jjj <ula JWIjj <uj>a. ^ <j jS^V (ji) 



I Ring Theory CiOJbtJtjo^ (tjjUfli*— 21»> 

^ Y JJi. jlyj) i? ^ Jli. ite J ^ . a,Z> * 0 u! a,Z>e ^ u£J : UilS 

J (j^jill j> < ^^{0} J li&j . a,Z>*0 j) ijau ((v-Y-^ 

"1" _JMj* . lb = b J ^ 'T'ei? <it f jlLau IIaj . Rb = R 

Rb =R ^Vx e R 3y g R :x =yb,lx =lyb = yQb)=yb =x. 

. WV = 1 a 1 ^y=H V G R ^ji Ali UG R\{0) JSJ <ji ^jJc (j4> jii jl iaaa (J aSh 

R J Ji» Ru .(u=hieRu cti) Ru±{0} d& ueR\{0} J£l jVlj 

. <jU ^Jl ^jl^j . (<Jtii) R i le Rj)j) vu= 1 = uv : V<Z R jl^jj <ul ^1 ( R U =R 

0'* cp{\) < 1 sa^jJI j Aak R CJS lj) Aji ^^Ic (jAjj : fV 

jj^jo 1' t = 1' jli ^jJjjxj^jA (p:R-^R! dlja (7?' <iLJl 

itf»j.((A-Y-^Ujli.) 
= (p{\r) = 9>(r) = ^rl) = (p{r)(p{\) 

W dul£ I jj iaaa j Ijj j? 1 ^ iAa.j ji ^ ■ R ^i^ju oSil j 

VV Jlia j^a ( J-»U ^1 j jAj 4 (jk ^jjj jj* jxj* (piR-t R' : L 'M> ^1 

jVa ^ . uv = 1 jjli tluao ve i? Ail ^ . ^'lij ug R jVl j 
1' = ^(1) = (p(uv) = <p{u)(p(v) => [<p(u) *0t=>R' u& S^j <p( M )] 

. w g Ker(<p) I jj Jaia j lil ' sa^j <p(u) J ^1 

YAo 



JS1 . ajII^jVI Hi jxj (J?, +) jita ."1" ijajB 1^1 c 4ik i? ^Sl : i> 

: <_j j«j j? 

f a :R^R 
x h-> ax 

: oV (/?, +) M*V» " W» " Sj-jU r >jj-j^l/ a 
Vx, j; g £ : /, (x + y) = a(x + y) = ax + ay = f a (x) + / a (y) 

' (1) ts* u^^^-j- 0 lAA- 4 *^ j ts*j £" := {f a | a e R] : Ac ja^I i_i j*j jVI j 

•(2) 

: a,bG R a' Vji Ciln^ 

fa + b=fa+fb (1) 

/<* =/>A ( 2 ) 

: tj^ Aij^ (1) ^ ^Uil J ^ ^^Sl (1) oU? 
v * 6 * : Z.4* (*) = (« + b)x = ax + bx = f a (x) + f b (x) = (/ o + f b )(x) 

:\^Akjx*(2)^ 4jLo*1I ji ^ ^ j» (2) CAJtf 
f ab (x) = (ab)x = a(bx)=f a (f b (x)) = (f a of b )(x)=>f ab =f a of b 

. 431*. E ji jVI CijiiiH 
^fa'fb'fc ^ ^ • (X fb)~^ fc^fa+b ~*~ X ( ^./(a+fc)+e = X+(A+c) 

XM>0 

jjl. xe JSIj /g E <J£i «uli t*Ilj£ 



Ring Theory dUUllSoolii (^il^t^-JiK) 



(0 + f)(x) = 0 (x) + fix) = 0 + f(x) = f(x) =>0 + f = f 

: ^VIS E u± f a u»j$x* 
\fxGR:i-f a )ix):=-f a ix) 

: uVlj 

Vx,y e R : (-/ a X* + J') '= ~L (* + J>) = ~if a (*) + /. GO] 

= -/. GO - /. (*) = -/. to - /. GO = (-/. ) (*) + (-/. Xy) 

V* e : ((-/. ) + /J(*) = (-/. X*) + /. (*) = (*) + /. W = 0 = 0(x) 

=>(-/.)+/. =6 

: f a ,f b £ E (jVj 

./a ./i fa+b fb+a ./i ./a 

= faJbJc^E Jij 
(fa°fb )°fc=fab 0 fc =f(ab)c =fa(bc) =f a °fbc =fa°(fb°f c ), 

fa°(fb ~^fc)~fa°fb+c ~fa(bH:) ~fab+ac ^ab + fac ~ f a°f b f a°f c 

(fa+fb)0fc=fa0fc + f b °fc 

(p:R^E 
a^f a 

Va,Z> € 7? : p(a +b) =f a+b =/„ +/ 6 = p(a) + p(*0, 
^) =/* =/>/ 0 = <P(fl)o<P{b) 

. (^jS t J*^-) lU^" ("-"'j <j' J 



\/a,b g R '. <p{a) = <p(b) => / fl = / fr => V* e : / a (x) = / a (y) 

: jjli ^ t>j i "1" S^jll jj^c. 1^1 i? 
/ fl (l)=/ 6 (l)=*«=0l=M=Z>=> *Jjl*Jjp 

_>**Jl) j .QIC. till j <ai^ ^ 8.1a. j jjuaifc Mj ^sla. j-aiu t_ij£ ^-<aj '• i » 

^ jjajjx jj ^iawil jj s.i». jJl jj^aic. cjli AliaJl ^ AilaJl JU.j] ^^ixj (embedding) 

: sA^j j>«nir. till j AiLa. (jVl Qj^*'-" • j j»*-»'ir, ^ ^Ila. R : J^l 
: yftlS "•" • "+" q/nUll . 5 := Zxtf j$c\ 

\/(n,r),(m,s)e S : (n,r) + (An,5):=(n + w,r + 5) 
(«,r).(ra,.s) := (nm,ns + mr + rs), 

mr JUL t ns: — s + .„ + s 
tlil jJl ^ |n| 

: <jV V«ja Sis. jll jA (1, 0) j . (5,+, .) jl t> (jjSauJl [5 jlSH t*J JLj 

V(«, r) e 5 : (1, 0).(n, r) = (In, Ir + nO + Or) = (n, r), 
(n, r).(l, 0) = (nl, nO + \r + rO) = (n,r) 

f:R->S 
n->(0,r) 

V(r,s) G *: /(r+5) = (0,r+5) = (0,r) + (0 f 5)=/(r)+/(j) 
/(w) = (0,w) = (0,r).(0,O=/(r)/(5) 

t (.laJjl -^Ij) (_S-}LJ f^'j ^ J ^ a ' J 

. tf':={(0,r)|re#}cS 

. f(R) = R' = R 



YAA 



Ring Theory GUbJi^j^ (t piai 1*^2)1) 

.(i-jjjjjjl (jic j-aji ji ^jjouI ^Iju ji) jA ( (^AlW tllUHi-al! ji (JjjulJ! 

(i_UJjjll ^jk. jAli Jlla ji jjolj! ts lll» ji) JUa jiSi jA jjJaliill IjlA (Jjl ^^Jj 

^1 (^1 j! juJ\ J) djUlall j> 4j1U. jjc 2031c £^12 jli >Vl ujUll Jej 
t5 ifc jxj! ji JuJji ji) Jl^o jiu~a\ AjilaJl (Jo /I 4_uja. A£. j^-> o j^ic. j^joaJ 

ji) Jliall lift j} <-^J ' ^ ^ j^' jAi-oil (^ift (J jiaa ((-HijjjSi 

• M j - J^W ^ ' ^ t> -iljls (sryj Jill (^C J-ojVI ji _>-yVl 

jA AilaJl ^ / 2 ' h oij^Vl oullUl ,> Jlji-B JUJI : *jjaj 

: ,-)U 

t q+^G/,+/ 2 jSJ . /j+/ 2 J j • _y4 I x +I 2 J ijc- Vji j*j^ 

j) dip j* . Z> 2 €/ 2 < ^G/, A? 3 - A +t> 2 G /,+/ 2 ' fl 2 G/ 2 t fl,G/j dya. 

: ji ^jjj « a 2 —b 2 el 2 i a x — b x g /, ji ^jjj j' j**;' jW^/2 ' h 
.a x + a 2 -(b x +b 2 ) = a x -b x + a 2 -b 2 g /, +I 2 

. (R +) WasJI a j^jll j* Ajj J>. » j . I x + I 2 C) 

. re R <■ a 2 G I 2 <. a x g /, dip t a x +a 2 E I x + 1 2 jSJ jVl j 
r(a, + a 2 ) = ra, + ra 2 G /, + 7 2 (R ^ jl>-J jUW 2 ' ^1 jV) 

. i? ^ j-ui Jllo /j +I 2 ji g^ja 
c/, +I 2 jjSj a, = a; +0g /, +/ 2 ji jS-j a, g /, l)^ ^] j- 
c 7,u/ 2 j- jIjS-S j^Vl jj^j I x kjI 2 ^I x +I 2 jj%a I 2 al x +I 2 

[/, U/ 2 ] C/, +/ 2 (1) ji C?i « 4+4 U/ 2^ ^ 



tlua. flj + fl 2 j>^ili«Jl £Jxa. (jic (J jiaJ J I\ t> 4>y J*"^ iJ&A 

[7,u/ 2 ]^7,+/ 2 (2) :J cii </,+/ 2 j-Vl J&Jl tiii^ JlilUj ^g/ 2 « qe/, 

/,+/,■=[/, U/ a ] : J (2) . (1) 0- 

<jx ^juiji t fciaJ ji ( AxKj "(jxuf" AxK JI^jIuoI tjSxJ _JJ : ) 4^3 yzla 

. Aj^laill ^ (Jim Ls (JS 

Ac jxa-xlt j£.iki t Aik. a £ R (jSJ : (Y) <Uatal« 

{ra + na | rs i?,«e Z} 

: lij.il (JjSjS 1 jll j- — '"~ ^^ic ^ jj^j 

a = 1 a , 

ra + na = ra + nla = (r + «l)a = g i? 

jA AjLaJl s^A ^ a (jx ^Ijlall ^^uyVI J^ixll (jj^Jj 

[«] = {sa | s g i?} 

r l a l +... + r.a. + np x +... + np. , 

a l ,...,a.,b i ,...,b J E A < eZ ' r,, g ./? 

: JL51I 

W+.-.+rp. 



Ring Theory CiUJU>iC^j&j (tJ jllH ( >...iW) 

jA R Aakll J a _>^*1\ t> AjiJi jJtfl JKJi : (t) A&tai* 
{ar + na | re i?,ne Z} 

+ | r,s& R,nG Z} 

AB:=[{ab\ae A,bzB}] 
= {£ a,4kGMe£} 

uLS lij (comaximal) lx* ^UEUl* X^) R J B l A JUL : \ Jll. 

.A+B=R 

jli 1 a-la. jll 

" c " : xg AB => x = J G M G 5 

x = £ , g ^, g 5 (jbiti. 5 i i< jV) 

i=i 

« 

=> x = J] a i b i ,a.p i <= AnB^>xe AnB^>ABczAnB (1) 

1=1 

"3":^+5 = i?3l=>3aG^ l>e5:^=l (tf^s^ll 
xG^fnJ?=>jcG^4,xG5 . 

x = k =(a+b)x = a e V +& e V" g,45 (aJI^I 4iki? <#) 

z=>AnBczAB (2) 



4**U2l |f»*Alill : JiSII mUI 

. s jiU- A^pl! (2) < (1) 

: uL jau > . - Y M 

Aw AG 7? lil (principal ideal) Lf Ill> 4iJ j? Aik ^ ^liol JUL 

til (finitely generated) 4tflt t Ap* Jhj ■ ((° [ ~^~^) J^) A = [a] u_& 

. A = [a x ,a 2 ,...,a n ] : Aw a^,a 2 ,...,a n e i? 
tallaj tlulS I il (principal ideal domain) ^xmluii t^Utla ^Uaj aSLJ JULj 

. UuoLuii LJliLo l$ja ^l^Lo J£ tj^j ' iLal£i« 
. 4 jjll ^^ila l«J Jlla J£ J£ tj» (Noetherian ring) ^j5jjj_fe lp) <SLJ JlLj 
^jUia 4l,„l„, J£ (^jlS |j| (Artinian ring^ 4->i»4 i\ 4*la. Uit <SLJ JULj 
JjSj dipj «gN ^jj 4ji 4 iiijia 7? ujUUJI t> A 0 ^>A l z^A 2 Z3... 

J\ i Aiajla jjS i? ^ oU5lU\ ;> i 0 C^, c^ 2 c ... SjcL^Io UaiLi J£ (Y) 

4,+* = A V£g N : u_& Aw n g N ^jj Ajt 

CAJliJi 4, c ^ C ^ C ... SJeU-L. : "(Y) <= ^ )" : ,-,U >4l 

^ uylti. A 2 « 0^ lil <ui Ji*Y) i? ^ Ullo ^ = (J ^ 1*. y^A R J 

R uV jVlj • ( A x u 4 2 c /? JH. <=> i4, c 4 2 J 4 C 4 : ^ ^ 
cJuj,: <>j • A = [a 1 ,a 2 ,...,a l ] : u] Aw a,,a 2 ,...,a, £ i? ^jj Aj\a ajjI^ 
jjSI ja « 'jjj • a, e A ; uj Aw w. g N ^ z'g {1,2,..., £} J£l 



Ring Theory aUKJlfr-jj&j ( ^m«w ( ....'5h ) 



^JIjJUj .a.G A n :ie {l,2,...J} J£I Ajli n t <■ ... <■ n 2 <• «i Aa^nUl jIjcVi 
JS1 4^ c ^ c A n : lipl ujM 4,+* c ^ u^Jj ^ = [a„a 2 ,...,a e ] c 4, ola 

4 ^3 iJjUJllaJl (j-a AjlU. JJC. AC j^vx ^ flici jj-ojc is. jj ^ Ijj :"(V) (Y)" 
i I jj^aLiC <>> Aq CZA^ C... CjUliall jj-a SocL^aLc aLA^ ^Jiij J .^Uv,.; 

Aj^Iix tllU3l!La3l £Laa. Ac j-ai-o (_yA / ' tslHo A C R <j£J :"(^ ) <= (V)" 

. AaJU. jsc. I J tfl « {0} G / J Ji*V • ^ ^ SI j^- UJ^ tP 31 J ^ 
Ji3k jj Ajli TG I <jVj • T J* J * ^lac-'l j> aie. J ja. j ^jiL-iJ (V) 

ijj jijsa jisj ojSj- • -r = [c„c 2 ,...,cj :u! C,,^,...,^ G 7? 

ae A olila UjUj . re I $ tczA J V J -k^Y . A = t J Ua jj 
^ ^ (jja^x LiJ jjSjj ^IjjII ^ T , ?=[c 1} ...,c B ,a] (jUloll . Ljjbikl tj^ic 

(jli (^lUiLij TCr' < 7 ,ji jJiel >^je- jA r • I <ji >^c. Ajl (j\ t 

■ A = T ji (ji flGT (Jla ^ (>j t T = T' 

. ^^jj^l (p:R-^R r o^l = ^ 

. Aj Ji jj Alia. ' Aj Jb jj AiL. R 

ujijj , r j (( A ~^) c> <> J**) 4'-=<p~ l (4) ^ 

A x c^c^c... J f jL-u AjjLjj Alk (jV'j • 4 c 4 c 4 c - 

Aioliuo 4' C ^ C A\ C ... f j^i f J^J^! ^ U^J • uj^j 

isN (^^ 1 )(^;) = ^ 1 (^,')) = ^ i ) = ^; ^ ^UlUl ,> 



ll^jj Jlla jA Jlla J* ' lU*i» t3Lk> Z .A^U CjUia jjllaj Z(^ ) 

V) ^Uia cM ^ ia. jjV <iV 4 Ajipji j Ajjijjj 4ik <j_& <^ J (V) 

{0} ^ JLJ) ^ = OWIUII jLJliJ 
U-Ul : ^iuj Aik ^ z (r) 

Z32Z32 2 Z32 3 Z3... 

* * * * 

: 4Ja»al> ^ i-Y-^ 

» jjjiJalU Cli-al <jjl)_ji3l CjlSLaJl (> Ajjj^ 1 ^liiaJl J Vila V : \ JH4 

C ^ (meromorphic)Ajajj-a jjxJ Jt j^ll J£ Ac^aa-c : M(Q ^ ja+Ji : JaJI 

ajjksll) (holomorphic) ^jj-jlj^l JjjJl Afi //"(C) acj^I ^ 
JS3 : t*Uj tjluij . Ajjijjj cix^ul ((differentiable) J^aliiB *LUll t (analytic) 

:uj»j«6N 

4,:={/eff(C)|/(/! + *) = <) V£e N} 



Ring Theory GtfJbsiii^lii (t ^UJt^-2^ 



6(« + £) = 0 0 Jbji-JI UjB :uV Jli. A n aH(C) 

■ M J^J 5 <lb ^ j & G N 

(/■ -A)(/i+it)=/(«+it)-A(/i+it) = 0 VkeN=>/ -/!£^ s 

: <jto3* #(C) i /e 4 
(g0(* + A:) = gin + k)f(n + k) = g(n + k)0 = 0=> gf g A n 

v4q c c cz. ... 

Ail (Weierstrass product theorem) v J^UJ <_>«l JLS jjli ^ ^jjjj 

/(«+*)=0 V7cgN\{0} « /(n)=l u! ^ /e #(C) ^ we N JS1 

A^cA clc. 

ui>«G N\{0} c^J : t'iU ajj 

i^{/GC(R):/|[0,-] = 0} 

JUb < Q I [0,—] = 0 J->fi» tsi*3 0 ^>^3l JUIjB C(R) ^ JIS- 4 
£A«J Ajli . f -g<= A n uj^j f,ge A iilliS ^iWb aL^Lc 

f <&x*)^/c*>*co. y ^ eil C(R)i/e A 



4 czAdAcz... 

* * * 

( r ) ts^ JJJ* 11 UJ- 5 ti' 

OlJj .ol^l ^^ii- (_>*iS / Uli» villiA • tiiaax ( Y ) JJJ^ 1 : mU »ll 

jl jxi^VLij . a 3 g [a, , a 2 ] (jjli dipa a 3 G I ' / t> V** V_>> 4c 

AiS jlall jjc. 4.1 ml mil (jl ^ jU* ,..\ 

^ 4_u> 4^ # 4ik ^ Cjtfk £±\ju J Je, o*^ 0 ) 

i? ^ Uti. R'^J cldli. J c> o* J* ( r ) 

Utia QjSj Aik ^ ^glli. jUjI : jl ^Ajj (£) 

(P : Z — > Z t^^jja Jj- j-a j$Jl 4a. jl (o) 

i> OJ"^ L$' « (Z,+) Sj-jll <j9 iljJl ojjx^a t> ^ jjSjjxjAj^l Jjxjj : Jlijj) 

(> j^jj-j-j* ^(1) = 1 ' ^(1) = 0 jl j . <p{\) = n £>± . tp(l) 

(? fj jL\ n J* 

<j* J) • n t w — S jij-aVl ^j^iJl (-i&LjaJI A: <j£J 4 m,nG N c&J (1) 
(Z o-^>^ nZ J jSja) mZnnZ = kZ ji 

Yin 



Ring Theory CiUbJt^ojiii ( <poln— Sty 



jjSSlj i U^^W jI^V! 2x2 £ ji» t> ^la ><iJ ^ <^ 7^(Z)6^ (V) 



a + Zj & 



uieZ 



jStfj . s >SL* JjUI (V) yj^UL M 2x2 (Z) (A) 



R:= 



f'a ^ 



a,be Z 



M 2x2 (Z) i> V> ^ /? : ^1 J 0»Ji 



S = {ne\ne 



x\->2x 



H ^ J* 0 *) 



t> (i 1 ^ fj^J-^J-J* > J* ^ (2Z,+) (jl) (Z,+) <> J*J fj&JJAJAJ* 

T (2Z,+,.) J] (Z,+,.) 
: jjli t*.n%j a Kj->.^ fiic ^jl Z ^SkJt ^ ) 

[«]-[2] + P] (i) 
[a] = [3] + [6] (m) 
[a] = [»] + [«](_*) 

y4J5 := + a 2 & 2 + ... + ab n \ a i e A,b.^ B, n sj^j- ^ } 



W = [3][4] (') 
[fl] = [6][8] (v) 
[a] = [m] [n] (-*) 

A=R J> Jo o& jj 

4ik j ((10-^-^) yin jn. jki) sjffl Jki*i. j^.u*ii J Jo (> jj (^°) 

i? (jx 4ik AjII^j] 

J Jo oAjj . o4 a « 6*0 t a,6e i XA£i» talks # ( n ) 

. [ab]a[b] 

J Jo t> . tul3 Uji Taso /? ^ *ik o^ 1 0 A ) 



re i? 



RJJ\^I p J Jo OAJJ 

: J Jo o* jj . a,be R i Aik R j£J (n) 
{jcg 7? | axe 67?} 

J JB* 

. ^jia. j|jc.i Uj^aUo j 2x2 ^_>iSI <> Cjli jL^aJI Aik M 2x2 (R) JSj3 

fa ^ 



—b a 



Y1A 



I Ring Theory odisJi^^u ^\MfL~zn> 



a + ib\-^ a- ib 
"L^- J ^ " U) 

. j^KLiLo UjSi J o^jV «Z . mZ 



fg = fh^g = hj 



VT aSL>. Vg, h:S —>T o**j£ jj-j-ja ' 

= hf=>g = h_ 



Factor rings *AaUJI ^llLJl V- 1 

R AiiLJ! J Jllo J£ (jli t ^51^] AilaJl (7?,+) SjxjJl Ji ^ t> 

<LaUtll (ji ^ j Wini '< Lijli JUlUj . "Luufla {jj^J 

y A :={x+A\xGR}, AJZ* 



Vx,yG R:(x + A) + (y + A) = x + y + A 

(j-jB ^ (V-> ) ^jJ! jJiil) 

/, ■ R fl/ 

xf-> x + 

tjic- "•" sAJ^j 4jLc. laAjJal b <ula jiijc. . (canonical group epimorphism) 

• t$*> f P oj&j ' (%,+,■) u_£> Aw % 

(x+A).(y + A) = p(x).p(y) = p(xy) = xy + A 

: R/ A J. U^i\ oi* Ai^J ^Vj 

Vx,_y e R : (x + ^).(^ + A) = xy + A 

: J&\<> (well-defined) "f-ii^ Ai j*J ajLuJI J o* J S 



f Ring Theory auJbJtSvjjiai (c^Ultf*— 2M> 

J (jle <jA jill jA cjjikxll . y'+A = y + A t x'+v4 = x + v4 u$J 

(jjJl^l Jo a^uV j) lJUL) x> '+ A = xy + A 
(The operation does not depend on the representatives) 

•• d^j 

x'+A=x+A,y'+A = y+A=$ 3r,se A:x'=x+r,y'=y+s (Og A eft) 
=> x' y'+ A = (x + r)(y + s) + A = xy + xs + ry + rs + A = xy + A 

V x,y, z e R : ((x + ^).( y + A)).(z + A) = (xy + A).(z + A) = (xy)z + A 
= x{yz) + A = (x + A).{yz + A) = {x + A).((y + A).(z + A)) 

'■ frUJ^ tA*^ 

Vx, j/, z e : (x + A).[(y + A) + (z + ^)] = (x + A).(y + z + A) 
= x(y + z) + A = xy + xz + A = xy + A + xz + A = 

= (x + A).(y + A) + (x + A).(z + A) 

[(x + A) + (y + A)].(z + A) = (x + J).(z + ^) + ( y + A).(z + A) 

: eft <jj£ y A jla M^] * ^ I jj uVI j 
Vx^e i?:(x+yl).(y + ^) = xy + y4 = jx + ^ = (_y + ^).(x + ^() 

: l+A Six jll ji-ait l$J ^ jla i "1" Sis. jJ) j.^ir. l$J i? CjjIS lijj 

Vxg i?:(l + ^().(x + ^) = lx+^ = x + ^, 
(x + ^().(l + ^) = xl + ^ = x + ^ 



^ jl Viib;? a- *a*s (%»+»•) 

yl o>UU _! ^1 jJi J j*-ai AiL. ji (The factor ring of i? w.r.t. ^) 

(The residue class ring of modulo ^) 

Jfi- <=>[3i?' Aik 3(p:R->R' Jk ^jj-j-j* : *jgj*k 

[Ker(cp) = A o&^P* 



(p:R-*y A k R*^y AalaJt jxi . Uli. 4 c uSi :"=>": jJ 

(£-1-1) >a) (/?,+) ^ WuL^s^j (Ker(q>))(<p) Slji J ^ : "<=" 

: # Jli. kii oVi 6* J^J • J 51 t> 
\/re R Vx e Ker(<p) : <p(rx) = = #H>)0 = 0 => n; e Ker(<p). 

The homomorphism theorem : mmfll 4j ^ V-T-1 

<p:R~*R' Jk r jjijj-j-jk => <P(R) = y Ker ^ 

x + ^er(^>)l-> ^j(x) 

J US ask y Ker ^ uj^ iSM- ^ JO* ^er(^) J kOU 

. ASk Liui (A-T-1 ) yin Jl. (— Luia. #>(£) (jj^j ' ^> ^k R c i? 

: ^VlS tSk f j^Sj^jJyi ^ o' 1 Je, OA^i ^Vlj 

Vx, j/ e R : x + Ker(<p) = y + Ker(<p) : b^jj^ ^/ 

=>x~yeKer(<p) {0GKer(<p) jV) 

=> 0 = <p(x - y) = (f){x) - <p(y) => <p{x) = (p{y) 



j Ring Theory (jiiAseJi^lii ^ciifu^ 

(representatives) "^jiH^I" a^IuV (images) "jj^" ji <_si 

Vx,yeR: y/((x+Ker{(p)) + (y+Ker((p)) = y/(x+y + Ker((p)) 

= + y) = <P(x) + <p(y) = y/{x + Ker(<p)) + y/(y + Ker{(p)\ 

ys((x + Ker{(p)).(y + Ker(q>))) = y/(xy + Ker{(p)) = <p(xy) = (p{x)(p(y) 

)-r-\ 

= y/(x + Ker{(p))\j/{y + Ker(<p)) 

\/x,yeR: y/(x + Ker((p)) = ys(y + Ker(cp)) => <p(x) = (p{ y) => 
(p(x-y) = (p(x) - <p(y) = 0'=>x-y<= Ker(<p) =>x+ Ker((p) = y+ Ker(<p). 

(<P(R) <Jlsj^ 0') 
The first isomorphism theorem f >4^»m>6U cJ.M Ajj&ill t-T- \ 
: J &i ■ <p> BcR lR aSLJI ^ Uli. A c u^J 

/A' /AnB 
: V> A + BcR J^VjioAj^: ^ u ^' 
<Z>^^( + 5:={a + Zj|ae A,beB} (0 = 0 + 0e^ + 5) 

: &,,& 2 e5 i a v a 2 e A <y?J u^'j 
fl 1 +Z7 1 -(a 2 +Z7 2 ) = a 1 -a 2 +Z? I -^ 2 e^ + 5 ^ ^> ^ik 5 * J^A) 
(a x +b x )(a 2 +b 2 )=a x a 2 +a x b 2 +b x a 2 + b x b 2 gA+B 

(a x a x ,a x b 2 ,b x a 2 e A <■ b x b 2 e B <jV) 



b^b + A 

JfLill <> oj*±* A + B / A 

t>j . Z> + ^4 jA jjSj j^sixil li* j 4 b& B t <JG A lilJ*. a + Z? + v4 

= b+ A j] liuau 6 G ,4 i*. _jj Ajlfl 

Vb v b 2 e 5 : ^(fy + b 2 ) = b x +b 2 +A = b l + A + b 2 +A 
= <p(b l ) + <p(b 2 ). 

<p{b x b 2 ) = b x b 2 +A = (b l +A).(b 2 + A) = <p(b l ).<p(b 2 ) 
^er(^) = {Z>e 5 1 = b + A = A} 

(j-jli ^^(v-i) jl (>-r->) ^ ^ + % Jisj^b j^\j&a) 
= {beB\be A} = Ar\B 

B/ = B/ - 04 + *)/ 

A4n5 /Ker{(p)- <PKa) /A 



Ring Theory CiIaUJIC^j^ (to il^n— 2H) 



The second isomorphism theorem f >4 9 4-? J&fl o-T- S 

: Slate. . AczB i i? aILJI ui oyB- A,B<zR c& 

A 



/ B /a 

. jUjJl ^ * j=k£ I OA CLmi-.j « ^ ^ U\lo oj^J J <j_& ts^ 

x + A\-^x + B 

Vx,j>;g i?:x + ^ = .y + v4^>x-};G icB=>^ + 5 = j/ + 5 

x + ,4 = .y + ,4=> <p(x + A) = cp(y + A) 

Vx,>;e i?:^((x + ^) + (^ + ^)) = ^)(x + j + ^) = x + 3; + 5 
= x + 5 + ;; + 5 = ^(x + ^) + + ,4) 

+ ^) . (y + ,4)) = <p(xy + A) = xy + B = (x + B%y + B) = <p(x + A)<p(y + A) 

: ((jk «a i M <p 

: ( ^7 ) el jj i.i^i jVl J 

Aer(?>) = {x+v4| + y4) = x+B = B} 
= {x + A\xzB} = B/ A 

■ y A J B / A & 'fi t>j 



R 




2 %Z {0 + 6Z, 2 + 6Z, 4 + 6Z} 
IjS*j« 8 + 6Z = 2 + 6Z . 6 + 6Z = 6Z jl Ji*V 

. 2Z Jk JO* 6Z J ^ 

jl. j z„ e j^ua % z j j^vj - 2 y 6Z =y 3Z d ^ 





a, a 2 




[ 




| a,, e Z > 




« 3 a 4 _ 











+ I\a,eZ> 







1 +(<*,-!) , a, 



,1 = 1, ...,4 



0 +a t 



r.n 



Ring Theory ujUbJi^j^u (^iUfljw-ait) 





+ / = 


"1 or 0 1 or 0" 
1 or 0 1 or 0 


+ 


2x 
2z 


2y~ 






"1 or 0 1 or 0" 
1 or 0 1 or 0 


+ / 





+ I;x,y,z,we Z 



2x 2y 
2z 2w 



• 16 J 2 4 j* Yj aSLJI j-Us. 

ujjSj c^ij^uis J\i> A c Ljili J uJ j -r-\ ) AjjiuJi ^ : rjUt 

« r G ia.ju . (R <J ^> ASk <£J) # ^ A e&J : gU >41 
: (jVl j . ^ia ra£ A • «rg ^4 J ra£ A jjSj diiaj «e ^4 

0 + ^ = ^ = fl + ^ (ae^ uV) 

(r + A)(a + A) = ra + A*A (ra£ A jV) 

(r + ^)(0 + ^) = rO + ^ = ^ ULj 

\/r,se R: (rs - sr) g TV 

% <^> Vr,5 g J? : (r + + AT) = (5 + N)(r + N) 



<=> Vr,5 6 R:rs + N = sr + N <=> rs-sre N 

i R J* Ull» N C^j 1 jil 1$j <Sk iM£ I j] Aji ^ jA jj : ajlia 

jii \ + N jli 4 Si*. jll jA le /? (jlS I il j t aSW ^ j flxj : jU >4> 

. 1 + N*N ji CjLul M jUsuill . TV jA Aikjl >a . ^Jy ^ six jll j^^ic 

^ Yo Jii. Jx\) N=R jla le N jK I^Ij 1g A 7 " J ^ l + N = N l#j 

1 + ji J ■ u*S& ' 

j^iJl ^Ij A*iUll uj£ J W ^SLJ J Jc- 6* : 

. Ajuiij (JiaJl a Kl ,*,* - jj£j jl ji .laJjll 
j4 ji Xojli- ^ ^ . F JS=JI ^ Ulla^ jSJ, iU^F uSjl : jU jjM 

ALUl AiLJl jj£j li$Jj . A = {0} (ji J A = F ji ij\ i Ajaiij JSaJ! (_SjL"U Lai 

aJUJI ,1a ^ j^j F / F U % 



% = {* + F|xeF} = {F} 



j\ F j& j jj^aic dil j Alia. ^1 



^/ } = {x + {0}|xgF} = F 
jc + {0} O x 

jj£j aJIaj} aSI*. ^ (nilpotent) « jSil A-a.s*i« j>A \*\\ Ac jx^-o jAjj : V Jll* 

a jS5l A-a.ixia j>^lln)l Ac j-aa-a ji] < AlLaJl ^ S jill ^.Ixia j.nlf.. 0 ji ^.iJ : f'jlA Jjjl 

. AjlLa. Llbjul 

j j-O-n^i jJJJC « t W Ail I SjSlI (j-a-ixia jjji aJ& & < fl j^l 

k : = m + n j«j jVl j . 6" = 0 * a m = 0 jj 



Ring Theory CiLSJbJli^lSu (Cy Mai (t .,,''tt ) 



(a-by=(a-b) m+ "=a m+ " + 



K 1 J 



+ 



a m+ -\-b) + ...+ 
m + n ^ 



V r j 



a m+n - r (-b) r +. 



jn + n-X 



flC-i)"*" -1 +(-£>)**" 



J 

'm + n^ 



V r j 



(-b) r =0 jlir>« jl£ I jjj . fl m+n - r =0jli 
a - b (j t (a—b) k =0 u] k = m + n s-l?. jx ^j-> > ^ jjc <jla jUlbj 

_>^c ra J J . (m) m = r m <f =r m 0=0 u& r&R <uli , a m = 0 u! 

• (The radical of i?) "i? j^?-" ^ » j*^ <«.}*ia j.^wll An j-aa-o ^^-ajaij 

Z/ 

12Z/ - ajx J£ ^ ^^ij 4 Z/^ j N cjUliall ^ ^jl : AJUi 



12Z 2J ' • 7l2Z <•* ***** : ^ 



^2Z/ 



4Z 



3Z/ 



42Z 



7 3Z 



x + {0} <-> x 



« /l2Z/ . =Z/ oj^j 6Z /^ /12Z/ jj^j 

'61/ -/6Z U ^ J /12Z 74Z/ ' ' 

'12Z / /12Z 



j* 0) 



//12Z 



<%2Z ^ 



X 12Z 



jjSj n t-ia. gja , ^ .lift i>j Ijl £^ Z + 12Z : J*^) 

(z + 12Z) n =12Z (^ 2Z ttlaJi ja 12Z) 

=> z" + 12Z = 12Z => z" e 12Z = {0,±12,±24,±36,...} 
=>ze {0,±6,±12,...} 

• {0,6} j* J {0 + 12Z,6 + 12Z} j* ji- u_&j 

« ±12 + 12Z = 12Z J Wif d&S 6 ^{ 2Z c^KLJI j* *>» lj* J 

. -6 + 12Z = 6 + 12Z 

. {0} jA Z jj*. J til z = 0 cP> I jj 
^jl . ^ ^ Jli. W = {0,3} J 6- ^ fcjfl <4w : ! ' ^ 



A^={0 + 6Z,3 + 6Z} = 3Z, 



6Z 




z, 



6Z 



^ Z = {0,1,2} 



n 



Ring Theory GlibJli^jjlii 



> {A 7 } Jll^l J <J* 6* j^a # S>M ^ ts* JV lit :_n_Jtk 

%^ 

= + (* + #)" = N,xgR, hgN o^} 

= {x + N\x" + N = N,xgR, weN>J} 
= {x + Ar|jc"G #,xg#, «gN o^J} 

= {jc + A/|jc"™ =(x")™=0,xe^, n,meNo^} 

A 7 = 

= {x + A 7 1 jcg Rad(R) = N} = {N} 

yfN:={a<=R\a"(=N KeN^} 
(Rad(N)) "N jV ^ jp^I • • # ^ 

: jjVtj . AJU 4c ^ >/# ji est Oe VAA J j : <'M >4t 
VaeyfN VrG R=> a n g N,r n e R^>(ra) n = r n a n g N 



R 



=>raG \[N => ar g yj~N 
R 

a,bG *J~N => 3m, hg N : a" 1 g N,b m g N => 



(a-b) m+n =a m+n + 



'm + ti) 

i a"*"- 1 (-&) + ... + 

v 1 J 



m + n\ 



a(-b) m+n - l + (-b) n 



f m+n \ 



. a-fce uj^j {a-b) m+n <= N J* 

? consistent ^ « V ^ ^ jbj jli "jM" J* : 11 JUi 

: (ji » Wn ^ Y JULo : Jail 

. (inconsistent) j^Luilo jj& (j^Jj*^ 1 cP) 
? V.gil. Radtyjj) jMj « H Jli. ^ TAT JliJl ^ ^JUSI U : j t JH> 

Rad{R/ N ) = ^/ N J J* o*j±»--sM 
x(=x+N)&Rad(y N )<^(x) n =N J j-iJ) neN o^l <=> 

(A:B) B J&A ill . Ul^VI *SLJl ^4 u^lti. 5 * ^ jSJ : \ oJm 

(The quotient of A by 5) 
^:5:={rGi?|rZ>G A VbeB] UiU 

A\B±(j) J csi « Og ^ : 5 J j : jU jJI 
r,5G A:B^>\/b&B rb,sbG A=>VbE B (r-s)b = rb-sb e ^ 



Ring Theory oliJbellC^lii ity 

reA:B,JleR=>VbeB rbeA,A(=R^>\/beB:(Ar)b = A(rb) e A 

=> ArG A:B => Cp>j& 
(prime ideal) J J a* PcR Jli . : u^^V-M 

(1) P*i? 

(2) \/a,bER:abeP^aEP J beP 

: (2) S jb*ll Pt5 alS ^ >l SjUu 

aeR\P j bGR\P^absR\P 

m cjlS b] iaSaj bl Z ^ JJ mZ J iS J** ) (m * 0) wg N 0) 

((V) V-Y-^) ^1 j) .Uj! hjc 

<ui f jtuy lift . WemZ^Z jSJj Uji bjc m c££ ' "=>" = CM d& 
m u\l <JJ x& m cftj ■ k£ -A ^15 m u' • ^ = <jj£j z g Z 
liAj £ — ym J k = x m jjSj xjsZ <ji <_$i . £ ^^juoL ji A: ^-Sj 

. £ G mZ J ks mZ ji (^jSj 
4 m = k£ jj^j <*n^) (jb^c. <uli t Uji fAic <jju1 m jl£ bl : 

mZ Lajjj k£ = mG mZ c£lj A<k,£<m 

: 4ial£ia 

nr 



J*\£l. jLki ^/ aSLJI (Y) 

Ker((fy=P oj^ <pR-£ f jAjj- 4 j-j* -^jjj ' jj (f) 

*ik u_&! % ul* < 1 S^jJl j—^ l^Lu) AJiki? uV : (Y) <=(^) : QU >4t 

U^^J'^ 2 ^ 11 j& P ^ 1 + . 1 +P S^jll 4jlhj] 

^/ J J JA, . U ji Ullo PojS <^ ^ j P=P O&J J&Hjj le P 

■ b + P=Pj a+P = (a+F%b+P)=Po^ ^ J aj>^I ^ jail i> 
Jli.P J ^ o-j • abeP j J ab + P = P J ^ (a + P) {b + P) = P 
. b + P = P j a + P = P o&JULj beP J aGP jli Jj 

Ker(p)=P oj&j fj^j^VI . 7?*=% ^ :(r)^(Y) 

Jtsiu, leP J J 1 + P*P J j-isi- ju»i R' = Y P •• 0) <^ ( r ) 

P*P 

.p(a)(p(b) = <p(ab) = 0 J <J7 -^i; |j* . abeP=Ker(q)) Ji ^ a,6eP ^Sjl 
Oji J^Uj <p(b) = 0 J <p(a) = 0 J J-lSl. ^Lkj P' J ^> c> 

. 6 e £er(p) = P ji a e Ker(<p) = P 

: uL j«j ^ » — y— ^ 

: o 1 * ^! (maximal ideal) Jli. 4i) M cz R Jli*l J^.'a^R ^ 

M*R 0) 

MczAczR aA&y** ^cP Jli. (Y) 

n i 



Ring Theory oGisJic^iaj (to il^(^-2M) 

. AciR u^Jj . "1" tea. j» j^. CjI j aA\±) Aik i? 

^ * i? J^Wj teA a*i + a d?3^^y A :"<=": flU i4» 
LjLulo (_>u3 tSji^a jj& fj*-aic. yjSj Z> + /4 jli ijAic .b^B ib£ A jj 

1 (6+^)(c + ^) = l + ^ 

1 + A = (b + A)(c+ A) = bc + A 
: j\i t>j ftc e 5 J fjb-j fee 5 jSlj . 1-ftce AcB <J LS ^i 

\ = \-bc + bc&B (J^Bdi) 

. J&a A J i$\ . B = R J f. jJWj I j 

^/ >- J J) l + A*A J J l€S ^ J fjSW ^ uJl. ^<=i? : "=>' 

. <^jj^a l^J + ^4 <jt eUjjj o' J*^ ■ b£ A i b & R c££ o^h 

B:={br + a\re R,ae A) 
. (r = 0 tjl«a (jlc- tijJ^j Jll» B J <> (JjSaoJl J***j 
< cg J»ja Ajli I^jj 1g 5 jli JfclL, . B = i? oJ* ^ A u*j 

: jjVlj . \ = bc+a' Jjysu a'e i4 
\ + A = bc + a'+A = bc + A = (b + A)(c + A) 



: MJlai \ r-r-\ 

0^111. t5j- JS^ ^ AiV UlS- {0} ^1 u_& * J^l ^ 0) 

U\l> 04 K J&A .((A-Y-^) ^ Yd Jlio) . {0} JliJl j! JLJI 

. t _ ? ^ c ^Ulia {0} Ijc Uja ^uljVI iiiUtiJl £^ Z AikJ! ^ (Y) 
me Z ilya. mZ s jj^SI ^ jj£ Z ^ ciUim ji ^ (v-Y-^) j> 
. in = 0 ji yj lAJe, m li] iiaj ^ cAs' «?Z ji ^ )<>j 
P = /?Z uj^ y J ^ p j^ til iiiaj jl£ I j) Z ^ P J ^1 

tsu* Z/ ji£ ii] ^ 0 i£ ii] jn, /> (i-r-<\) j* jVlj . P = {0} ji 

. z ^ gm. ^z uj^ (n-r-^) , ^ z/^ 
. z ji> j'^j^ c>J* ^*z . z j a js(r) 

.(m = 0 ji) (^HJ^a W lilla. A=I1& jl£ 'jj Z ^lia ^ ji <JjaJ aj- 

Z ^ (j\ jV) t5* ijj^ uj^J ^ ji ^Jal j m = 0 aJU. ^ 

(^^Z jV w = 1 ilUl) m>2 jK 13 .(0 j.^wB ^i^j 

j*J . ^4 = mZ C />Z (Jj-staJ j ^ji JAc. p tlua. p m 1 ^jjiIS Aa. jj 

. ^ hr .l jA ^?Z a^>iiLjuO JjjLJl Yjl!La 

(partial order) C J >» <-juj J // o! J 1 ^ • H czMxM c£Aj • j*** M C3& 

(a,a)eH : aeM ( i ) 
a = b J ^ Jli—J (b,a)G H <■ (a,b)e H (y) 

rn 



I Ring Theory CiUi*Ji^j_>lij (to iU)l^i2«) 

(a,c)eH J (b,c)e H . (a,b)e H (-^) 
. ^3=^1 Sryjjall <jc "<y^Vm«ij i (a,b)eH CP- ja*^ a<b sjj&s U» UJUb 

: (_L j»j ^ t-f- ^ 

L ^ujj " < " rfJii.M J u;> Uujs " < " c&j ' ^ j-?- M cjSal ( I ) 
b < a J a<b jjSj a,Z>e M ou^*^ <J^ ^1 (total order) M 

AjlliJl jjc. 5-u jail j ^7- ^a.-iij . A/ 4c j) •"•>■" (j* Uj j^. Ujjji " — " '^j (s- 1 ) 

a,bc K oij^ c& »*) (" < " J! ^U) M (chain) *L«L. M £>* K 

. b<a J a<b : oj^j 
: Allai i o-r-i 

. R ^ ^ J3 ^ R "ti jUj jl 4> Jai" ) 
Sjall At j^rxvl USja. Ljjjj A<B:<^> AaB ^ -j^^ M li) (V) 

M_!P(M) 

dj^Y <uV « UK Up J5 t^ul ^ Jill jla a * * M := u 1 ^ IjJj 

. {b}<{a} {a}<{6} 
: iJu gj ) W-> 

. M "UjJ?- j^t"- 4 A i UjJ^. Uu jj " < " i ojjtj M (jSl 
(lower bound) .la. ji (upper bound) Aa. <u) se M _>^*J ( I ) 
. a e ^ £j*aJ ^ Jill ^ 5 < a ji a<s j^^M ^ 
. A ^ (jlci a ^! Oast lement) y^£- <j] a 6 ^4 Jli (uj) 

. A ^ lia. a I ij (first element) J 9 i >uaj& -ol JlLj 
jLuai >uaic ji /I ^ (maximal element )(Ja&i >*aj& «ul we ^4 >-ai*J JIL 

a<m J m<a ■ A a ^ u^> A ^ (minimal element) 

. m = a (jl jtjjI) (—ijjjjII 



nv 



: j&j^U w-r-^ 

. ^1 j Jji JSVl Jcj^jjisS j^jb. JsVl Jc. LJ A ( i ) 

^Jaci ji^iir ^4 1 tjli (a Jji ji^'tr. jl) a jjii j. nir. ,4 — 1 jl£ lil (i_j) 

^ /( tjSljK (dim P> 1) lj (vector space) Uai. til ja F jlJ (_=.) 

1 < U dua. 4 V ,^3 (vector subspaces) £/ ajj j=Jl AjJaaJl die. I jail 
sjjjJS^jjC/^PF:^ £/ c t> Aili iiiic . (dim t/ > 1 ) 

J£ Uiu . ^ _J Jji ^^ic ^U* jjSjV dimF>l rfij • A J 

. A jijL-ai I j*-ajc. (jjSjjoi 1 (J j V Cy (J*y*- 

: ub jiu \ A-V- > 

4-U jfej M j) JUL) . M ^ tu ja. Ujjjj " < " jSJ j . AjlLa. Jit 4£. j-aa-a M (jSjl 

. Jti ^ LJ M <J <LL J£ Cijl£ I j) " < " _J (inductively ordered) Ufl 

Zorn's Lemma xxllL^*AlAAzTii1 

ji .Vic JSVI (_ySfc l$J LijI jiiuij <i J£ 

(jlc ^jll (Axiom of choice) J4^i\ ujjj ^J*-^ u' ? i> 

"LJLk (jjiJ AjlLkll JJC. Cjlc j«-> oil (j-a AjlLi. JJC. 4jjbt] (J jjjjlfLlI L_ljjJaII Ji-aLa." jl 

"The Cartesian product of a non-empty family of non-empty sets is non-empty" 
jJi&i ±±j}A Jlla J£l {0} ti jL^V R Li ajjjjjj ^ tA> 

^ jjaj J&jR <j jL-fiV ^1 j CjLHUI JS j-^a j . AczM jl M 

4JA^ ^Oi^bj . ^ fJafti Jlla (JitVl JUJI IJAj • ftftl JUa ,4 Je. 
(jc. ' kloaj aia> j j-^-'"*- LjJ AjIIaj] Aala. J£l jl 1*10 tiSj-a lilliA (jl ^^Ic (jA jjiui (jjj j 



ru 



Ring Theory CAUbJi^jiii (^UJt,*.^ 

: r >-r-\ 

. AcM u! R fJi&i Jllo ^ci? 

t> LSI j&J 1 jjS li^j . B<C:<^B<zC : ^Vl£ 7 ^ " < " Lu> L£ jj 
U 5 / ^ * 1 - L " ^ ^ ^.J j£l Ae I : & " ^ " 

s=/: Be/: 
. C<=D l b&C u! C,DgK i+jj -Ul 6,CG (J 5 

Be/: 

b-ceD J b-cEC cxA J^hj < DczC J CcD <i* * uV j 
re 7? £}*aJ rZ>G |J 5 J Z?g |J # ^Ls • ^-ce (J 5 J J 

B<=K BeK fie/f 

w R ^ l s^jli ^ (J 5 = 7? li ! . ^ c |J BczR uVlj 

fie/T fie/: 

jVlj . (j^alSj lift j . C = R (jj^J lifrjj • AT j> ^'ir . Jai - - C J) ^g-ojjj 

I : jjj^ ^laj Y .-r-> 
I >^ie l',l) ^(1) = r a\ y=H (i^fj^jj-^j* (p:R-^>R* '■ > ^ 

. ^ JJ (p~\A y ) J J*. 
. JJ A&i^frtfj&i .(A-Y-1 ) J \ \ Ji. Jli. ^-'(^') Jl : aj! 
uli JtilUj 1g ^r'OT) <p~\A') = R li! . (p~\A')*R 
■ R' JJJJ^ A' uVlk^: ^4' = ^ t^l^j 1' = ^(1)g^' 



JHo A' eft . <p(x)(p(y) = (p(xy)e A' ji P jSl^ li* . xye ^''(^') (jSJ 
. ye ^V) ji xg ^'(^') jli J^j pCy)e A' J (p(x)z A' & Jj 
. J ls ^A J Uft\ CAAKA ^ ±j : Y 

.fio*\ gin. o^i <usi * ^iji juj .(n-r-^ ) ^ a jh» >fl : 

V / 

/ /12Z 

j&a j±\ ^ ? ^ juibj ^1 gin. 22^ 2z ^ (u -r-1 ) 

z/ / 
/ /12Z 



0> J ts^ 6, • (i^ <0^ J-^j- 0 ^ '■ K — > K O^J • K (jSJ : V Jilt 
■ fj^jj-jjy' <p J J (^(A) = {0} J L?i) ^ (-IjJI OjSy J W 
.Ker(<p) = K J Ker(<p) = {0} J Lbij (A-Y-^) o- YT Jli. ^ : jU >4l 

tfer(p) = {0} => = 

f <P J iii A" = ^(A) ji Lsi 

x<-> Jt+{0} 



Ring Theory iiibJiSu^ (^sUJt^iJi) 



Ker(<p) = K=> K / K = <p{K) 

. (jjL^Si jjJ jS j* p J tfl i ^(iC) = {0} ji 
jL-all ^1 J! ja ^> J Ker((p) = K <> » >iU» gSy ^jJaJWj) 
S:={a + 6i|a,/>e Z,6 ^jj Ate } <j£}l : t 

. Z[z] ^ U\ic c^J 5 oS5 1 Z[z] i> ^> 
. J if! . 0 + 0/ e 5 : jajj 

: J .5% a,b,c,dE Z ^ a + 2bi,c + 2diG S 
a + 2bi - (c + 2di) = a-c + 2(b-d)ie S, 

. Z[z] <> . (a+2bi)(c+2di) = ac-4bd+2(ad +bc)ie S 

: \-ieZ\i] i l + 2i<=S c& 
(l-i)(l + 20 = 3 + /«5=> Z\i] JU^c^S 

(X 2 + \ 6- ^ <_?') [^ 2 + l] ^ u' <> o*^ = g 

/wo) 

ja lilliSj . ^Ij (Jjk « ^) J*Ui pyJjB li* . (<p(f) = f(i) J J) 
V/, g G R[ JT] :<Kf + g) = (f + g)(}) = f(0 + g(f) = ?(/) + ?(s)> 

^(/.g) = (/.gxo = /(o*(o = <pvyq*g) 

'• ls* {<P) '^y d iJ^ 6*J^J 

Ker((p) = [X 2 +\] 



<UiLifr fU&m ■. Jj3l yUl 

:Kr(<dcz[X 2 +l] J Jc oa> oVi j - (* 2 +l=0 uV) [X 2 +l]czKer(<p) J 

: uVlj • r = aX+b J 

0 = /<7) = m+6=>a = 0,Z> = 0 

feKer(<p) 

Ola f5 6-j < Aer(p)c[* 2 +1] J J / = ?(X 2 +l)e [X 2 +1] ji tf t 

^er(^) = [X 2 +l] 

M[X] ^ juu [X 2 + 1] J (u-r-i) 

% Z [X] *SLJI ^ Uji Uli. o^ol [X 2 +T] JliJl : J c> 6*J^ : 3 ^ 
(X + 1) 2 = X 2 + 2X + 1 = X 2 + 1 e [X 2 + 1] e (% Z )[X] 

. i? J f3oc\ Jl> A := {/e i? | /(0) = 0} 
J t5i 0(0) = 0 uV (ii>-ll JI) 6e ^ 



Ring Theory GUJbJijo^u (^'*"p 



f-gsA <=(f- g)(0) = /(0) - g(0) = 0 <= f , g g A 

gfeA <^(gf)(0) = g(0V(0) = g(0)0 = 0\ geR < / 
/g^ <=(/g)(0)=/(0)g(0) = Og(0) = o/ 

/W(0) 

tysF-^Y ^LJi ^ /=[^+X+2] 2T+3+7 — 1 o-j^ 1 

da^ + 6 + 7 jA 2X+3+7 (j?^ U-jS«-M : ^ 

MuVlj.a,^e{0 5 ...,4} 

(2X + 3 + I)(aX + b + I) = l + I 

2aX 2 +(3a + 2b)X +2b -Tel 

=>2aX 2 +(3a + 2b)X + 3b-l = A(X 2 +X + 2) 

^>2a = X (1), 

3a + 2b = Z (2), 

36-1 = 2A (3) 
J £fr (4) « (3) o-j -26 = 21 (4) ji J 5a + 2b = 2A J &h (2) » (1) 0- 

.a = 3 J 2^0) t>j -A = l J ^(4) j>j • 6 = 1 J ul 36-1 = 26 

3x + 1 + / _>* t>> jSx^ll 



U2I ,6-61*1! : J^f wUI 



^ + i] '' ~ ^ 

OV) 10 + [3 + i] = 0 + [3 + /j o^c^Wj. (3-0(3 + 0 = 10 J Jfatf : 
*+[3 + /] = -3+[3 + /] = 7+[3 + 0 oi*«^j((3 + 0(3-0€[3 + fl 

Zt % + /] = {0+[3 + ai+[3 + /],...,9 + [3+/]} oli^o-j 
X 2 +X + 1 = X 2 -2X + \ = (X-\) 2 e[X 2 + X + 1] : *» 

^ uiji uiia ^ [x 2 + x+i] d* J&tj x-U[x 2 +x+l] u^j 

. l&id ( ^ Z>[ /^ 2+x+i] c# J^j < (% Z )[X1 

^ Z )[X] ttW! ^ <Jici Jli. [X 2 +X + 1] d <> 6*^ •• U 



. (u-r-i) sjiu. 

Oli ^UlUj (U>-) 0 bJte* 1 i^jll _>*dc V ^1*1 iiik (% Z )[X] 



\x 2 +x+\] 



\ + [X 2 +X + X\ ja l^as^jl! j^e. iSL. 



: Ja^Uc ^ WaL jjSjj j . [X 2 +X + \] J* c? ji*-all iA j*-ajfc j 



Ring Theory CiUWl^j^ij ^Wfu^y 



jlW ■ 1 + X + [X 2 + X + 1] . X + [X 2 + X + l] 

x 2 +[x 2 +x+\] = -i-x+[x 2 +x+\] = \+x+[x 2 +x+i], 

l + X 2 +[X 2 +X + l] = -X + [X 2 +X + l] = X + [X 2 +X + l], 
X + X 2 =-l + [X 2 + X + \] = \ + [X 2 +X + \] 
l + X + X 2 +[X 2 +X + l] = [X 2 +X + \], 

uV l + X + [X 2 +X + 1] ja X + [X 2 + X + \] _S^>iJl o-j^lj 
(X + [X 2 +X + l])(\ + X + [X 2 +X+1]) = X + X 2 +[X 2 +X + 1] 

= l + [X 2 +X + l] tflaJl ^S^jll >^ 

^ a£J « j> <u> A J Jc o* ■ A := {/g 7? | /(0) = 2«,«e Z} 

. R ^Ull. 

(Akala *ib (jjL^l! j^ljSt) . {ji J\ l (tjji^ ^JJ\) Oe A : QU >JI 

(/-s)(0)=/(0)-s(0) = 2h-2£ (»,*e Z) : J ^ f,g<= A & 
= 2(n-k)e 2Z 

(U^La <lb f-g C) (^A-^) 

U&)(0) = /(0)g(0) = 2«.2£ - link e Z 

(aL^L. 4]byg) . R t> <u>. A J J\ 

u$! . gei? « f&A « jiiL^. oA3b g=V3 i /= 2 uVlj 

. tf^Ulla^ J^l . (fg)(0) = 2y/3£ A 



_ ,«aiuii : hui 

A^cVa 7 ( i ) 

Va 7 = # 6^ y J Uli. AT JLS I jj (-^) 
jceJV => jc"e7V neN cwl ( 1 ) : fl* ^ 

^> jcg V 77 => ATcVa 7 

: uVIj • Va 7 c : M ( i ) 6- (m) 

xg VVF => 3mg N : x" g Va 7 => 3m,nG N : x mn = {x n ) m e N 

=> jcg Va 7 ' =>47n cJn 

mneN 

=>VVF=Va 7 

: uVlj . NajN : Upl ( 1 ) 6- (-^) 
*g yfN ^3ne N:x"e N=>3ne N:xg JV ji a;" -1 g # 

=>...=>XGN=>yfNdN=^yfN=N. 

#] M #] M #] ( ! ) 

^{aeR\a n eN , aig N } : U Jll» = M 

#]••={«€ % ?z | g-6[0] , «GN ,>«J} 

= {aG% 7Z |a"G[0] + 27Z , «eN o^} 

= {aG^ 7Z |fl n G27Z , «eN t>«J } 

m 



Ring Theory CiUWt^j&j (<J7 jUH l «.,.2>i) 

= {a e y 2JZ | « = 0,±3,±6,±9,... +24 +27,...} (0 = 27) 
= [3] 

([«]=SidW) 

7[3] = {«e% 7Z |«' ! e[3] + 27Z , fieN^} M 
= {ae% 7Z |a"-3me27Z, wgZ ^j«eN } 
= {«e% 7Z |a = 0+3,±6,...} 
= [3] 

^[9] = {«e% 7Z |a"e[9] + 27Z , »gN o^ul } (-*) 
= {ae % 7Z |a"-9me 27Z , meZ o^uJjwgN o^m 1 } 
= {«e% 7Z |fl = 0+3,±6,...} 
= [3] 

\& o4 i?/>/[0] J <> u*^ • ^ R : ^ ^ 

(( > <=>— ^ - " ^ ) ^ j^l) • >— 11 j£- (nilpotent) S jSil 

^ jc + VEo] J ci' « «eN (x + VE0])"=:0 + Vi0] uSJ : ajj 

lj*J x"+V[0]=0 + V[0] jt i^Sy li* . (/?/V[0] ^ >j) Sji» 

<ii (jc")" g [0] uI^wigN ^ JtiSbj .x" g V[0] J 
j^JI J ci' a;g7[0] JUb, x*g[0] jl ^ fc(=mn)£N ^ 



: (M Al^Ui Jj^ll C(R) J <j\ J* c>*ji ■ ^ JM* 
VxgR . m jc :={/GC(]R)|/(x) = 0} 

< 0(x) = 0 i»>iS\ U-L. 0:R_>M ^Vl^ Aflj«-5I yijll 6 : i'jJk jJI 

■ f-gem x J ^Jalji /,^£ -m x *<p 3 ^ <■ m x <j ^ 

(sOW = *(*)/(*) = g(*)0 = o 

. C(R) ^ Jllo m j • /ge ro, . gf&m x : J ^ 

p:C(R)-»R 

/_>/(*) 'Hj^J-^J 

AjjIjII iaii r e R 4-«ua ikL 4& ^ialj : ja t <_LLi) j-lc. ^1 j ^? 

: ^ Jya ja . (p{f) = r ujSja (^JaJb U^La ^ j) C(R) 3 / = r 

V/, g e C(R) : K/" + *) = (/ + *X*) = /to + S to = */) + 

<pUg) = (/g)to = /togto = rt/Wg) 

Ker(<p) = {feC(R):<p(f) = 0} 
= {/gC(1):/(x) = 0} 

C( %= C %K,)=* C < R > = R 

J j> ^ "1" 'oo^jll j^^k. iHi ^Ljil^j <2k C(R) c R uVj 

C(R) J m x 



Ring Theory GtfJLsJlc^lii (t ptDl^i») 



? Jik f jjijj-j-jA /6Z /30Z ^1 J| Ja : yy Jlla 



VxeZ:<p(x + 6Z) = 6x + 30Z 



Vx,j;e Z:#>(jc + 6Z + j> + 6Z) = ^(;c + y + 6Z) 
= 6(x + j/) + 30Z = 6x + 6y + 30Z 

= 6jc + 3OZ + 6j; + 3OZ = 0>(jc + 6Z) + pO/ + 6Z) 
9?((jc + 6Z)(y + 6Z)) = ^(xy + 6Z) = 6jcj/ + 30Z 

= 36xy + 30Z = (6jc + 30Z)(6.y + 30Z) = (p(x)<p(y) 

£aJ ja . (JjS ^ AjIc Li^ui jA I^A j t fjpjjAjA jA ^7 <ji ^JfiaJ ^^l^all (ji»*J 

. ^(l fi ) = l s J*J t)iLi») UajJS (jisj (ji Ujjjjj-jxjA ^> (jjll J^A l s 

(p(\) = 6 oAljll lift" ^L*. ^ liA lii<uc.l lilj 

I I «*Uj£ jA ^ S^jS j^c Jj ^3Q Z SJa.jB j^ic jA ^ 6 

. U jya ja JjSj !Ai t 1 + 30Z 

. UjjSjjx^ojA /4Z /lOZ : jJl ^- 'j! jA^I = ^ 
x + 4Zi->5;t + 10Z 

(jl dipj ^jj : u' • ^JGZ iiua> x + 4Z = >> + 4Z <j£J 

: ji ^sjL I ^a j x = y + 4k 

m 



(p(x + 4Z) = 5x + 1 OZ = 5(j/ + 4k) + 10Z, e Z 
= 5;y + 20£ + 10Z,£eZ 
= 5y + 10Z = ^ + 4Z) 

p(x + 4Z + y + 4Z) = (p{x + y + 41) = 5(jc + .y) + 1 OZ 
= 5x + 5j; + 10Z = 5x + 10Z + 5^ + 10Z = ^(x + 4Z) + ^ + 4Z) 
p((jc + 4Z)Cv + 4Z)) = (pixy + 4Z) = 5xy + 1 OZ = 25xy + 1 OZ 
= (5x + 1 0Z)(5 j + 1 OZ) = + 4Z)^(j + 4Z) 

(25 + 10Z = 5 + 10Z) JJi*V) 

. 1 + lOZ ja ^i^jB j—se. 4 ^(1 + 4Z) = 5 + 10Z J ^ 

<p:R^>S uj^ ^ 5 is* R iJ '■^J 11 

. a_>jujLi<a (jjjLuill (Jl!La]l Li^)£j La£ .JajJill I JSA Jajiuii (jajj . V ^ La jj3jj-a _>*jA 

%0Z ^ ! %2Z ^ t ^ LJI ^-^J-^-^-J* <w us* 2 Mji^l : ^ 
• % QZ J! %2Z ^ ^ <w Vji ^ji- : sM 

Ajjlii <>j ^0) = ax jli ^(T) = a u^j ' ^ j* fj^j^j-j^ 1 u 1 * ^ 
Ord(% QZ ) Ord{(p(\)) = Ord{a) ((r-1 .-1) - j-jll ^) gljrf 

Ord((p(\)) = Ord(a) J .12 ^ ^ (>d(<p(l)) = Ord(a) 



Ring Theory CilibJijojlij (tJ jUJi|«.,,2tl) 



J 0 : j* a o& J^j ' Ord(a)e {1,2,3,6} u_& J&Uj 30 * 12 ^ 
J** M 6- jtaul! tijlill . 25 ji 5 J 20 jl 10 J 15 

<si Ja^Lia : j^I^ ^j^j^-o^-ajA uj%" *— j^jj^j^j* *^a l>* M j ' 

: c&JMu 1.1 = 1 uj^%2 Z 

a = #?(1) = 0>(L1) = ^(l).^(l) = a.a 

• cl-jV a = 5 J^l % oz ^5*5.5 = 25 % oz 

. ^ a = 20 J J 20^20.20 = 400 = 10 : ^ 

4_ij«j Luuia. l$j £y» (JSajll ^jliii iil jiij < a = fl.a (jiaj I t j^ a = 0,15,10,25 

^jAa. (jjli ji (jLaJl j* Ja ... t 15 « 11 t 7 ' 3 jlall jjjcI : t » Jlla 

jj^i ^ynK j^c n e N tlya. 3 + 4 n jA aJI _£«JI » 1a ^ ^Ull aJI : JaJl 
: (jla ^Mia yix (jjtjt >^ UJ J -^ lIWJ - £ j"> " -i j^aJl (jl^ I j)i . ji><-t\l ji 

3 + 4n = jc 2 +y 2 ,x,ye Z 

• U J^J^ ' ^ t5*JJ- (Jj^ Jjia. ^.i 

^x^^l tiii^V ... i 26 < 18 < 10 i 2 aJIjU J & ji ■ U 



iMUHl ^Jbkiil : J$*l hUI I 

<l3l jlal! ^ .ia. lilliA |jj 4 8 (J-tlia (_lLuiaJlj <_$i 4 ^gj_7 M*" 1 ^ •(ji^all 

x 3 =2(mod8) (1) 
. (1) (j 5 ^^ M u' 1 x = 6 ' x = 4 t 2 
J (J*- U*JJ ■ 5 = [8] i (2 (> ^lji<Jl JliJl) 4 = [2] : Z J: TV Jtt* 

UjIj-j AjjSj « {8Z,2 + 8Z,4 + 8Z,6 + 8Z} ^ *»j*jB : *tt 

% z Sj-jll ^ JSLis ^ Jlslbj (WS 6 + 8Z ^ ^) 2 + 8Z 

.(^-ojfl (^S (A~^ ) ^jjjUI jxjll Ju^fi _>kul) 

CpjZ oASL^ % z t 2Z^ z . 1 + 4Z s^jj, ^ ^ Z/^ 

(x-l) 2 +x 2 +(x + l) 2 =/ 
=> 3x 2 + 2 = / 

TTY 



Ring Theory ^LLbJlCXj^ (to su«^-2Jl) 



oi$J Ja. Ja.jjV <ji £tj-ialjj . J/ 2 = 2(mO<13) : JjuoaJ 3 <_>ul-}3-o i—lLuiaJUj 

. UU*. uj^j 
: 9 (jic 2u«ai ^jLla : Y£jll« 
Ijj 9 ^ ^Sll 5U5 <jj<u a k a k _ v ..a x a 0 ijj^ JA<ull lj n ^\ <J <^lc- o* jj 
. 9 ^ ^Sil iL.U a t + + ... + a, + fl 0 jlS li] .LSaj jl£ 

: t'jU wit 

« = a 0 + 10a, +... + 10*"'a A _ ] + 10* a t 

= a 0 + 10fl,+...+ K^IO a k _ x + K^IO a, 

dit j*St <>> ft - 1 till t> A: 

w = a 0 + a 1 +...+ L^J + 1^ a k (mod 9) 

cjlj^l (> k- 1 CjIjJI^AT 

=> [«-(a 0 +a, +... + a t _, +aj] 9 

JjSj a 0 +a x +... + a k _ x +a k jl£ lit JaSsj lit 9 4-^1 JjSj « jt J\ 

. 9 (jit 

: 1 La^iajjil 



Vx,yeZ: x+y=x+y xy = x.y 

\fx,y&Z\ (x + mZ) + (y + mZ) := x + y + mZ, 
(x + mZ) + (y + mZ)r=xy + mZ 

rrr 



i x + _y := x+ j ji c$' 

x.j>:= xy 

: 1 1 ^ 4jU5 : lg ^ 

|j] 11 ^ill jjjSj a k a k _ v ..a x a Q JaujII ^ " u' J*- o* 

. 11 J* ^u-i5i JjL a 0 -o, +a 2 -...+ (-1)*^ ^ J^ju^ 
Ij&La JjUII Y £ Jlia »k US : jJl 

n = a o + \0a l +\0 2 a 2 + ... + 10*^ 

= a 0 + 10a, + (10)(10)a 2 +...+ 1OJ10 a k 

: J. — 1 1 (jnULa ^ t_)LmaJU 
«s« 0 + (-l)a, +(-1) 2 a 2 + ... + (-l)*a A (modll) 
= a 0 - a x + a 2 + ... + (-l)*a t (modl 1) 

[«-(«,, -a, +a 2 +... + (-l)*a 4 )] <~-I.ll J J 
jjlS lij JaSa j jjlS I jj 1 1 ^Jfc AAJuill JjL » ji <ji 
. 11 a^SII fl 0 -o l +a 2 +... + (-l)*fl Jt 
: 4 Je. 2Uuill AaL15 : Y1 
« = a k a k _ v ..a x a Q : <j _>i*Jl J£«jJI ^ lauau^a ta.ic. « jSJ 
4 <^lc. A^SII (JjL ai ao ^1 -^j 1 ^ 4 ^ a^-sII JjL « jl ^ <j* jj 

n = a 1 a 0 + 10 2 tf 2 +10 3 a 3 + ... + 10*a i 

4 cv-L-ji- sjUsJL JtilL, • w > 2 4 ^551 JjL 10 m j! Ji=^bj 
n = a,a 0 (mod4) 

m 



Ring Theory ouJbJiSojJai (^lai^^SM) 

<jl£ I ij iaaj <jl£ lj| 4 J& AjuaiSII JjL n ^ja.1 S jLulj t (« - ^aij 4 ji J 

.4 J& A-ajuiSlI JjL ai <3o 

AM (jx ^Jjj ^fr'J - La-la f JJc. ft ^jfLi] j t La. ja La-ia 1.11c. ^jfLiS : t V Jll. 

J*- t> • 27453 e.i.-jl J W 72345 ^ jll ^ i m "oL jLo" c_u5 JS SjL&b 

. 9 J& <Auill Jasj m-n <jf 
jlS lj] 9 Jc Ava^SlI Jib m Y i Jll. ^ . a k a k ^...a^a 0 jA m ^1 o£J : tjU >4t 
jiJl J5 SjLc] . 9 Jc. A^ill JjL a 0 + a, + ... + a t , + <^ jl£ lit .Las j 
"diLij^o" ^ jAa-a (jjSjj i = a 0 + a x + ...+ a k] + a k £ j«-> ^ j}*^ J£*i m 
Ojfa* m-n "djUjL»" ^j*?^ jjla JtilLj b Q +b l +...+b kA +b k =S j* « .n*ll 
. 9 Jc ^-ojuiSII JjL wj — n Aid! jli JIjIWj • 9 Je- ^uill JjL jA j 4 jix-aB LjIul. 

Jll. j£ Qjii oia. jll clllj ASk. Aj! J AjS Jft <jA jj : TA Jll. 

Uji bill. Uua 

li* . jJi&i Ulla mczR oSJ < So*, jll j.^iir. till j ajIIjj) Aiia. (jSl : c'M »11 
i? J Jj Jll. m «= J-lSi. (jUaj ^/ (U -r-1 ) Jia. V (0^ 

|j* j (jJicI Jll. ^ <jV) A+B- A 3 ls *Xi i lj* * A + B*R u*J : l)U >4I 
. o^SLii : 5 = ^ <J 5^ -4^^? 4 J£*£ O^j .5c^ tj*^ 

Aji Jc <y> _>} . R aJI^jJ Aik. J ^Ulll. A,B„B 2 ,...,B n czR ■ t " 

< ?, cJSJ (jl^ lij 

. L~ jUiUu- A,B x B 2 ...B n o\i <■ t« jUbUi. ^,5,. : 1 < i < n 



fj^j^V" p:R-^ R / A 

P^)=- B /a^ B ^^/a'Va^ ^o^&^BlA 
{( B+ %.= {b + a + A\beB,a<=A} = {b + A\beB} = B / A ) 

piB^BJ = p{B x )p(B 2 )...p{B n ) 

= (%)(%)...(%) = % 

=> jUaUi. A,B x B 2 ...B n 

(*) (l-Y-'*) ^UlUl jAa. ^ \ Jli. jkil : n = 2 
t> ^jjj t ^jjox j^aui t*x A^JaUlo cLiUSll* A„+] t ... ' Ai i A\ : n — > « + 1 

(j!^ f"' t>*J ■ (j^ai«Aa A i A 2 ...A n ,A n+l J » JjiUa ^jLuill f « Jlia 

(A ] A 2 ...A n )A n+l =(4..-4,) n A n+1 

= (A l n...^AJr^A n+l =A i n...nA n nA n+i 



rrn 



Ring Theory CiUisJtSo^ii (to 3Uli^ilt) 



x h-> #>(;t) + ^ 
Vjc, ^ g 72 : p(x + y) = <p(x + y) + A = (p{x) + (p{y) + A 

= (p(x) + A + cp(y) + A = p(x) + p(y) 
p(xy) = (p(xy) + A = q>(x)(p(y) + A = ((p(x) + A)((p{y) + A) 
= P(x)p(y) 

f j^Jj-j-j* P lP) 

(p) l lulVl 

Ker(p) = {xg R | ^(x) + ^ = A} 

(S/ A MLJI^jL-ll jA^ J 

= {xg/?|^(x)g^} = ^-'(^) 

(^) = %er(/>) " = Va 

LaS a 2 = a (jl t^i) Z n SjiSl JjLo1« f j^ic. aim — S ta«Ai n ^jfLJ : TT JtL» 

c> fj£ J J* J- 0 J* jc I — > ax ?jJ jll J tr 1 * 1 0* • (0 0_ ^) ^ * J&» ^ sta- 
rry 



ij) t-lia. la^>«-a Luuuij Sjj^>jJa5Ll q*A jiaUall (jaij (jl ^ylc (jAjJ • Z n TL m 

: • k * 0 t keN kn-m r&A : QU >4l 
x + £rcZ h-> ax + «Z 

x + fozZ = y + knL 
=> 3z e Z : x + knz = y 

=> ^(y + knL) = ay + nL = a(x + knz) + nL 

= ax + aknz + nL = ax + nL = <p(x + knL) 

: y = 3 a = 7 m = 3 i« = 4i«=l <jijl 

x = 7 + 4Z = 3 + 4Z = J7 

=*p(jc) = p(7 + 4Z) = 7 + 3Z = 4 + 3Z*0 + 3Z 
= 3 + 3Z = ^7(3 + 4Z) = ^(y) 

Vx,j7e Z fa :^(x + ^Z + y + A^Z) = ^?(x + y + A-nZ) 

= a(x + 3;) + nL = ax + ay + nL 

= ax + nL + ay + nL = (p(x + kriL) + <p(y + knL) 

(p((x + knL)(y + knL)) = (p(xy + knL) = axy + nL = a z xy + nL 

a 2 =a 

axay + nZ = (ax + nL)(ay + nL) = (p{x + knZ)<p(y + knL) 

z 



Ring Theory oOJUJi^lii (to su«^«a)t) 



? CP<LZu Z 4 « 2 % z jUSLJI Ja . 2^ _j ^ ^\(\) 

1*1 o-J 2Z^ Z 6 V 2^ ^ J£Li£V W^ij , % z ^ JSLSS Z 4 : jLSJ) 

((Y . ~T- \ ) ^ Y Y Jlio jJajl j Ju^UMl . Sis. j jj^iic 



V U' til 



'«1 <0 



|«.gZ} ussi (r) 



/ Ji j^ic. (jA jj . Ajik j jll (j.^lidl jl) (entries) J^-^ ^ j <>^ jL-suJl £ia=>. 

%z ' %>z ' %6Z c>«-"^e^W(t) 

^^oJ^* Z[X] J JJ [X 2 +l] JU\ J i>J^ (°) 

((\ .-r-> ) j o jn. . m[X] j f3ac\ <^ j&Ji J j^y) z[X] 

. Uli. ^ / = {/e Z[JT] I /(0) = 0} 
j . R=Z ' 



>/[6] M 



[4] M 



[0] ( I ) 



? Z t z j/ j^»Uc jjc ^ . Z[t] Uj yiS- ^ /= [2 + 2z] J <> o*j> 0 •) 
JLJuirfirJefrji. Ir{feZ[X\\f(0)=2n,n<=7} cte Z[X] 

(annihilator of ^4) 

Z[/L 



(jAll c-^Jl j £*aj| ^jjLc. iiaa ^ ' ^ 5 Z, ° jtUUI J ijAjJ (U) 

X h-> 5x 

AjSl « ^-sJ! AjLg t ^- Z 4 ~^ Z I2 ^-j, J j^Ajj (n) 

JC h-> 3x 

(\-^) ejaJl jjjUi t> OD^ 1 ts^ (OAjJ^Jfri 1 (3A» ( Y ') 



Ring Theory CiUJbJI^-j^ (^''"f ■■"") 



. Z 6 Z 6 t> diLsj^jj-^j^Sl (jjc (YY) 

(Yr) 

< 9 <^3I 7, 176, 825, 942, 116, 027, 211 ^ J J J* o* j} (Yo) 

. 1 1 iS k. Awill (JjLV <U£1 

. 99 A— ill J£ 9, 897, 654, 527, 609, 877 <*JdJ*<y>j}(^) 

(10 100 + 1)" (mod 3) i (2.10 75 + 2) 100 (mod 3) 
|j] <d jLnl Yli* u>l . taUai (A-Y-1) o- YT Jli. ^ (YA) 

x\-^>6x 

(<Jjii ^ill ^uil jill (j<a LllLk (jjal 

- >x^ic. jaSi ^ UJ^ (jk J**- t> (O^ JJ^J" 0 -?* <-S^ L)' U*-W (^) 

j?, jiakl! j^UJ c_j j^al! J^.U <_i j*j . jiSak i? 2 < if, j21 : uL gj t ^ -V- ) 

*,®^:={(a p a 2 )|a l e^,a 2 ea i } 

(a, ,a 2 ) + (b l ,b 2 ) := (a, + ft, , a 2 + b 2 ), 
(a, , a 2 ).(£>„ 6 2 ):= (a x b x ,a 2 b 2 ) 



(jjoSiaJl __>jiUxlt (_lj*iajl Jj^aLa. (ji ^-wMl ^JjUiS t^jllj 

.AiL. jA R 2 i R\ (The direct product of the two rings) 

A — A a . f l 4_u« — ilLa (a i5 a! 2 ) j.,Viiill t (0,0) jjLua (_g jii<*i\l j>.Vi»ll (ji 

^-{(O^Jetf,®^} « R\r{(a l ,0)<=R x ®R 2 } ii : Aia^ YY-r-\ 

p x :R x ®R 2 ^>R\ 

'• jO£ J>° A • (projection) .LULuYI <-i j*j 

h^O) 

V(«, ,a 2 ),(b x ,b 2 )& R x ®R 2 :p x ((a, , a 2 ) + (b x , fc 2 )) = p x (a, + b x , a 2 + b 2 ) 
= (a, + b x ,0) = (a x , 0) + (b x , 0) = Px (a, , a 2 ) + # (fc, ,b 2 ), 
p x {(a x ,a 2 )(b x ,b 2 ))=p x (a x b x ,a 2 bj 

£er( Pl ) = {(a, , a 2 ) e R x ® R, | />, (a, , a 2 ) = (0, 0)} 
= {(a x ,a 2 )E R x ®R 2 \(a l ,0) = (0,0)} 
= {(0,a 2 )GR x ®R 2 }=R' 2 

((A-Y-1 ) ^ 1 A Jti.) ^ ®^ ^ R\ J jlliS 

p 2 :R l ®R 2 ^R' 2 
(a,,a 2 )h->(0,a 2 ) 

Ker{p 2 ) = R\ <■ j^- <■ {pi ^ ^) (OAjj-j-j* /?2 



Ring Theory oUWtyujlaj -■"") 



2 



(a„0) 

^(a I ,0) = ^(6 I) 0)=>o I =6, =>(fl 1 ,0) = (6 1 ,0) 

V(4,0),(A,0)efl\ :#((4,0^^^^ 
ft ((a, , 0).(4i , 0)) = (p x (ah , 0) = ah = fl {a, , 0).fl (ft, , 0) 
=> f j^J^jji' 

<p 2 :R\^R 2 
(U, <2 2 ; i-> a 2 

(a 1 ,fl 2 ) = (fl 1 ,0) + (0,fl 2 ) 
: (0,0)e^®fl, j* R' 2 J >VI j /?', ^ o!>^ lU^ (^) 
Va, e ^ ya 2 &R 2 : (a, , 0).(0, a 2 ) = (a, 0, 0a 2 ) = (0, 0) 



<■ Rq. <■ R\ CllSlail jjill<ii! (—JjjJall Jj-ali. (jC JiJU jji li&oj ( a.) 

R\ « CjUUJI cSUiS . R i ®R 2 ®...®R n > _A? ciUil >jiji?„ t ... 

u^Uiili lUzJj . JR, ® ft, ®...®R n l^j^] J^U ^ i?' n » ... , 

: uL^i t > 

(jjajj^^ uS'*^" J^-^h (J'^ *■■ W^! ^ ^JlaJ (Jli) 

(The direct sum of two subrings) 
: J$ IjJ #2 ' #1 

« X i ,y i e i?, djja. y = y x +y 2 < a: = JC, +x 2 : u] <^jj^j ^! ( Y ) 

: x 2 ,y 2 <=R 2 
xy = (x, + x 2 )(y, +y 2 ) = x x y x + x 2 y 2 

R = R i @R 2 
^ = R, l R/ R =R 2 cP R = R } ®R2 »j» 

x 2 e « x, e ilija* 1 x = x, + x 2 Jiill 
: (J-LS) 



Ring Theory CiUUbJli^lii ^-.iMy..^ 



Mx x +x 2 ,y x +y 2 ^R x ®R 2 : 

¥fo + x i)+(y l +y 2 ))=<P(Xi +x +x 2 +y 2 )=x 2 +y 2 =<fa +x 2 )+(fo x +y 2 \ 

P(0, + x 2 )(y, +y 2 )) = fay x + x 2 y 2 ) = x 2 y 2 = fa + x 2 )fa + y 2 ) 



Ker(q>) = {x x + x 2 | x, + x 2 e R x © R 2 ,<p(x x + x 2 ) = x 2 = 0} 
= {jc,+0e i?, ©tf 2 } 

^uiljll <_j^)*j jLalUj 

y/:R x @R 2 ->fl, 



no 



(7?,^ := {x,x 2 | x, g R„x 2 g R 2 }) R,R 2 = {0} (i) 
. ) 2 JL ^ AjialL«ll : Ajjjjjja iajjJill : >J1 
JjkSJl ^jjl^j + 0 = a = 0 + a J Ufli aG R ] nR 2 jlS lit 

jljl : (£) Ja^ill <u»d3Li . ^Jal j (r) JajJill . (Y) ^ J^raJj lfl = 0 j ~ '-'j 

: Ly-il . x 2 G i? 2 t x, € i?, 
x,x 2 =(x,+0)(0 + x 2 ) = x0 + 0x 2 =0 + 0 = 0 

Aj^.j Jji^l lj* ij U* • Rl ls* J=^h ' R\ LS* oj>^& 

: J f jUxai |j* x 2 ,y 2 e « x,,^, g R^ ilu*. x = x 1 +x 2 =y l +y 2 t xei? 

u^^2 ' i?i <jV) }> 2 -x 2 gR 2 >. x x -y l gR 1 c& . x l -y l =y 2 -x 2 

JtHLj lR 2 » i?j jjjj c*i JliJ ^jll jjumjJI jA 0 j.nwH (Y) t> ^Slj . (i? Ji 

. fj^j JiLuJ! qjSjj « x 2 = .y 2 * x, = >>, J tii _y 2 -x 2 = 0 = x, -j;, : JjSj 

' ^< y = y i+ y 2 , X = X, + X 2 jj^^G^ jVlj 

: M .x 2 ,^ 2 Gi? 2 

xy = (x, + x 2 )(;/, + j; 2 ) = x { y x + x l y 2 + x 2 y x + x 2 y 2 
= x x y x + 0 + 0 + x 2 y 2 = x,j>, + x 2 j> 2 

(0 

: il.4aut 4&*\ YV-t-> 

S:={(a,b,c)G R\a + b = c) i 7?:=Z®Z®Z : j Jll. 



Ring Theory CilUbeJi^jix. (^sat^oit) 



R Ajj ja. Alia. S '. <— iil ji (j* JJ 

^ S JB&u (0,1,1).(U2)=(0,1,2)£S (0,l,l),(l,l,2)e5 : 

■ i? (j« "Sjj ja. Alia. 

j>.Vir. jA (jj^J <ji <■ . '•> J Ajjja. Asia. ^ »Aa.jl! j i nir . : <_ijl ji (jAjj : V Jlla 

AalaJI ^ a^a. jll 

c Z®{0} S^jJl U^j t (1, 1) j* Z®ZaILJI ^ S^jJl : 

. jjjiili jj) . (l, l) cs jUjV (l, 0) j* Z® Z (> 

: t> JS ^fl Cjl^ jll jjjfc : f 
Z®Z (m) z ( i ) 

Q(j) z,H 
Z 4 ( j) Z®Q®Z (-a) 

(i, i), (1,-1), (-1, i), (-1,-1) M 1,-H 1 ) 

\fq: O^gQ (^) 1,2,3,4 (_^) 

(l,qA),(l,q-l),(-l,q,l),(-l,q,-l) V<7eQ\{0} (-») 

(p:R®S-*R 
I— > a 

(p\R ®5 
(i^ f jpjyyy a \->(a 0) ^ ^ 

R®S=S®R 
(a,b),(c,d)eR®S ( i ) . : <*jU ^ 



(p{(a,b) + (c,d)) = <p{a + c,b + d) = a + c = <p(a,b) + q>(c,d) 
<p((a,b).(c,d)) = (p(ac,bd) = ac = (p{a,b)(p{c,d) 



(p(a + b) = (a + b,0) = (a, 0) + (b, 0) = (p(d) + (p{b) 
<p(ab) = (ab,0) = (a,0).(b,0) = (p{a).(p(b) 



<p(a) = <p(b) => (a,0) = (b,0) => a = b => ^1 jl j»I j (p 



<P((r x , J, ) + (r 2 , s 2 )) = (p{r x + r 2 ,s l +s 2 ) = (s 1 +s 2 ,r l +r 2 ) 



= (*„/;) + ( j 2 , r 2 ) = 0?Oj , 5, ) + (p{r 2 , s 2 ) 



(p((r„s x ).(r 2 ,s 2 )) = (p(r x r 2 ,s x s 2 ) = (s x s 2 ,r x r 2 ) = (s l ,r i ).(s 2 ,r 2 ) 



y/:S®R->R®S 
(s,r)^(r,s) 

woy.R ®S ->R ®S 

(1) 

(r,s)\-*(r,s) 
(poy/\S ®R ->S ®R 

(2) 

R®S Jc s^jJl j = J ^ (l) 





= ^r„j,)^(r 2 ,j 2 ) 




\ Ring Theory GQJjJl^j^lii (to sU)l|w21l) 

S ® R J* i^jli ^Jj J <poy/ = l sm J ^ (2) 

(^jj « (J-aUi ^ulj IJ/ I -la-l jl -ls.lj (j- 4 

jS I _>"t£-) (jAii f^J ^> I jl ^oilj \//(J) (>« 

^3 : Z ® Z — > Z djUjJjjx j$Jl ^oa. la. jl ) 

: yftlS cij^ll 97 J M .(0, 1) « (1, 0) 
^(1,0) = 1 , ^(0,1) = 1 
: f j£ jyyj* ^ u' o^ 3 ^ ' ^° uj^j 

l) = rtO, 0) + (o, i)) = ^(i, 0) + ^0, l) = 1 + 1 = 2, 
?(U) = ^(U).(U)) = rtUMU) = (i)(i) = 1 

(... j^ij 

(p:Z®Z— »Z®Z cjLajJj^^j^l ^aa. jjc. (Y) 
• (0, 1) ' (1, 0) -lie Alti Aij«-aj ^jjijjx^j^Jl (3^" LaS : jLi jl) 

^ un« a^>ji aslj a iA oj^v ^? z®z aslji t> <u> <sk (r) 

z®z 

Z®Z ^ CjUIUI ^ ^ (*) 
: i_kjl ji (jAjj . (jAolSla tjjaLki D2 ' D\ (°) 
. J-lSlo^Lkj D ] ®D 2 
Lllia t <u£5 4 Z®Z ^ Uji UH* ( Z®Z ^ (Jici Ulic ^.jl (1) 

. Z®Z J Jj j±. U*i 



(jjlu, Jji ^ p ^ pZ®Z J^ill Jti. SLLxJ! 4iLJ! ^ : jUi J) 
J^ill Jlia ^1 . jUj'I q\x>c q <. p <±u^ pZ®qL tpj . 
^liJ ^IliS. ^ai < Uji UH* jjlu,, ^ji p ^ /?Z®{0} 

h^c o4 n i*u* «Z®{0} c&ill ^> ^ o-^ ^ JJ Z®{0} 

(Ju^U&Jl . jjt ^Jj t5 Si. ja 
/ ffcftl Jll. JS ^.j . /J ,^t»JI OUHUI ^ ^.J . R~Z % ®Z 30 ^SI (V) 

Z®Q®Z ^ ajjL^II jail jjo (A) 

j 4 s jill 4jjLsla]l j.nl'nll « <jjL^ali ^uiljSli t dll.l2k.jll ^Xaa. (Sj 

. Z 3 ®Z 6 (^3 o jSl! ^oJHiia 

AjjLu tlllj AjIIAj] s_>-aj <jj^J ^jUI CS^ ^Jji>-all JJC. J'^il 'nil (jl ^jJc- j)AjJ 0 *) 

? Z 2 ®Z 2 ® Z 2 ? Z 4 ® Z 2 f Z 8 JS^s »j* J* . 
q4<c&J} J&*I J • / = {(a,0)|ae Z} o^l Z®Z ^(n) 

(jjjjjj^. (j nfla cs ic- OSjlt ^ »>^jJI j^gjc AiLJ j£*J J* 0 ^) 

jl SJa.jII j^^ijc. dllj 0^ JAj ? m^n dna. Z„ < Z m J- (j^Uuj 

t p du^ Z^ < Z p jjiiUll £A i j^Sluai jjjjjjja. ^jnaU CjS j!l (jaij ^ (J ji^J 

(Z 2 ®Z 3 j£<S : 



Ring Theory jilkbjl^j* 



Lxll 



4? 

Polynomial Rings oV/oS* 



Polynomial Rings JjAaJI oIjmS alib : ^UJI wUI 
Polynomial Rings J$AaJI V 

^ jjboij 4 AjII^j] j^Aj j SJlxjll jirtir. Ujlilx J£ J»->u.i i_iUll I OA ^ 
Jlkill Alkll ^ S^a, jl| (jUa^l ASlaJ! ^ Six jll j.^r. jjk p Jyajj^o jA 

: ^yKill J#*jJl <^A«ij 4 7? 5ilx j^alie fl„ 4 ... 4 d\ i do tjSil 

f = a 0 + ai X + ... + a n X n 

tiijx ".Hxx JJC." X ' / CjXoIxx fl„ I ... I fl] l flo lull ^yAuij .^jix SjJd£ 

jjAaJI *ab**S Q^ift jUil \-x 

: uL ^ — ^ — Y 

">!." 4 ASk (> Oj^S! (i?[X],X,0 JSttll . <Sk ^ 0^ 

ts*^ t?^ c^ 4 ^ ^jyajjxj-jA 4 Xe R[X] 

JS1 j 4 5 *ik JS1 : (universal) (VJLJI) Ajj <^UJI ^axS Ujja X J^xJI 

(commutative) UU] ^1 JiSB oj^j < ®(X)=x u_& ^ <& : /pf] -» S 




: Y-^-Y 

r<=Y 



J ' R[X] t> Ajj ja. Aik J? jUcI (jLaj diiaj (■^■IjJ -^1 j) Li^Ui ^ J Z 

' «„ *0 uJ ' a 0 ,a x ,... t a n G R UUia.ua-. Aa.jj f e R[X]\{0} 

. f = a 0 +a 1 X + ...+ a n X" t ne N 
iua. i? j-Aift t> (a 0 ,a,,a 2 ,...) dUl jS-ll ^ <ik = a4* 

: aLjUU jUy ^ ^1 JeN < J-»-l a t = 0 

(a 0 ,a l ,a 2 ,...) + (b 0 ,b l ,b 2 ,...) := (a 0 + & 0 ,a, +^,a 2 + b 2 ,...\ 
(a 0 ,a x ,a 2 ,...).(b Q ,b l ,b 2 ,...) := (c 0 ,c,,c 2 ...) 

. c := ? a, b , t-ya. 

k=0 

. (1, 0, 0, ...) Sik jll ^aic tljlj AjII^j] Aik <jj2 <ji (3^1 U^xJj 

* : -> 

fl ^(0,0,0,...)^ 
Va^G7?:?(a+Z))=(a+^0,0,...,0)=(fl,0,0,...,0)+(Z),0,0,...,0) = <a)+<6) 
*(aZ>) = 0, 0, . . . , 0) = (a, 0, 0, . . . , 0). (b, 0, 0, . . . , 0) = i(a).i(b) 
i(a) = i(b) => (a,0,0,...,0) = (b,0,0,...,0) =>a = b 
• (J Ujjjm 4 i? oh (identify) J f j^jj-A* 0 * j 
ujjjju X : = (0, 1, 0, 0, . . .) (ideterminate) X J.ia_*JI jjc. jjSJj 

JT*=(0,0,...,0,1,0,...) ' 
t 

(0 (Jj * fS-> CM 

V/e : / := (a 0 , ai ,...,a n ,0,-) = «„ + + •■•+«„*" 

. a 0 t / ^ 0 Ulic Ala. j Jjiajll liA <ji ^Jal jj 



Polynomial Rings tyiall Ql>£ aU» : ^UJI wUI 



: (AjaIIjlSI) <jj A^LiJI Aau^a ^jic. Q&Jji (ji ^jWlml JjlL<u3I lift o-IcLluaJj 

/ = a 0 +a t X + ... + a n X" < xg S >■ (p: R -> S <J4 
i_>au jiJU <ui L£ t ae R JSI O(a) = u' ltN 

<!>(f) = ®(a Q + a l X + ... + a n X n ) 

= O(a 0 ) + <!>(«, )<D(X) + ... + <t>(a n )<t>(X") 
= O(a 0 ) + ^(a^X) + ... + 0(a„)0(X)" 
= ^o) + ^)jc + - + ^K (*) 

J (*) iS* ^ ^ <-i^>*j ijL I pjlijjA jm j$Jl lift Jla J*i3lj .la. jj Ail (jVI J 

V/ = a 0 + a l X + ... + a n X n ,g = b 0 +b l X + ... = b m X m g : 

®(f + g) = <&(a 0+ b 0 +(a l +b l )X + ... + (a n +b n )X"+... + b m X m ) 

(m>n <j' ^» j^ 1 (without any loss of generality) ^Sa j 

= ^o + k) + (Piflx + k)x + ... + <p(a n + bjx" + ... + (p(b m )x m 

= ^)+^o)+(^)+^i)> + "-+(^J+^)K +.:+<fd> m V 

= (p(a 0 ) + <p(a l )x+...+<p(a n )x n +<p(b 0 )+(p(b ] )x+...+<p(b n )x n +... + (p(b m )x m 
=0(/) + 0(g) 

^(fg) = ^((a 0 + a l X + ... + a n X")(b 0 +b 1 X + ... + b n X''+...b m X m )) 
= <t>(a 0 b 0 + {a 0 b x + ai b 0 )X + ... + a n b m X n+m ) 
= cp(a 0 b 0 ) + (p(a Q b x + a x b a )x + ... + )x" +m 

rot 



Ring Theory iUUlijojiii (^lifl^-iJl) 



= <p(a 0 )(p(b 0 ) + <p(a Q )<p(b l )x + <p(a } )<p(b 0 )x + ... + <p(a n )x"<p(b m )x m 

= (^K)+^(«.)^+-" + ^J^)(^o)+^.)^ + ---+^J^ m ) 
= *(/W*) 

. f jjijj*>»jA O Ola t^HjJljj • O(l) = 0>(1) ^j«j3U t^lliS 

: T->-Y 

(a part from isomorphism) 




(1) "iliSLall Aii" JxaJ llua^ <D ^ jjSjjxjxj* JaiJalli ii.jJ 0^! • Ja- 

Ooi = K (1) 



Polynomial Rings djiail alilt ^Uil uUI 



*M ' (p ^ I ' x ^1*5 ASkll „a R[X] : (2) "liiEi-ll -uST 

YoK-i (2) 
i(p ^ K i x <J>>X l S aSLJ ^ ^[7] Sj* : (3) "difiJ -ui" ^ j 

jjl ^£±}J <• Y X jvuiJJj 4 Ul^j] (3) "tilJlall (J*^ ' *JJ^-^W 

Ooz = K (3) 

J ga, (3) i (2) « (1) o- 
* = ^oOo? (4) 
K = Q>oy/oK (5) 
r U jSlj ■ JIjJ (2) « (1) oAEuSl jjSJ! "diJlcll <Lui" J ^ (4) 

AjJj (jail (J«J (jla. ^» jjS jj*jxjA jAj ljj^j jil 

o&j ts^Wj * ^ j ^oO J ^ u 1 -^ j W ' ^ 0! ^ <>j 

^0 = 1^, (6) 

: jjl tllJJJ JlalUj 

j3 4 J*Li) jji. jwdj \ff 4 (cS-iLai) Aa.l_jJ Aa.!j ajj j <E> : (6) <> 
((JjUi) AaJjl j ^juilj ^ 4 (^jS 4 cULi) jxlc. ^1 j <J> : (7)t> 

(lIl^LSuJI) Ota jj3j>»j jjVt i— iLuia. jjJj f:ua.j JaJI ■ J^Vl 



Ring Theory GQJbJiju^iai ( ^tt r . .^t^ 



/ = X E * [X] 



: (deg (/)) (/) Vj^> 



deg(/) := 




max{ie N: a.*0}, y>0 
, / = 0 



(The leading coefficient ) i& »1\ tUanIl a n / * 0 
"1" ja 1*1.1— J 15 ^1 (normalized) " 4»jk« " l*jti / * 0 lilj 



V/, g e : deg(/g) < deg(/) + deg(g) ( \ ) 

deg(/g) = deg(/) + deg(g) : & . R _1 

lU^ jUai <=> Jcl£l« jOu (r) 
/? JJ^JLLi =>(£ [X])*=i?* (£) 
*fg=0 iPg = 0 j!/=0 . /,getf[X] oSJ : (Y) , (1) : ^ 



u! *V< a 0 ,a l ,...,a n ,b 0 ,b l ,...,b n E R ^ *A4 g*0 . /*0 ^ lilj 



m+n n m 






i=i 



i=i 



Polynomial Rings JjJAil ta\ii* : <jJUII hM> 



£l£ I il j < deg(^) <m + n J s^iU* . c . = £ ^ 

• deg(/g) = m + « c m+ „ = a m b n * 0 
(Y) , (\ ) j> gtt* . 0 5t 1 SJ».jB >^ L^J i ASk 4 (r) 

: (R[X])" <zR* <$ J*'4±J&.R' c (R[X])* 

. deg(/) + deg(g) = deg(/g) = deg(l) = 0 
d*fg= 1 u^j • /,ge/? <i* Jtilbj . deg(/) = deg(g) = 0 jli ^ o*j 

(Division Algorithm - Division with Remainder) 
.R[X] <J J J>J& f,g*Q (jSlj '"1" i-fe. jll j aJ^I 4ik 

. A; := max{0,w-« + l} 4 «:=deg(g) <■ m:=deg(/) o£J 

= qg + r, deg(r) < deg(g) 
tiyaj R[X] ^ UaUIS j r 4 o-^j <? ^4* R <^ j & tyj 

f = qg + r,deg(r) < deg(^) 

deg(r) < deg(g) 4 b k f = qg + r Jl ^ /?W 



I Ring Theory OUJbdii^&j (t!F 3UJl^2«) 

i...- - .. - ~ ~ _ — „, — ». — _ - .1 

. deg(/")<m-l u! 

^ *l o^ja i>j ' deg(6/ -aX m ~"g)<m-\ <i* ^ -/^ 
« deg(/')<w-l u_&^ ^*,r'e7?[^] Jj^ 
/' = b m - l - n+l (bf - aX m -"g) = q'g + r'=> 
(ab m ~ n X m -"+q')g + r' = b k f,k = m-n + l 

^ tliljjj^ r* <■ r i q' < q ilul£j t R ! Ujii^a UjJi b(fi* ^ lil (Y) 

qg+r=b k f=q'g+r' i deg(r*)<deg(g) « deg(r) < deg(g) : u! ^ iM 

(^-^ r ')^ = '' , -^deg(r , -r)<deg(g) 

deg(r r) = deg(q -q T ) + deg(g) 
=> q = q',r = r' 

f = (c k q)g + (c k r) 

. AjAllaJ CllSk. £x AaluSII (jfLaJ j^jll llltaLJI (J _auU 

: <Jb V— > — Y 

JiUaj <u] fi? ; i? \ {0} -> N jj < J-lfi- jlLs o- uj^ 11 (R, d) 
jlj^ic. a,fte i?\{0} (jjj^aic. JS1 jl£ lij (Euclidean domain) igjjjijj 

: jjSj g,rs 7? 

a = bq + r ( I ) 
r = 0 J d(r)<d(b) (^) 



Polynomial Rings tyiaJI dlil* : ^JUI wUI 



d:Z\{0}->N 
n h->| n | 

!Jljxa 4 tjjAia. j Loul ^, r ^jjj. ^ul ) . (jUuLaax (V-> -Y) ^ (<_i) 4 ( i ) 
5 = 2.2+ 1 ,5 = 3.2 + (-1) 

/^deg(/) 

(^=^{0} « 6- «J*lSu $l*K[X]((r)o-)-1) j>) L*15] tSUai 

d)' ^j-i>l j . Jxl£i« (jUaj Z[7] := {/w + in s C | m, n e Z} (V) 
Va + z'Z>, c + s Z[z] :a — c + i(b — d)e Z[z] , 

ac-bd + i{ad + be) e Z[i] 
> j 1 + /O ^ jll 1*1 j 4 ^Sl^l Z[i] lilliS . C t> V> AiL. Z[i] jl ^1 
^Ijill <> aJU C uV <>jL^\\ ^IjSJl Z[i] <iUi£ . 0 + /0 c5jL-yV 

(! JkC) AjjL-Jl 

' ( ' ) u^j^l ti 5 ^ <As a H ci ^1 jll a?. jj J Z[/] ji Cjau ^ t5 i ? l ! 

: yAlSrf^ .(V-^-Y) J(<J) 

d:Z[i]\{Q}^N 

m + in\-^ m 2 + n 2 

^»:C->N 

: <J ia^U Uila (extension) d j* jl£ lilj 

a + z'6 h-> a 2 + b 2 

Vz,w(=C:d \zw) = d \z)d \w) 

w = c + id i z = a + ib c££ : jV 
</ \zw) = a? '((« + ib)(c + id)) = d \ac -bd + i{ad + bd)) 

= (ac-bd) 2 +(ad + bc) 2 



n 



Ring Theory CiGJLxiiSu^tis (^un^JUt) 



= (a 2 + b 2 )(c 2 + d 2 ) = d \z)d '(w) 
oVlj . — = a + iZ> u! ^ a,6e M ^ z, we Z[i] \ {0} uV» j 



: Jic J^aaii t |Z)-«|<— i | a - m |< — tlua-? m,neZ jttaa 

^'(£._( w + ^)) = ( a _ m )2 + (^_ rt )2<I + I = I 

h> 4 4 2 

c/ (z - ( w + in) w) = d ( w)d '(— - (w + in)) < d ( w) 

w 



z = w(m + in) + (z-(m + in)w) 
= w q + r 

: 5 — ^ — V 

yii. A C jSJ oVIj • R J Jll. {0} ullUI J jt^l j : ljU jfjj 
4 a e ,4 \ {0} a=l jj aj] duaj neN >-aU*Jl ^ j-*?-* • ^ ^ {0} <j) 

^jSJ j < \c oil ai& ^ ji nir. j»A-ai & tjSJ . AjILx t'u.nl = H 

. (a u-aljU! JUJ) [a]c,4 J ^ j . </(a) = * j) iV* ae^\{0} 
: J #,rei? £g[a] * 6e ^ JS1 : « Acz[a] ^ 
r=b-qaeA,d(r)<k J ^jH-u liAj 4 d(r)<d(a)=k J r = 0 4 b=qa+r 
. Aa[a] b = qa <ji 4 r = 0 j)i ^ t>j & ^j*^ f» o- 3 ^-" ^ j 

• ^ = M u^^Wj 



Polynomial Rings *b*£ alib : ^LUI wUI 



: j^jfei ^ >-\-X 
: ^al£l« AjjVI jjj&II 42* R 0&J 

: jil Jj^J! i^l jiS aSL. (Y) 

^:/?[JT]\{0}^N 

/ deg(/) 

. ^jj djuiiia jikj ^[jq (r) 

(A-^-Y) J YJli. : "(Y) <= : CM J* 
(<\-) -Y) : "(r) <^= (Y)" 

: <= (ry 
0:*[X]->i? . 

: Ltal ^Vl Jlill J«4 t$iSl 




^ji^i ^ijS ^> c5i^^ ^ R uVj * (a-y-1) ^ n Jli» j>j 

(A-Y-1 ) J T £ Jlia j>j • .Lai (jjiaj i? (jlS Ijl !1L». /? jVi 

.i^O)o4c^[X| : a& ^ 4 <= R[X] j> jjV -ul Jc <> > J ^ 



Ring Theory dUaJbJi^ojiii (to j^Ji ( >...att) 



« A = [g] « Ker (<$>)=[/] c /,gert[X] <= 6^ 
. /(0)=0<=/6A^$) ./=g* : heR[X] ^ <= [/]c[g] • gt[f] 

: jla /(0) ^0 jl£ I ij AiV 

x^c)*^ + } -° + - + ° (fl " ) - 0 
= <*>(«„), 

. <D(a 0 ) = 1, (a 0 ) = a 0 * 0 <i* J^lt uVj 
• /(0) = 0 JULj • /e £er(0) ^ ^IS* <*>(/) * 0 J J 
trills Ij*) ^er(O) V) j g(0) * 0 . 0 = /(0) = g(0)/z(0) : jVl j 
liAj c /z(0) = 0 ' g(0)^0 c J-l£l» jUaj /? jVj . (g£ ^er(O) 
<■ h = qf u! Aw # g ^[^] ^ t>j ^ G ^er(O) = [/] J f jls-y 
^ Aji ^^iL liAj t f = gh = gqf : u) Aw g ^jj -d <ji 

/*0 Ieler($) = [/] ^ • f(l - gq) = 0 d^je^] 

tji'^jg j liA jjiu* ji gq = 1 <jt tfl i 1 - g# = 0 o\i t (jlLj u^j 

So^jjc ttk ^ tfjSaJ 13 Ail jSii) ^ = [g]=i?[X| • *[^] 

a*sU« Sj££ ^ Alk iiiic . A*{0] <■ IJH. ^ c i AT uSJ 

. ^ = [/] : / G ft-V^-j (normalized polynomial) 

: d± $ 

/e ^[X]\{0} ^ Ails <>j « W*J ^[^] 0 '-^-*) t> 

jLnil ^ Aili . (! ^1 j) [af] = [f] :a<= K* ^ <oV j . A = [/] : u! Aw 

rnr 



Polynomial Rings talj*£ dUla : <jJU4l wUI 

u,v<=K[X] ^ja-uu, [/] = ^ = [g] dAw /,ge*pr] O^ia oVtj 
jjlj dipj u,vei^[/] Ajla ^ (>j g = vf t f = ug : jl tiijaj 

/ * 0 uVj « jiii 4> -ol ju^ jp] . /(1-WV)=0 

g ' f UJr& La-ijc- /=g ' w = lul* fJ (>J we u' ' 1— w=0 jli 

Zeros of polynomials : ^JUll *alj**S jlW) Y-Y 

: ULtpu ^ - Y- Y 

n 

Ijj / _J (zero) >i*a Ajj # (superset of R) <_Wij Aik ^4 * JUL 

. /(*) = £ a,.x'=0 
: AjAi^Ui Y-Y-Y 

. f = (X-a)g di *w R[X] ^ 
g,rei?[X] ^ ^ 0"^) i> : 

« i? ^ ^23 r jli ^ o-j • deg(r) < deg(X - a) = 1 i f = (X- a)g + r 

. f = (X-a)g : J g% « 0 = f(a) = r <j& ^ 

: hjaj r-Y-Y 

. jli-Vl t> deg(/) jiSVi 

. (Y-Y-Y) Vis^Jb ijLSuVI f <y^J : ^1 

. jLlJ U i«] o-J/uli ,J(>j< jia ' 0 a^II t*J fe R[X] 13 

ru 



Ring Theory Ci\2i* r )\^ J &i (to stt)t^-2Ji) 



deg(g) < n g 4 g<= R[X]\{0} ^ s l£ u^Ij . «e N u^J 

*J g <Jj < n + 1 lil . jli^Vl t> deg(g) J&\ J* 1*1 

gei?[X] <uti < 9 a ji—B IslfcAZ lj) U ! Li^jl jU*J 
* deg(/) =deg(X-a)+deg(^) J-^ jlLs jV j .f=QC-i^g uj^ ^ 
g- _3 ji^ JSj « g- _1 ji-a j* a jt < tllkj /— 1 ji^a JSj t deg(g) = n u' ls' 

t jliSVl <^le jli-aVl (> fl 1*1 g «l jSiuiV! (>a t>° ■ / — ^ J**" 3 J* 

: t-t-r 

^alb ia.jS 4iU < b x ,...,b n & K < Ai^A l$K a x ,...,a n & K i ^1*. R c££ 
. ie {\,...,n} f(a.) = b. < deg(/)</t-l u_& ^ /eXLY] 

(uniqueness) jLuU^jj) : ftU 

1 fjlL-ai jjSi a,,...,fl! n J ' ^j*^ 1 ^ f>8^ u^jl 

J *>*W- ^ (r-Y-Y) ^jJisM o-j < deg(/-g) <n-\ '/-g 

f=gddf-g = 0 
(Existence) 4 »». »ll 

: J jOaJl ft 

/ = y b (AT - q,)...(X - - fl,,,)...(X - gj 
5 ' (<n-fl 1 )...(fl l -fl H )(fl r fl w )-(fl,-fl,) 

"j Pul >ail JU'iu.iVI J jiA S ^u£ " : ai* J jAaJ ojJj£ (J Ai»i . 4jjlla^l\ (j- Vi l . o-\l l (JA^J 

(Lagrange's interpolation polynomial) 

: 4jU a-Y-Y 

a 2 +l>l oV « R J Ji^J Ul f-=X 2 + \^R[X] 



Polynomial Rings Jj*JI : t^LUI uUI 



(Polynomials of several undeterminates) j±. Sj^Io jj-iJ! cjl j±S (Y) 

:/ :=X7 e R[X ,Y ] JIUl . jli^Vl j> Jt+U ^ ^ 

. ae R ^ /(a,0) = 0 
. ^ijS 1^1 /? lij ^LU. (r-Y-Y) AjjJiill (r) 

. a6 = 0 uj£j Z) e \ {0} Ajli jiijc. . 7? ^ Lji-a a 56 0 jSJ 
.6.0 cajL-ll l«l o^l « JjVl VjJ i>/ :=<zX" 6 R[X] Jj^Jl » jjjS 

: <Jl? jkj t — t — Y 

i=l 

;=o 

: 0*1* V-Y-Y 

« 

lj& ^al ^ / y=Y[ (X-q) JjiaJl S j££ j\a iSAie .a„ t ... , fll 

1=1 

t j^UJl ^ jjc t> jjSy ^ISI. tSLkj IjJ jSl .(Analysis) JJajll 

g « / Jj-laJl ^jjjS UJj jlS |j] (jabjUA* jUj£j g t / Jjis. J>J£> jli 

mSJ : ^ Jll. 
/■->/(*) °^ — 1J - 



rnn 



I Ring Theory oiai^ifr^ia ((J j^^..,3ti) 

: f :=a 0 +a,X +... + a n X" c& : iM 

V(f) = a 0 + a l x+... + aX 
a Q = a, = ... = a n - 0 jl£ bl a 0 + + ...+ tf„;r" = 0 
(j*J j! *J j) ^jUl j « Ker(<p) = {0} jli Jttbj 

r-r-i 
Q[X] = ^(Q[X]) 

(kJl) Suj^i d^U-J! cJi nj> cjIj^ 4ik ^ 

: AilaU ji jjjlSiil U b) : T J&» 

bj iaiiaj JlS bj jL-J cjjL^i a n X" + ...+ a,X + a 0 e jjiaJI t ( i ) 

/ = 0,l,...,n i a, = 0 6^ 

5^^4.3^ jd c> /(X),g(X)e R[X] iXSS b) ASkil ^ (^) 

. 8 W» J /(X)g(Z) j>taJ 

ijASoM « 3 aA^j^l o*f(X),g(X)<=R[X] b) i? ASkll ^( ^) 

. 7 3ia.jjft Ub jj£ / (A" )g(X ) ^ j^J) 

<jUul»li ( J ) . (_^) . jUaoa^ ( V ) , ( I ) : JaJl 
. 2 >-Jl l«l/= JT- 2 Ji- l«J J jJail OA» 

nv 



Polynomial Rings djAall ■. ^Ul mUI 



« /(X):=3X 4 + 2Z + 4 u^J^Lj ^jl : T J&i 

/(X),gWe(% z )[X] JffcljJ g(X):=2T 3 +4> 2 +3X+2 

/(X) + = 3X 4 + 2X 3 + 4X 2 + 5X + 6 

= ir 4 + 2X 3 +4X 2 +l (0 = 5) 

/(Z).g(X) = 6X 7 + UX 6 + 9X 5 + 6X 4 + AX" + SX 3 + 6X 2 +4X + SX 3 
+ \6X 2 + UX + 8 = X 7 + 2X 6 + 4X 5 + X 3 + 2X 2 + X + 3 



«KX ! +3) v-U ' V7Z' 1 / 7Z _ ( ' ) 

?((X 4 + 2>)(X 3 -3> 2 +3)) m-U * :( ^Z>^^7Z_ M 

p(X 2 +3) = 2 2 +3 = 4 + 3 = 7 = 0 ( I ) : J*» 

#>((X 4 + 2X).(X 3 -3X 2 +3)) = (p(X 4 +2X).(p(X 3 -3X 2 + 3) (v) 

= (81 + 6).(27 -27 + 3) = (87).(3) = (3).(3) = 9 = 2 

g>:Q[X]^R 

( ^7 ) »! jj ^ j^Uc 6 .^ji . X I— > 5 j» J«3 jj*>»j$J! Lb^l ,j£L}l : fl J\l> 

(0g Ker(<p) USb <ui <ji ^(0) =0 J fjja ja J jSi : JaJl 

X-5eis:er(^) J J. <p(X-5) = 5-5 = 0 
X 2 - 25 g ^er(^) J . p(X 2 - 25) = 5 2 - 5 2 = 0 



I Ring Theory CiUJLsJIJvj^ (to iiai,»««2)t) 

. X 2 + X-30 = (X-5)(X + 6) « X 4 -625 . X 3 -125 Ji-lWj 
. (^)' a | J i ts i^l^K t ... . X 1 -9X + 2<d = {X-5)(X-A) 
: ^Vl (jle (Fermat's Little Theorem) S jjiiu-all oL» ja oajj : j Jtl* 
-1 f *ui£»/7 o}i iiijc. a fjuJLV (Jjl bjc p i aeZ cfi£ 
a p ~ 1 = l(mod /?), a ^ 0(mod p) : J <ji 
(p(X 231 + 3X U1 -2X 53 + 1) Sjai*-M ^l* ji f WiJ 

: JaJI 

?>(X 231 + 3X 117 -2> 57 + 1) = (3) 23 ' +3(3) 117 -2(3) 53 + 1 
= (3 4 ) 57 (3) 3 + 3(3 4 ) 29 (3) - 2(3 4 ) ,3 (3) + 1 
^ (1)(27) + 3(1)(3) - (2)(1)(3) + 1 

= 2 + 4-6 + l = l(mod5) 

. z/ 

' /5Z 

/ :=2A r219 +3X 74 + 2AT 57 +3A' 44 

p = 5 iaii* : J— a^l 
cU>oj js Ajjiij tj^^j ^ 0(mod p) 

f = 2(X 4 ) 54 X 3 +3(X 4 ) l *X 2 + 2(X 4 ) ,9 X + 3(Z 4 ) n 

= (2)(1)X 3 + (3)(1)X 2 + (2)(l)X + (3)(1) 



Polynomial Rings ijiai) <^b*£ : «jUll uUI 

= 2X 3 +3X 2 + 2X + 3=0 

=> 2X(X 2 + 1) + 3(X 2 + 1) = 0 => (X 2 + l)(2X + 3) = 0 
=> X 2 = -1 = 4(mod 5) jl 2> = -3 = 2(mod 5) 
^XEE2(mod5) J X = 3(mod5) ji JT = l(mod5) 

3 4 2 4 1 4 0 (^A AjjikJl jjiaJl jjj 

(% z )[^] «W ^jl : A_Jl^ 

CjI^j ^ u 4 ( £ ) (°"^) c> : 

O-j • 0) (( A ~^) rfiZ J JJ JS* 7Z : jV .y iz 

(n-r-i) ^jJaii juibj . z ^ f Ji&i lm- 7Z uj^ i v-r-^) 

j^Uc ^ ^ (^7Z )[X] ^ J ^ ^ J ^ ^7Z 
: AjL^iaj ^ z u^-jj . 6 ( ... ( 2 < 1 : ^ J 0 1^ U 

. ilia, <j_&! 0 _ ^ ) t>* (7 = oj^Lic J^c.) AlLo 

■(%$X] J **d V X 2 +3Z+2 J ^fc. o*^ = 3 ^ 

.sUmmA jjjaJI Sj^Sl jU*J l^K 5 < 4 t 2* 1 j g'ln.ni >iUJl t>jj«^Li : cUl\ 
t (A-r-^) ^ (^) Jli.) Llji o-ul 6 ISO* ^ ^ J ^Lu o^j 

: ji Aii^U j> ji ((^-r-'i ) 

0 = 2.3, 2*0*3 

rv. 



Ring Theory dHbeNCAJ>lii (^lUI,*-^) 



(r-T-Y) . t5li»i ^ (% Z )[X] u_& ((^) °^ 

ul>^ g(X)-~3X+2 . /(X)-X 3 +2Y+4 ^ : ^' 

: ^Vt£ 4— ill ,6,»aJ : JaJl 



2X 2 +2X + l 



3X + 2 



(2.3 = 6 = 1) 
(-4 = 6) 

(-2 = 3) 



X 3 +2X + 4 
X 3 +4X 2 



6X 2 +2X + 4 
6X 2 +4X 



3X + 4 

3X + 2 



. 2 t 2X 2 +2X + 1 ja ^auill E >i> J est 

(2X + 1) 2 =4X 2 + 4X + 1 = 1 : ji -l^V : jfl 

x*l /(o) = 0 »3 ' /(I)eF[I] ' jjfc ilia. F oSJ : U JO* 

. /(X) = 0 j>u»j;. oe F _>^l <> 



Polynomial Rings JjAall £>b*£ : ^Ul mUI 

SjjK y jla , ISLki i? j\£ |jl <d (r-Y-Y) Ajjkill i> ^ : gjl 

. /(X) = 0 <j& L5 1 'V>^» uj^ J ' (finite) 

3 2 

t> jXalc (X + -) « (X-—) J Jj^=JI S jjj^I oj>^> -— 4 — : J*il 

3 2 3 2 

/(X) = 6(X + _ I) = 6X 2 - Z - 1 

./ :=flI , +a i _ 1 I*-'+... + fl 0 GF[I] uSij . F c& ■ \A 

jl£ IjJ iSSj jl£ lij/ Jxljfc t> Jxlc X- 1 J Jk. (jA jj 

SjjjS Jxljc <> 5L.lt 1-1 jli Ijj (Y-Y-Y) Ajjj^ull ^ Liij L£ : >4l 

. XI) = 0 (ji (/~ JjAaJl a jjiSl jL-a a^^ixAJ / J^i j& (>> J-Vc X- a ji cjr*-^) 

a :=fl(modm) oSJ < a jjc ^Vj ^ U.i*.i^ ta.se. m <jl£ tal : ^ o 
a n X" + a n _ x X"' x + ... + a 0 h> a „X" + a n _ x X n ~ x + ..,+ a 0 



Ring Theory oUJbellSvj^u ( <ptt)t|»-«2ll) 



gj(l) = 1 £)\ US t tjUa. L-ijx-a J j : flU >fl 

Va X " +a n _ x X - 1 + .., + Ob A * m +b m . 1 X m " 1 + ... + ft 0 e Z[X ],m > n : 

<p{a n X n + fl n ,r-' + - . + Od + V + Vi*"""' + - + *b) 

= +b m ^ m - ] +-.+(«„ +2> B K" + + Z, n _ 1 )Z"- I + ...+a 0 +Z ?0 ) 

= 6 ffl X m + F^X"'" 1 + ... + &Jb u )X' + (^T^)X- 1 + ...+ ao + 60 

= 6X m + b m _ x X m ~ x +... + b 0 +a n X n +a„_ 1 Z"- 1 +... + a 0 

= <p(a n X" +a n _ l X- 1 + ... + a Q ) + (p(b m X m + b m _,X^ +... + b 0 ) . 

<p{{a n X - + «„ _,X - + ... + a 0 )(Z> m X ra +Z> m -,* m ->+... + \)) 

= <p(a n b m X n+m + («A-i + a n -A,W +m - 1 + •-.+ «c&) 

= (a X" + a^X"" 1 + ... + a 0 )(6 m X ffl + ^X"" 1 + ... + b 0 ) 

= cp{a n X ' + a„_X -'+... + fl 0 )^ m X * +b m JC m ~ [ +... + b«) 

p(l) = T 

(/?-l)! = -l(mod /?) J (J*" C^Ji <■ p> \ : \ 3 

(Wilson's Theorem oy^iJ Ui' ^ pu^^j 1 j] 

: uS? « n a = _1 : ^ ^ * ^ K : '' lU ^ 

aeK' 

M := {ae K" \ a = a" 1 } 
= {aG^*|a 2 =l} 



rvr 



Polynomial Rings djAail talj*£ : ^JUil wUI 




. - 1 « + l JLia jjijL- V X 2 -le K[X] jj^II ij^Sj . X 2 - le iqX] 



Q»-l).0>-2)! = -l(mod/») 
^3kN:[(j»-l).(^-2)!+l] = ^ 
=> 3A: s N : p.Q? - 2) !- (p - 2)! = -1 + p£ 
=>3£eN:(p-2)! = p[-fc + (p-2)!] + l 
=>(p-2)! = l(modp) 



(50!) 2 = -l(modlOl) JJc^jj: ^ JO? 



(50!) 2 =(50!)(-l)(-2)...(-50) 
s (50!)(100)(99)...(51)(modl01) 
= (100)!(modl01)=-l(modl01) 

: J J t X 2 +1 Jj^Jl Sj££ o-aJ_jL.ll jB) J&A js, [X 2 +1] 





1.2.../7 - 1 = -1 => 1.2....(p - 1) = -1 



(p-l)! = -l(modp) Jcii 



(p-2)! = l(modp) 




Ring Theory CASJbJl^jlij (w '.i^Hp "«) 



[X 2 + l] = {f:(X 2 +l)\feR[X]} 

R[X ^ x2+l ] = {g+[X 2 +m = {*X +b+[X 2 +l]\a,bcR} 

t_£jSj J ^jh'i.ni Uili ]R[X] <^a SjjuS Aj! g c^l£ lil 4jV 

* ^udj U^ic 4-<Luia]l r « ^Auiiill £ jLk ^ g liua. g = X 2 + 1) + r 

J til deg(r) < 2 jl r = 0 o~ j J^j ■ X 2 + \ <Jc g jj^Jl 

: jli Ij^Aj a,6e R r = aX + Z? 

g + [X 2 + 1] = q(X 2 + 1) + r + [X 2 + 1] = r + [X 2 + 1] 

[X 2 + \] JSJi jV 

X 2 +l + [X 2 + 1] = 0 + [X 2 +1] 



(jli JUL*]! (JjJLUl ^ylfcj 



(X + 3 + [X 2 + 1]).(2X + 5 + [X 2 + 1]) 
= 2X 2 +11X + 15 + [X 2 +1] 
= 2(X 2 +1) + 11X + 13 + [X 2 +1] 
= 11X + 13 + [X 2 +1] 



Q{X Xx 2 -if Q[ ^ ] := { a + byf2 | a,6e Q} 



(jl ^ jAjJ : Y » <Jlla 



<p:Q[X]-*Q[j2] 

p h+ p(y/2) 

rvo 



Polynomial Rings alib : ^LUI wUf 

V/7, 9 e Q[X] : + q) = (p + ^)(^) = p(yfl) + q{S) = + qtq) 

<P(P-q) = (P-q)(yft) = P(yf2).q(>l2) = <p(p).<p(q) 
(p(\) = 1 

: a + bXe Q[X] ^ a + bjle Q(V2) l& : (J-US) 
^(a + ^) = a + 6%/2 

( ^? ) aljj i un-.'i 

Ker(<p)r{p<=<QLX]\p(j2) = 0) 

£er(^) = [X 2 -2] 

^(X 2 -2) = 2-2 = 0 uV [X 2 -2]<ziCer(p) J ^ j 
: ^ J-^aaJ AjjjlSyi ^uoSIU Ker(<p) o%i : ££r($ c[X 2 -2] J tr^ u* 
p = #(X 2 -2) + rX + s 

^ p(j2) = q.0 + ry[2+s = 0 (p e Ker(<p) 

= 0,5 = 0 

=>p = 9(X 2 -2),^ e Q[X] 

^er(p)c[X 2 -2] ji^ 

rvn 



Ring Theory CiliUJi^^laj (t pU)l^uJl) 

. R[X] J ^ yil. o^l /[X] u! 
A-r-1) t>) Z J fJici Jll. 2Z 7 = [2] Jli-ll . Z *ikJl ^ : iM 
(Z ^ JH. 2Z ((r) U-r->) j> , Z ^ Jji 2Z (0) 

: ^VIS I[X] 

7[X]:={/- :/ :=a 0 +a,Z +... + « X e N,2"' \a 0 ,...,a n ,m e N\{0}} 

ie [2,X] J uijj « xei[X] J 

I[X]c[2,X]c:Z[X] 
. Z[X] gill, cwl [2X| ^11*11 J c> : 

« 2e[2X] « 2ePUG i [2,XJ=[2Xj : « ^S] ^ <J^i oyl [2Z] 
. 1gZ[X] !*S-a « [2,X]c:Z[X] <i* ^ . zg[2,X] :ze[2X] 
.1=2./+X.g J ^ /,^e2[A] AAi 1g[2,X] »jj • teM ^ 

: cVh g:=\+bX +...+b m X m ,f :=a 0 +a l X +... + aX n 
1 = 2(a 0 + fl,X + ... + fll') + X(b Q +b i X + ... + b m X m ) 

=^l = 2« 0 =>a 0 =- 

(6 0 ,...,a m g Z ^lliS) a 0 ,...,a a G Z u^aUS 

[2X]c[2,X]cZ[X] 

* * 

rvv 



Polynomial Rings jjaaII ■. ^iUI uUi 



/'(fl) = 0 ' f(a) = 0 ul£ til . M[X] J fiX) o^J : rr 

. flX) -I (--IS (X-<z) 2 J o&j^ • ( X= a ^ AX) ^ J* /'(«) ) 
jjia. i <ui ^^ajaj = 0 : (Y-Y-Y) Aj^uII ^ : flU >4t 

A^ilU o^>U lU^I *l j*Aj 0 Vl j . / = (X-a)g : o! ^ gPQe 

^ 0 = / '(a) = (a - a)g '+ g(a) => = 0 

: (j! clipj /z(X)G M[X] Jji*. Sjj2S (Y-Y-Y) AjAi^jJI ;> lSJ^ »J* 

. / = (X-a) 2 /* : ui^u-j. g = (X-a)/j 

. o^ul ( ^ji Z[X] ^ [X] ^lUl J c> c>^ : Yt 

<p:Z[X]^>Z 

f = a 0 + a l X + ...+a n X" H> a 0 

: f,ge Z[X] jSJ : r j«a j^jxjA p 

/ -a^o.X + ...+aX\g :=b 0 +b,X +...+b m X m ,a 0 ,...,a n ,b 0 ,...,b n g Z 
^ +*) = H +(«. +^K+...+(a B +Z>„ + ...+Z> m X m ) 

(« < w Uii-i (without any loss of generality) Axaj**]} ^Sa Qjii) 
= cr 0 +6 0 =^(/) + ^(g) 

= <p{c 0 + c,X + ... + Cn+m X" +m ) 5C ,. = X «A-v 
= c o = fl cA = <P(f)-<P(g) 



rvA 



Ring Theory dUJbJl^oj&j (Cy jCJl l «...;in ) 



. (Z ^ts^jB 

Ker((p) = {fe Z[X]/ ,=^+0^ +...+a II X fl J a 0 ,...,fl B 6 Z)\(p(f)=a 0 = 0} 
= + a 2 X" + ... + a n X" | a„...,a„ g Z} 

. z[X] ^ un. o-jj z[X] 

J v_i . (V-1-Y) ^ sUaxJI o^L^sJL. (JLJI jA .fiT) ^:^\{0}->N 

</:*:\{0}->N 

a = a& -1 i> 

. r = 0,^ = a6 _1 jjSj a-qb + r <j jH<JLij 

rvi 



Polynomial Rings *\ila> ■. ^Ull wUI 



(y*. j 4 ci^lla] (jUaj jA Jfta. tji aj^Uo ^UJl Jliall : t'M >4t 

VI CAA^A j> cSjSauV it cM J (A-Y-^) ox Jli. ^ ^kj : ^ >i ^LjL 
. jA <j i] 4 0 t> 4>y {0} Jll.ll . A^il A' . {0} : oaftUl 

: ov "i" t> is: juji 

Vxg^:x = 1.jcg[1] 

^jil o- . f(X)g(X)eI u! >Vi ' Z[Z] Aikil J ^ Jj^g W 

A(I)gZ[I] o*4f(X)g(X)=Xh(X) J 

f(X):=a 0+ai X + ...+a n X n ,a n *0, 
g(X):=b 0 +b l X +... + b m X m ,b m *0, 
h(X):=c 0 +cX + ...+c p X",c p *0 . 

f{X)g{X) = => 

(a 0 + « 1 X + ... + a„X")^ 0 +Z, 1 Z + ... + Z> ra X m ) = ^(c 0 +c 1 X + ... + C/) X / ') 
=>a 0 6 0 =0^a 0 =0 ji 6 0 =0 

^ =0^f(X)=a l X+a 2 X 2 +...+a n X n =X(a i +a 2 X+...+a n X hA )eI 
b 0 =0^g(X) =bX+b 2 X 2 +...+b m X" =X(b l +b 2 X+...+bJT A )eI JiaiLj 
f{X)g(X)eI=>f(X)eI J g(X)Gl (1) : & 



Ring Theory CAUbJiCXjjlii ^\si\fL~2S\) 



. 2s? [X] c& < 2e Z[X] JlUl J*- ^ « I = [X]*Z[X] J ^jj 
jVj 2 = A(X)Z : J A(I)gZ[I] ^jj Ajli 2g[X] ^ 

: cP (((f) o-^-Y) i J-ISL. jU* Z) lU^ jUaj Z[X] 
deg(2) = deg/*(X) + deg(X) 

=> 0 > 1 i>»aUj I j* j 

2<£[X],2<=Z[X] (2) 

• Z[JT] ^ Jli. [A] J ^ (2) . (1) 6- 
: Z[X] J^\U\^o4 [X] J J* #1 j 
: ^ 2 * X t> jIjU [X, 2] J&A 
[X]cz[X,2](zZ[X] 

2e[X] i 2e[X,2] uV 
^ [X] JUlWj (JA-a YX jn. jbtf) l£[X,2] i IgZ[X] ^ 

oU jjl . Z[X] J jJioi Ulli« 

• W^- Z[i] ^ / AiU Jllc aJ Je. t> ji : TA Jft. 

-X) t> ^ c>J ' ciAJ 15 ! U* ( A- ^~Y) t5* r t> f 1 ^ : w» 

(jjlj duaj a,kZ <uli JIjIUj . ajj^Lu.! tlibllla (jLLi (^-^ 

: cJ^'j • I = [a + bi] 

a 2 +b 2 + 1 = (a + bi)(a-bi) + 1 = I => a 2 + b 2 e I 

c,deZ o^j 

c = q l (a 2 +b 2 ) + r l ,0<r l <a 2 +b 2 
d = q 2 (a 2 +b 2 ) + r 2 ,0<r 2 <a 2 +b 2 



Polynomial Rings Jgdall al>uS : ^Ull wUll | 

c + <// + / = q s (a 2 + b 2 ) + + ^ 2 (a 2 + 6 2 ) + /> 2 + / 
= r x + z'r 2 + / 

Zffl/ .! J 
. <Ux« /J ° 45 

(p{a n X *+...+ a 0 ) = <p(a n )X '+...+ ^(a 0 ) 

Vfl„Z n +... + « 0 , b m X m + ... + b 0 eR[X] 

<p(a B X"+... + a 0+ b m X'"+... + b 0 ) 

= cp(b m X m + ... + (a„ + b n )X" + ... + b 0 + a 0 ) 
R[X] 

= <p(b m )X m + ... + <p(a n +b n )X' , +... + 9 (b Q + a 0 ) 

<P 

= qtbJX™ + ... + rta. )X» + <p(b H )X" +... + ( p(b 0 ) + ( p(a 0 ) 

= <p(a n )X"+... + ( P (a () ) + <p(b m )X m + ... + <p(b 0 ) 
R[X] 

= q>{a n X n +... + a Q ) + <p(b m X m +... + b 0 ) (1) 

m^"+- + a 0 )(b m X m +... + b 0 )) 

= <p(a n b m X° +m + ... + a 0 b 0 ) 
U\±\ R[X] 

f AY 



I Ring Theory OQJbJi^^lij (^lill^-itl) 

= <p(a n b m )(X n+m ) + -+<ti<*obo) 

= <p(a n )(p(b m )X n+m +... + <p(a 0 )<p(h) 
= (<p(aJX"+... + <p(aM<KbJX m +-.. + <p(b 0 )) 
= + ...+ a 0 )^ m Z m +... + b 0 ) (2) 

(l 5m =1 ^ ' Wl =1 * ^(W]) = Vl ( 3 > ^( 1 «) = 1 s 

• fj^J-J* 9 (3) ' (2) ' (1) c> 

: f. JUi 

. ^jUKLiax S[X] t « UJSKU£- 5 t i? iTulS 13 Ajl Jc t> JJ 



c 



^> [X]i?\ X3 



C*" 1 ^ U« (2) 

c 



5 



if 

111 



C 1 




-> [X]S ^ X 3 



rAr 



Polynomial Rings «al><£ : u^Ull uUI 

. X X ^jij . Lll^l JSJUI 

jjSj J .llY Ala. J J-jA A>JJJ 4 <"J^ Ja. jA (3) <_£^ 

. X ^ X • IjllA)) JUil! <Jj±aJ O jA 

J^lj (2) t (1) t> UJ^ 51 <-&^ U^~N ^S[X] ' W] O^j^J-J-Jfr 51 O^J 

(jaii tj^-*^ i t O tji i'i^ (j^j . (jJ^lAi) j^ic (3) t (2) (j* ijj^- 4 ^ 

0^ = l sm (4) < ^ = 1^(3) : j^uli^jUj^ 

(f>«lc-) XaUi Lauilj \jf jt.la.ljj t.la.1 j LajJj O (jjfL (3) t>° 
(t jJj=-) !>LaUi LuJj O 4 -la.1 jl J Luoil J ^jjfL (4) t>J 

Va,6eR\{0}:</(a)<J(aZ>) 

we i? J ^ o*^ ^\{0} >—Vi ja J(l) J (> jj 

: UaI CIE R \ {0} ^f^J : QU >4> 

</(l)<</(la) = </(a) (1) 

: U€ R UjaS (jl (>a jsj jVlj 
d(u)<d(uu x ) = d{\) (2) 

</(«) =1 J (2) * (1) i> 



Ring Theory uUUbJi^jiai 



g,re R *u*J& . d(u) = d(l) a\ ^p-i ue R ci\S. |jj o^Lj 

: (jl ^ii^j 
1 =qu + r, r = 0 ji d(r)<d(u) 
d{r)<d{u) o|i « xe i?\{0} ^ rf(x) 6* >^Vl > <*(«) = 41) jSlj 

. e.l*.j w jjSij 1 = 4 u : o' l$' • r = 0 oj^ J p j^j V« ll&l 
CajI£ L. lil S jiiUx JjU n JI. ^ i-iLJaJI o±j»\\ jLucI : VY Jl* 

: ^Ajla] jlLj (/?, d) ^ WaU. f i '<&\ cjl jjj&I 

Vae/?\{0}:c/(l)<</(» (i) 
VaeR\{0,l}:dQ)<d(a) (m) 
V# e R \ {0} ,a& R* (s^j o^J) : < (_^.) 

: 

41) = 4a) oji fc*. JL $\ aeR* jjS jV fcJ-U ( m ) 

^ (Z[i],d) > ^jjsyi jiLiii Juu ^ n ji. gaa ^ : tr Jl. 

d:Z[/]\{0}->N 

m + m h-> m 2 + n 2 

((a-\-i)jt ji.) 

. ±i * ±1 JJ4 Z[z] CJj» j j (U-Y-r) ,vr JS,^,^^: JaJl 

j(i) = j(o = i 2 = i,rf(-i) = ^(-o = (-i) 2 = i 

. Q&m + ine Z[i] <±ua. d{m + in) on j* 4 1 ) J 



Polynomial Rings jjaaII alib : <jjUI wUI 

:= /(X)g(X) ^1 SjASa l>- ojSj- a < /(X)e 

*e jli ( / (X)e F[X] o^j « E JS^ t> U> F jlS lil ( M ) 

. E J UH. uj^ £ tA/PO jU—i 

Acjxa^i jji ij^ic « (XE E j i E t>° ^ j> F 0^ ( ?•) 

FtA] ^ Ui. Oj* /(«) = 0o!^ /(I)e F[X] 
K t> (subfield) ^> k ^ K Ji ■ ^ K L J JlaJt uL gj 

Va,b e k :a+b e k ,ab e k (i) 

.-.kxk^k +:kxk->k 
(a,b)\->a.b (a,b)h* a + b 

. ill*, (jj^j 

tfl. A(«)=/(<0*(a) = 0g(a) = 0 (i) :^J! 
u^J ±i C[Z] J uU^ Wi/ • R[JT]3/ :=X 2 + 1 oSJ ( M ) 

. ^JaU jjj&JI ijil ./—It jia. J - (-/) = 2l 

. "0" Jj^Jl Sj£S JSVt Je. <_sj^ ^ iAjHi Afij^JI ^ Vji 4& ^j->m (^?.) 

: /(a) = = 0 u! /,g e ^ 13, 

. /(£*) = 0 u! ^ / e i^jj ■ W-gXa)=na)-g(a) = 0 

.^Ji oij . /& (a) : = / (a) A (a) = Oh (or) = 0 &u he F[X] J±j 

. F[X\ ji jSi) 



Ring Theory ciabJijojiii (< ^un^2«) 



<> « Jgj\ ^ t«J jjli F Ji* o- dili n <a.jj (>/ j j^l s ( i ) 

. F ^ jU^Vt 

i>> n jjSVI (jic. l$J JjSj F Jl*. t> CjXaU-a ijjl j n o*/* j^Jl » (m) 

. u-U un» (jjii jSa. f fciya. F[jq js (^?.) 

. ^Jad UU- jjS* J** F ^ F|X| ^ it JJi ^ J£ ( j ) 
. ^LU ( j ) . « (^) , ( i ) : J-^jt 

•• 

: ^Vt* tij*- Z[X] ^ / LjLuil gillt j^Ul : t 'jJk >4I 
/:={aZ + 2^)|a,ZjeZ} 

. 2 = /r(iy(I) : d ^ Z[X] ^g(A) iflX) ^ Uj^ ^ -ola 

J ijAf. (J-ifi- jUaj Z[X] J jSii) 0 = deg(/i(A r )) + deg(/(X)) 

o^j. = +1 « f(X) = ±2 J /z(X) = ±2 , /(Z) = ±l jli^iS 
jli JUiL,/^) = ±2 oi* f5 c>j • [M* )] = Z[AT ] VJj * ±1 

Uli. oj^ J uV* / J ^1 . g(X)e Z[X] oV u^sii li* j g(X) = ±^X 

. ^Ulio jlLj ^ Z[X] jli (j^ILj • tj«.U 



rAv 



Polynomial Rings jjaaII afjuS *UU» : (jjttJI wUI 

Sj^S > /:=Z 4 -3Z 3 +2X 2 +4Z-1 Sj££ Z 5 [X] ^^0) 

g :=X 2 -2X + 3 
.Z-l jjaaJI Sj^S X 4 + 3X 3 +2Z+4 SjiSS Z 5 [JV] ^ ^-,51 (T) 

. g:=X 2 +2X-3 « f:=X 6 + 3X 5 +4X 2 -3X + 2eZ 7 [X] oSJ (r) 
deg(r)<2 * f = qg + r a& ^? tf,re Z 7 [X] ^jl 

. g:=3X 2 + 2X-3 < /:=X 6 +3X 5 + 4X 2 -3X+2eZ 7 [X] jlJ (£) 
deg(r)<2 « / = qg + r d^i^i q,reZ 7 [X] ±j\ 

Z 3 J\ Z 3 t> ^ X 2 +X . Z 4 +XeZ 3 [Z] J c> o* ^ (°) 

(((Y) e-^-T) jfcsl : JUS J) 

Q[X] j yn. [A] jgj J c> o* j* ( A ) 

/(a) = g(a) li] • /(X),s(X)6 , ^ ys* F (1) 

/(X) = J ^ (> JJ . F ^ fl j> 4lU> jjfi 

« f(X),g(X)e F[X] ^ lj] . p(X)eF[X] c&j * F c& (\ •) 
' d c> u*> « deg(/(X)),deg(g(X))<deg(^(X)) 

= «CX) J f /(X) + [>(*)] = + [p(X)] 

TAA 



Ring Theory CAabJt£-j>laj (er 3UJl r >...rtJt ) 



f\X) f%a)*0 d?'M = 0 AX)gR[X] c&(") 

J(X) J j^aJI ojjj^I jjc. ji^ a J ls^- • ./PO : ^ U1 
md^Z m UbiU lj] *^Lk uj^i (Y-Y-Y) jl oW 5 Vtl» ^ 0 Y) 

. J*lSlaJ\ (jlkiil 7? J W > 1 t Ulji tjUC 

/^{a^ + a^X"- 1 +... + fl 0 |fl li ,fl J . lv .,fl o GF ) fl s + fl„. 1 +...+fl o = 0} 
. 7 — S (generator) f-il j- -i=»jl j ' ^ Jli* / J 6* J! 
(JjSj di^ Z 3 [X] ^ j{X) Cil jiS j> bo& i=.jl (U) 

. aeZ 3 ^f(a) = 0 
. 4juAJ cjbllla jlLj D[X] <^= 4j«LJ i^Ulio jLkj D : <-iul J uAjj °) 
. Ljjjlaj tilkj (jj^j (j-i^j (j\-i>j <^j^ iJ^^ ci' • j' u*j^ (^) 



Ring Theory jilM^lki^i 

— ^ — ka> 



-iLJI 

13 rf 



Division in Integral Domains 



Division in Integral Domains J«l&hll JUaJI &i ijamiill : CJUI wUI 
Quotient filed of an integral domain (JjjjSjfr <U^mOJ| JAfr 1-f 

P jijj-jij-j « 0(7?) JS^ 6- (£?(#), 0 £jJ • talki i? 

^□UJI \ jj i? _J (Quotient field) AaJM J** <u) z : 7? -> 0(7?) Jk 




K 



: ^ j&s Y-1-r 

(a, 6) ~ (c,d) :<=> ad -be 

Rx(R\{0}) Jc&Z'aS** 

J! « (a,b)sRx(R\{0}) _S >l£3ll lU& J\ - -t (X) 

b 

a c ad + bc a c ac ,, _ UI , „. rM 
-b + d=^>-bd=M ^c^V M ^\ { 0} 



Ring Theory oi2JL«Ji^^u (to ittJl^2Jt) 



i:R->Q(R) 
1 

/? _j i*-b j*^ > (G(J?),0 (°) 

0) 

Va,Z?e x(i?\ {0}) :ab = ba=> V(a,b)e Rx(R\{0}) : (a,b) ~ (a,b) 

(reflexive) ^AS*jl " ~ " J J 

V(a,b),(c,d)E R xR \ {0} : (a,c) ~ (c,d) 
ad =bc^> cb = da^> (c, d) ~ (a,b) 

<EUL, " ~ " jl J 
V(a,b),(c,d),(eJ)GRx(R\{0}):(a,b)~(c,d),(c,d)~(e,f)=> 
ad =bc,cf =de^>{ad)f =(bcV ,b(cf) = b(de)^> (ad)f =b(de) 
=> of = be^>(a,b)~{e,f) 

J-lSi. JLkj R, 

d*Q 

. _>sl£i l^jli ^ t>j « (transitive) " ~ " d lS* 

■ 1 

< — = - <> 1 "•" ' "+" <MJ d J* u*jp 00 

. c' c 
^ d' d 

a'd'+b'c' _ ad + bc a'c' _ac 
b'd' ~ bd 'Vd~~bd' 



Division in Integral Domains jjUaJI <U unit : wJUll wUI 



— = -,— = -=> a'b = ab\c'd = cd'^a'bdd' = ab'dd\ 
b' b d' d 

c'dbb' = cd'bb'=>(a<d'+b'c')bd = (ad+bc)b'd'^ a ' cr+b ' C ' = ?^ + bc 

J s jJilf. l^ia j a'bc'd = ab'cd' Up! «4Ij£ 



o'</' W 

w a ~, _ s a 1 fl.l a I. a 1 a /„ . „ ,v 

V-Gg(i?) :-.- = — = - = — = -.- j-to j» 1) 

o olo.lol.olo 

w« ^/^.s 0 a Oo + la la a 

V— e 0(7?):- + — = = — = - 

bib lb lb b 

o 6 



-a a -ab + ba 0 0 , 

— + 7 = — = 77 = 7 (R <j* Li>^' >-*«JI j* 0) 

oo oo o 1 

JUoi = o 2 0 uV) 
1 1 

(1)(1) = (1)(0)=>1 = 0 

1 * 0 JUlbj J.IS1. jUv jV (J^Uj I JA j 



Ring Theory Cii2Jb«ii5o>iai (t ptai ,«...«») 



: J — g Q(R)\{0} ^ (fl*0 J f e Q(i?)\{0} JSJ 

a b _ab _\ 
b a ba 1 

. "." (Jul jlS) ajL«JJ 5^u3U (^jit* jj 0(i?) \ {0} ^ > ^ic <J£J J u\ 

. (Q(R),+,.) J 

l 

\/a,be R:i(a) = l(b)=>^ = ^=>al = lb=>a = b 

, , N a + & al + lZ? a b , . 

l(a + b) = = = — + - = l(a) + i(b) 

J 1 (1)(1) 11 

, ab ab a b ... 

nab) = — = = — .- = lid) i(b) 

1 (1)(1) 11 V 

id) = \ 

O:0CK)->i<: »S • ^ k)£jj*K>« <p\R->K i ^ K c££ (°) 

V?-eQ(R): O A = OA = 0(f I) = )"') 
o 0 16 1 b 



Division in Integral Domains ^UaJI ^ *m&JI : wJUII mUI | 



= O0(«))O(^))- 1 =^(a)^)- 1 

fl ' CL 

: jli jUlUj a'b = ah' : 0' 5^ ^ • — = <j£Jj 

6' 6 



rv-l 



a'b =ab'=xp(a r )<p(b) = <p(a)<p(b ') => ^(a)^(^ )" = <p(a ')<p(b ') 

(SJja.j-) fj*> O J til O(y) = OA) J lit 

b b 

v££ e Q (R ) : 0(f + C -) = <*>(^-^) = ^ 
0 a 0 a bd 

= q>{ad +bc)( ( p(b) ( p(d)r l = (<p(a)<p(d) + <p{bMc))<pidr(p{br 
= q>{a)q>{b )"' + p(c)rt* )"' = O A + <*>£), 

T) = °0 = <P(ac)<P(bdr = (p{a)(p{c){<p{b)<p(d)y 
b d bd 

= <p(a)<p(c)<p(br<p(dr =tiaM>)McMdf 

b d 

K J>4 K 

L 



0(j) = ^l)^l)- , =l 



Ring Theory CiUU)i5o>tai (4 ^UD|»-«2M) 



JlSjj . Jxl£lall (jUaill ^jlfi (JjJaJ JSa. jij-<ai jA J*l£ls (jjUail 4 omSll JSa. ,ji iaa.V 

^ £ . Jli. jiiit) . JSaJl J (embedded) j*± jS J-ISUJ ^Uaill J ULJI 9 iA ^ 

>1 ^ £ u^J ' cU^ 1 J? -J JSa. ja j£ (j^ liVa . ((A-Y-^) 

RtzKtzK : o)*R J* LS^i 
: 4jU £- > -r 

: Q j»Z J 51) JSa. 4 J-lSl. jUai Z 0 ) 

ZcQcRcC 
* * * 

jUaiSl jV 4 ja (finite integral domain) JxlSi« jUail ^511 JSa (Y) 

. <Uaij ^^Ift (J jiaj JSa. jju*ai ^ll-ilU jA j 4 !>LSa. <jj£j ^^iLall J-slSiaJl 
V-ill JjjJl JSa ji ajj^all JjJ JSa. 4 UlA ^(^) > JU 

. X" <^£L»1jk*1I j ' A .i-ia-olt jjc. ^ (The field of relational functions) 
(The field of meromorphic ajsj^jj^I J y& JSa. M(C) lM (*) 
Ujj*^ Jl joU JalSU jUaill //(C) — 1 2u-ill JSa. ja C functions) 

. C (J^liSll 31LU1I 4 Uikill) 

ijjflfl (The integral subdomain)^>li J-ISUI JlLsll ^ill JSa, c_L-» : ) JUi 

D:={m + nV2|m,«€Z} 

( _ f j_ i >^l q* jitxll AjS Jji) 4 D (J jiaj JSa, jiuuJ jA D S 4-a*aSll JSa. : Jail 

: ja jjSj ,j! 4 £> \ {0} (ji J£J 
m 2 " W ^ I /», " e Z, m 2 + 2n 2 * 0} = {p + qjl \ p,q e Q} 



Division in Integral Domains J*&H\ jlh*JI ■. mUI 



R _J Jaa. jA R ( i ) 
R _J a^SlI JL^ jA C (m) 
. D ^ (U jjajj-j jJ) i^LiS- oj^ £> — S A^a tjia. jli ^Sa. D rf& » 3 (^) 

(-111 j-» aOC a jL ''■-^"■■■■t J AjjjL-a f—l jS <U (jjj Jxl£lcJI (jlkill jl ^SjSa. ( J ) 

Q(R) A^iSi ji*. *uui ^ 

Q(R) 2Lu*]l Jaa. S^j ' J-1&JI JU^II ^ _>~ai& (^) 

Q(i?) ^Sll Jaa. ^ S.la.j jjSj 4 # J-ISUI (jlkill ^ ti>-» JJC. ^-aifc <_£ ( j ) 
iUa. a jLjjC.1 tj^-aJ Z) (J-al£la (jLLj jx Z) ' ^ ja. (J*l£l» (jUail Z" ^AioiSlI <Jla. ( j ) 

. Z) I AauiS (Jia. (j-o Lj ja. 

. M . M * ( j ) . ( J ) < ( ^ ) . M » ( I ) = ik> 
Z[i] := {a + bi\a,be Z} 
Q[i]:={r + «'|r,JG Q} 

: c + di*0 ' a + bi,c + diel\i] l&1 jVlj 

a + bi _(a + bi){c - di) _ac + bd + i(bc - ad) ^ 
c + </i (c + dz')( c - c 2 +d 2 

2Lu^U tfiu. t R AJU. Afi^oa-4 T * {0} (jSilj » UIJj] Alia. ) 

. <jji^s ^jual ja tijiaJiVj (closed under multiplication) t_i >^l ^1 



Ring Theory GCLUJl^^&j ^IDI^O})) 

V jluVl Wi- 7) ^> ASk j& J daixj RxT —> liJk* 

• (j^jJuaaJl Aa. j ^jic. (jAjJ . (J-»l£la (jUaiJ Axumill <JLa. ^Lijl ^ tjJJ*j 
. Sis. j j.^if. _J jSj ^1 Ij) ^ j j^-aic V«J T) ( i ) 

•.sahj a_& 7 1 1> l5>^> >^ l& 7) (m) 
f 0(Z 4 ,{1,3}) AiLJI m £ . (^) ojj-SJI Jj SjUVU (\) 

. ^4 (_j jlkall ji-flLiJl JOC . Z 4 ^ jliia. j 3 l 1 : -^J) 

4ik ^jj « 0(Z,{2" I ne N}) *2»J» ) uo-dl Jl SjUiVb (r) 

({^|meZ,«eN} ^ ^jikJl ^jaJl 
Aik £>(3Z,{6" |ne N}) AiLJI (^) oj>^ dliS SjUVU (£) 

. F <J Ajji^il! JJC. j^U*]l JafJalU F[X] tlll-ia. j jli 5Uto. F 1 ^ ( ! ) 

^ (F[X| — S a^JI = ) j ' ^ F cP> '3 M 

. F ^ 4jjik-o3l jjc- j > *il \* \\ 

t«j£] « aia.j j^if- Olj AjII^I ASlai A^uiSl Jiia. ^aiii J tj^tf liU ^aj (V) 

J\ E jl£ I jl Aj! OA jj . Z) -J A^uill Jis. F O^J ' ^ L& 5 ( A ) 

J*ISU jUail 2Uuill Ji*. J ijl) . F ^ L? J 1 ^! E D ij jiaJ Jia. 

. ( £) fjc tiJJ^ JSa. ji^ai jjSj D 



Division in Integral Domains J*IS*1I JUaJI : OJUJI wiUI 

Prime elements and irreducible elements 

: t-L hu > — Y — f 

ceR lij 4 a— 1 (divisor)La-AS 6 ^jauu <_U£L» jLkj ^4 jjj^^-aic. bid jSJ 
(jlj lil /jj' # cjj^j Uiu t 6|a ((ii*- US) j ,a = bc :£] 

: (jla ij^ic. . <d Sja. jJl j*-aic 1 e R i XA£l» ULLj jSJ 

a | a ' 1 \a : aei? ( ' ) 
c | a <= b\a i c\b (<-j) 

(jx-US* i?*=i?\{0}) Z>e#* <=>2>|1 ( ^) 

(Z>w)|fl <= 6|a : mgT?* £^?J (— &) 

(^LS.flo-^ [a]) b\a <=> [a] c [b] ( j ) 

: ill jju : T-1-T 

jl£jLiL« ji u^j^ M «,&e^ ui>^ JIL . ISO* i? jSJ 

I jjj i a~b 4iLJ! aiA ^ j . a — bu (j\ ue R* ±± j I ij (associate) 

. a ■/• b u& tilliS fJ 
: hiatal* 1-t-f 

. Xol£lo ISUaui <j£J 

«=> [a] = [fc] : a,6e/? ^(1) 

[fc | a « a | ] <=> a~b : a,6e (<-j) 
. R Jc ~ 



Ring Theory olibJli^j^ (4 ^U)l^-i)1) 

: ft* nil 

t=b = av <■ a = bu : h,vg # <= M=[6] : "<=" ( ' ) 

uv=l <= a = av« : u,ve R 

a~b <= u,vg R* Ji ij\ 
a g [6] «=a = bu : ug R* ^jj <j= a ~ b : "=> " 
[a] = [b] :u'^j' [&]<=[«] Julb. [a]c[fc] <^ 
. b\a <= a = bc : CG R* ^jj <= a ~ b : (i-j) 
. a|Z><= ad=bcd = b<^cd=\ : G ^jj <= cG /?* 
a^jj W = a i ac = b : c,deR ±>>jj <=b \a < a | : "=>" 

a ~ b t= c,d G R* J tj\ d c = 1 <= bdc = b : c,flf G i? 

c d = \ :dG R* i a = b c : CG R* a ~ Z>: a,&G 

. 6~a u'c5^ a d= b c d = b : c,d g R* 4= 

b = cv <. a = bu : u,vg R' <= ^ a ~ Z> : a,b,CG R 

ji ^ . ^j (-ijjjall AikiiilU s j^j /?* . a = c v m : «,v£ i?* <= 
. a~ c jli JUllij w G R * ifl = w jl^l vw = w6 R' 

: ub pi o-y-T 

1 . \ 



Division in Integral Domains <>IUi ^UaJI ^ : cJUf wUf 

: ^jlS lil (prime element) Lf |jt >uaJc «u) ^ei? JUL ( i ) 

R* l p±Q (\) 
p\b J p \ at=p \ a b : a,be R (\) 
: lil (irreducible element) ktomK >j& >«ajfe <u) geT? JUL (t_j) 

b<ER* j aGR* q = ab : a,be R g^J (X) 
. iwill JA3 jjt jjSj jjjjj (reducible) hun/iti Jli <jl ^4 JUL 

: n-Y-r 

ji j^Uc <ji J* A; cii jUSbj i K'=K\{0} : K Jia. cS^ 0 ) 

: me N,m>l (Y) 
. Z ^ lij . niMl JAS jjc. m « Z ^ Z ^ J ji j^aic m 

JJijjfc j^aX+b jjiaJlSjJS. . aeii:\{0} ^1 jil(r) 

: A[jq Jj^Jl CJl J& <Sk Uj,„nll 

<= deg(g) = 0 ji deg(/) = 0 <= f,gsK[X] ^ aX+b=fg 

(((£) , (y) o-i-y) gG r j / e r(=(A-[x])*) 

uV) K[AT] J aLIS 2(X+ 1) Jj^l! IJ& : (r) UiukS (£) 

(X+le£ • 2g Z* « Z* = {-1,1} oV) Z[X| ^ Km, nil <Lla ^ Uiu (2g M* 

: 4j Jaj V-Y-r 
pe R i Xol^lo latkj jjSJ 

j^»ic. LWil] Jjli jjjc. (^) 

JJj-fc /><=>[/>] *{0},Lp] Jjij^(Y) 

. kuajjH Jjlj jjc. jjuak. o R :[p]a[a]cR (V) 

£ ♦ Y 



Ring Theory dl£JbeJlSo>lai (^'* w p 



: t -M >A\ 

p\a . p | b ji p | a ji fjfc-y Jji ■ p = ab : a,b& R j£J ) 

(jjlki .p = ab=pcbo)&£ j* j a = p c : cg R ^jj-ui ^ ■ ajL 
■ ae R* ji ^jjjj ULu A^jLiu. /> | 6 4jU1I ■ bs R* ji J\ 1 = c Z> : ji ^ ■ - 

. KjinnU (JjIS joe. p ji Jla. Aji ^^^Ic. ^cjjj 4ji <_ji 

^Jj ^^jc p ^ . [p]*{0} <= p*0 <J= ^ji j^io /? : "=>" (T) 

ji<_si ab = cp : ce R t= abe [p] : a,b&R 
: eG R ia-jj ji pd = a : d G R ^jj /? | 6 ji _p | a | a 6 

(^1 ji jj-ak. /? 

. 6g|>] ji ae[p] <d J\ pe = b 
. pi R* <^= lg [p] Jll. [p] . p^0<=|>]^P : "<^" 

« G [p] <= [/?] <= pc = ab : cg R <=p | a 6 

b=pe : eG R J a=pd : J G 7? a^jj bG [p] J 

•P\b J p\a <= 

«ui |j* . [^]<z[a]ci? jl aG^ j^io ^Ua jSJ : "=>" (r) 

aG R ^ cg R <= p = c a : cg R j.^ir. jj 

Urn, nil JjIS 

. o^Ui : (? liU) [a] =/? J [p] = [ a ]<= 
/> G [a] ji f I . a,bG R <■ p = ab j£J : " <= " 



Division in Integral Domains Jfl&ill JUa*lf ^ "m mi II : udUl wUI 

J f jHuu [a] = 7? . [a] = R J [p] = [a] [/?](=[«] ji 

<ui f jHuu [jd] = [a] .ag/?' jl ^1 \=ac : cg ^jj «ui eg! le [a] 
4= p =/? d 6 : ji fjli-ij liAj . a =/? ^ : j] dyaj d G R ^jj 

. 6g ji cii </fc= 1 

: A-Y-r 

J a e /? <=> VijmnH JjIS jjc. ^»ic. a g i? ( \ ) 

. jiio {Oj^^ci? <=> jn. {0} 5t ^ c (y) 

>^i& a&R c) j* Mji^l a& (0) V-Y-r) J] ^j^jU (^) : ,'iU >4t 

jjc. j^^iic. aei? ((V) V-Y-r) j* 

ji 2% (Y .-r-1) ^ YA Jlia . R ^i Jli. [p] J ^ -uli xg 

v-Y-r) (<sk 4 j un. jj^v {0}) [p]*{0] . ^i Jii- [p] 

• R ij <JJ P d 2^ 

: ji CiUij jA v^ikJ! J (Y.-r-l) ^ YA Jlix (> (Y) 

. ^i Jli. {0} * ^ * 7? <= JJ Ji> {0} ± A c i? 
Jc. uiiSj ji (ji-j {0} ?t ^ ^11. J£i t V-U djUllla jlLs i? a 1 <-V t> jVl j 
. Jji a J ((Y) V-Y-r) j>j . {0}^^ = [a] » tfGi? ij>-Jl 

((r) v-Y-r) (>j . JjU aei? d gih ((\) v-Y-r) 

A = [a]c[Z>]ci? : u! <^fV t>G R j^nc ia.jjV <ji giij 

. R ^Jifti Ulio jjlj A = [a] (j^ ^H^i CAJlia JLLj i? jj (ilia, qaj 

i . £ 



Ring Theory GUiJbJlSo^ (tr iUll^JJt) 

j] i<q;xi jj^i ^ ^ jsi jia • A" osj 

: Aial^ ^1 £d jjjSUI ujS {0} * i4cAT[X] 

J&aA (Y) 

. /G K[X],A = [/] : u) ^/-W-mlJ ALli j±. ^ lj£ ^ (V) 
g±u (A-Y-r) o-j ' ^W 5 ^ li^ ATA] d f&j «-1-Y) t> : flU wfl 

. <jUal£lc (Y) t ) (jjjjjAill ji 

[g] sjjjl^iII i JiC. ( ■ uSj (jl tj^aJ <^&a t AOjoiLJ ClUllla (J^aj AT[A] lSJ^-' * J* 

: (V-Y-r)^- gGAT[X] 
oUti- jU^i ATA] oVj • Uj-."" JJ^ /<=>^feeX[Al:[/]c[g]c:An:Xl 

. (V) « (X) uiJijM d (ji • ATA] ^ pfcJ Ulio oj^! W ci* 

: Jilt ) .-Y-r 

Z[>/^5] := {m + inj5 e C | m, n g Z} 

m + mV? (-> w 2 + 5n 2 
Vx,.y g Z[ ] : fijxy ) = //((w t + in x V5)(m 2 + in 2 V? )) 

= fi(m^m 2 - 5n x n 2 + i(n x m 2 + m,n 2 )V5) 
= (m,/n 2 - 5n x n 2 ) 2 + 5(«,m 2 + /n,« 2 ) 2 

= mW + 25n 2 n 2 + 5« 2 m 2 + 5m V = (m, 2 + 5/7 2 )(m 2 + 5« 2 ) = ju(x)ju(y) 



Division in Integral Domains JjUaJI ^ 4**iii| : mUI 

iJ lP^j - 1 ' + 1 u' 

tiyaj veZ[V^5] j»j f-jiVj li* • Z[\f-5] ^ u = m + mV5 

. «v=l J 

H(u)jLl{v) = fl{uv) = ju(l) = 1 : jVl j 

J I m 2 = 1 * n = 0 i>j + 5n 2 ) j 1 M w ) 1 1 d J 



. UG {-1,1} 
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2 + iV5 


2-iV5 


3(2 + /V5) 
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2 + /V5 


2-/V5 
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2±ij5 






2 + /V5 
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3(2 + zV5) 



jcgZ[V^5] u^j « 2-/V5 ji 2 + iV5 ji 3 UJI > z W u^lj 

: ji ^cijj l$iaj . x)i = z : o) ^'JV y e Z[V — 5 ] •li.jj z 1 LujAS 

m,«eZ ^.jjV -oV) //(*) = 3 u^j ■ /l(x){i(y) = ju(z) = 9 

jla ^ t>j ^(y) = 1 ji ju(x) = 1 <J ^jjj AAA ( m 2 + 5n 2 = 3 o& '•Vh 

jce {z,-z} ji xe {1,-1} 
a—UJI t>a 3(2 + /V5) -J ji 9 -S I— IS x=m+inS 

t>j « 8i _ s u-\s ojSj m( x ) = ™ 2 + 5« 2 u' 1 J u ( x y) = M( x )M(y) 



i Ring Theory CiUJbeJl^jjlij ( ^M"«p ...?f) 



ju(y)*27 J^W < ju(y)*3 J* 6^ ■ ju(x)e {1,3,9,27,81} J* 

: jli d& Jic . y g Z[V^5 ] 

jU(x) = l<=$ XG {1,-1} 

//(x) = 9«[(/i = 0,m 2 =9) ji 0 2 =l,m 2 =4)] 

o[xe{3,-3} ji jcg{2+/V5,-(2+zV5),2-/V5,-(2-/V5)}] 
//(x) = 81o[(n = 0,m 2 =81) j\ (« 2 =9,m 2 =36)] 
o[xe{9,-9} ji xe{3(2+/V5),-3(2+/V5),3(2-«V5,),-3(2-iV5)}] 
i+ji Aila VJj • 3(2 + i'V5) -J I— IS o4 2-iyf5 j ^b, 
: J r jSWj liA j 3(2 + 1 V?) = (2 - iS/5)(* + iW5) : MgZ 
.{£eZ) o^zVuoj 9£ = 12 : JUL, -£ + 2^ = 3 . 2Ar + 5^ = 6 

Oh ^ <> 9 J J « 9=3.3=(2+iV5)(2-i>/5) J ^ -^^j 

Z[V=5] c> 

. 3 >f (2±/V5) Uiu 3|(2 + /V5)(2-?V5) 



1 »V 



Division in Integral Domains J*IS*ll JUaJf ^ 5 a taJI : OJUI hM* 



■ -17eZ(u) 5gZ (!) 

14gZ ( ^) 2X-3gZ[X] (_^) 
2X - 10 g Z[X] ( j) 2X - 3 g Q[X] 

2Z-10gQ[X] ( c ) 2X-\0gZ u [X] ( j) 

* (Z ^ S^j -1) Will j^la -17gZ t 5gZ J : 
Us* « Will 2^-3gZ[X] < Will Jjli 14 = 7.2gZ 

. Will JJS 2X-10 = 2(X-5)gZ[X] 
^ 0 s1 JK-M Jif- c> ISjLi- 3Ue 2 Uiil : 2X-10 = 2(X-5)g Q[X] 
. Q[X] ^ Will jjt 2X-10 lP] ^I^j Q* i> j—liJI 

.iWill<Lli jj&2X-3gQ[X] 

J ^ • Z„ ^ 6 jA o-j^" Wi 2 . 2X-10 = 2(Z-5)g Z„[X] : ( j) J 

. Will iUi j*, 2X-10g Z H [X] J&ij ■ 2e Z;, 

* Z(XJ : 2X - 7 o jivll S j££ d jLSj ^Lic. ^ j -4-.<- ; J& : T JlL« 

r z n [X] . Q[X] 

Zffl ^ 4Ai J^Wj • -1 < +1 U ia jLi^j ^ji Z[Z] : JaJ} 

-2X + 7 ^iaa^jLS. 2X-7 
q{2X-l) = 2qX-lq, qG<Q* <ili JUL, Q* ^Uc ^ Q[X] J 

2X-7 ^jLiuUK 

: o\* f5 i>j S-^j Oj^ Z;, ui >^ J£ ^Ub, Jto. Z„ : Z n [X] ^ ^ 

1 » A 



Ring Theory dULbJic^&j (c M»M r ..^w ) 



. 2X-7 <4jL£ l*K £(2X-7) = 2£X-7£eZ u [X], Are Zj, 
. Z U [X] J 2X-1 ciJjlA) 4X-3 = 2(2X-1) JliJl 

Z|7] ilil^a. j ,1a. jl : V 

Z[i]:={m + niEC\m,neZ} ^ IS : JaJI 
// : Z[z] -> N 

2 2 

m + ni\->m + n 

(<JU (^fl ^1 jll 11a ^Oaluilu.) 

Vx,ye Z[i] : //(xy) = ju(x)M(y) 
(JjSj du^j s^j m 2 + n 2 iG Z[i] ^ y s^j m, + «,/ e Z[i] ! j) 
(m, + n 1 i)(m 2 + n 2 i) = 1 

//(m, + « 1 0//(m 2 + n 2 i)(= //((m, + «,0(m 2 + n 2 i))) = ju(\) 

(m 2 +n 2 )(m 2 2 +« 2 2 ) =1 => m 2 +«f =l=>/n, =±1, «, = 0 j* m l = 0, n x = ±1, 

. ±Z t ±1 : Z[i] Cil.ia. j Ji (j\ 
: <_ ii! ji (jAjj : t till* 
Z[i] hj.«fi« jjlj Z Uj..flW JjIS j^ic JS 
t> «5 = (1+2z)(1-2/)gZ[i] Ujj K)-"."tt J*H 5gZ . ^U. jjjftl : L U>Jt 
. K„„nH Jjla 5e Z[/] a u J^hj * u-J l±2z'eZ[/] Sj*5L- ^LJI r Jli* 

(JjlS jUail t_iLuia, jj.li) oJia. j Aijlaj UjSj j (j£*uV 6 ji (^Jc (jA JJ I 0 J&4 

Zh/=5] 

^ kuajjll aL15 jjc. ^slic i_i J. ^U 's ((up to associates) 



Division in Integral Domains J*lSiil JUaJI <U mill : wJUl uUI 

6 = 2.3 = (1 + V^5)(1-^) :,feS 
. Will Jjla 1 + V^5g J 

ju(x)ju(y) = M(*y) = //(l + V 1 ^) = 26 => // (*) g {1, 2, 1 3, 26} 
. (±1U* Z^5] -LSa j^J 0 •— V)^ Ujij) '^jx<= /<x)=l 

. 7 <^= //(j/) = 1 <^= //(x) = 26 
. t j»j « a,0eZ a 2 + 5j3 2 =2 <= ju(x) = 2 

^ t~J : or,/?€ Z ui«J a 2 +5J3 2 =13 <= //(*) = 13 

. Ui.nfitt Jas 2 e Z ji dlli* <-ij*ii... 
: o|a *,.ye Z^/^5 ^ 2=xy ^ 
M*)/<O0 = = A(2) = 4 => //(*) e {1, 2, 4} 

zV^5 ^'^jjc //(*) = 1 
Z>/^5 (jii.ia.jj/ <= = 4 
2gZV = 5 uij . IIaj. a^eZ ct+5/?=2 <= n(x) = 2 

. Uj.nnll QjLli jjfc 3,1 — V— 5 g Z[>/— 5] dS-Ib 

Z[z] Vij.«.n» <Lla jjc J^frl j^Uxll U lij : 1 Jilt 
6 - 7 z ( J ) 4 + 3 i 7 (^) 5 ( i ) 

y = c + di < x = a + bi < x,ye Z 5 =x_y jSJ ( ! ) : 



I Ring Theory dUUll^j&j (^tSJljk^ut) 

i . i 

=> 25 = //(xy) = ju(x)ju(y) ^ M*)e {1,5,25} 
ju(x) = 1 => Z[z] tji^j x 

/<x)=25^Xy)=i^^'] J'o^j y 

M (x) = 5« ju(y) = 5^\x \ 2 = a 2 +b 2 = 5,\ y | 2 = c 2 + d 2 = 5 

=> a = ±2,b = ±\ J a = ±l,b = ±2 l c = ±2,d = ±l Jc = ±l,d = ±2 

5 = (2 + 0(2-0 
J J 

5 = (1 + 20(1 -20 

liA J (f-V) <J Z[i] ^5—1 (j^silx* ^ J lj* <>«j V j 

uV (Z[i] ^ ^ J o^V 
(2 + 0(2 - 0 = K-2i + 1)i(-2i - 1) = (1 - 20(1 + 20 

(JjUi rjn.) (Z[i])* ^ op^j W<ji * 1+2/,1-2/e (Z[i])* u! ^ c>j 

Z|7] ^ Vij.ifiti 3US 5 uj^a ' 
<= y-c + di t x-a + bi t x,yeZ[i] tiiia. 7 = xy (+>) 
49 = M(jy) = rtx)ji(y)^fi(x)e {1,7,49} 

//(*) = 1 => Z(7] S^. j 

M*)=49=>//0)==l=>j/eZ[i] 
//(jc) = 7 =>| x 2 1= a 2 +b 2 =7,a,beZ 

a 2 +b 2 =7 jjL^ fl) fieZ 

• Z[i] ^ JaWill Jjla jj& 7 jjj 



Division in Integral Domains J*fi*ll &hii\ ■. UJUt wUI 

.y = c + <# 4 x = a + bi i x,y£Z[i] tin*. 4 + 3/ = xy ^ (_?>) 
=>25 = //(xy) = //(x)/z(j;)=>//(x)G {1,5,25} 
ju(x) = 1 => xe Z[i] 
/<*) = 25=>/<y) = l=>j/eZ[i] s^j 
/z(x) = 5<=>//00 = 5=>5=| x 2 |=« 2 +6 2 ,5=|.y| 2 =c 2 + </ 2 

a,b,c,deZ 

=> a = ±2,6 = ±l ji a = ±l,b = ±Z , c = ±2,d = ±l J c = ±l,d = ±2 
4 + 3/ = (1 + 20(2-/) 

. 2ft] ^ K"».*'^ ^ 4+ 3 i uj^ ' Z[i] ^ ujlia. j Luul 1+2 z't2 — i'o) ^ t>j 

x,yEZ[i] 6-7z = xy jSjJ ( j ) 
=> 85 = //(xy) = //(*)/iG0 fi(x)e {1,5,17,85} 
ju(x) = l^>xe Z[i] 
//(x) = 85 => //(y) = 1 =>.ye Z[/] ija. j 
//(x) = 5<^//(;;) = 17^5=|x 2 |=a 2 + Z> 2 ,17 = c 2 + J 2 

(,y = c + <ii 4 x = a + bi) < a,b,c,de Z itya. 
=> a = ±2,Z> = ±l J a = ±l,b = ±2 . c = ±4,d = ±\ J c = +l,rf = ±4 

: aIj^jou Ua Jilau till i£ j 

6 -7/ = (4 + 0(1 -20 

JaujUdU !ibla 6 - 7 / UJ^JS < Z[z] ^ <j£ls. j Lual 4 + I i 1 - 2 I jj lina. 

• Z[i] ^ 

Z> L > ^ >^ ibac N:D->Z fJiJ&jL. laliaj Z) (j£J : V JH. 

: Jaj^l Jia. |jj (multiplicative norm on D) 



Ring Theory oQJbJlSoi^ (to sUll j 
a = 0 ^liliSijjlS li] N(a) = 0 t 7V(or) > 0 : aeD ( I ) 

« iV(l) = 1 # XolSla UUai D U 1 * • jj ^J6(>J1 

or uli N(a) = \ : are D ^-aJ u 1 ^ • N(u) = l «e£> ^i^jJi 
/?€ Z « N(n:) = u! keD J£J <■ D ^ 

N(l) = 7V(1 . 1) = (1) => N(V) = 1 
1 = N(l) = TV^m) = N(u- l )N(u) 

N(u) =1 (jlfl ^Ja> J-« , n Ale. 7V(w) <jV J 

. Jj! jjc. peZ 4 jv"(0 = /? j) n eD c£$tfHj 
M . ar,/? g Z> 7Z = gcP c& 

p = N(ft) = N{ap) = N(a)N(J3) 

li* o^j* 31 i>j • N(J3) = \ o£i J Af(ar) = l oj£j J M tr*^ ,iA 
^ J csi . z> ^ s j /? uj& J 4 j ■■£> a ojSj o' 4 ^ t>4 

. Z) kuujjll JjIS 

: ^Vl* <-i N Cj]i < F ( 1 ) 

jV(/(X)) = deg(/(X)) 

nr 



Division in Integral Domains Ja&M ^ 4*mia1| : OJLUI mUI 

N(/(X)) = 2 de8(/W) 

• c> isiJ^ J**N. N(0) = 0 1 /(X)*0 ^ 
. ( M ) ( i ) : J^S 

ji£ I jj = 1 Ji ' # jU~ tilki Z> c& : j 

.^=irin{A^)|A^6|)>l,^G^ : 0) ^ ^ 6^ -D J 1^3 a 0^ lij J^j 

. N(7r) = N(a/3) = N(a)N(fi) : J P jls^li» . /zr=o0 
« xeZ) ^ tf(jt)>0) iV(y?)>l . #(cr)>l J r jHuy 1* 0*a,j3£D* 
. o^\z: N(7r)>N(a)>l cM J&!j(aeD* &N(a) = l . N:D^Z 

we{±l,:fa}<=>jV(w) = l « J*u*N . N - Z ^~^ Z ^ . ,. ]U ^ 

a + bih^a 2 + b 2 

. Z J Jj jjc 2 c N(l + 0 = 2 1 Z[/] ^Ij^j V^IU 

. Z[i] ^ Will JJ5 jjfc 1+ f J gSi, JjUI V Jli, j> 
1 x,yG Z[z] tiiia. « l + /' = xy AiLLJl iL^yi : ^jiS <Ljia 

• • • J-Si j . 2 = //(l + 0 = ju(xy) = ju(x)ju(y) 
oSl . Jji jjc. Jc JjL V 1 neN l£J : ^ ^ Jtl> 

Z[V^n] := {0 + iftV^ I a,bG Z} 
.(^uJa jUx- ja a=a+ikjn ^ N(cc)=a 2 +nb 2 <~* N J J* ( ' ) 

. sj^ j ore Z[V^/j] <=> N(ar) = 1 ^^(u) 
or = 0 a = Z> = = c JV(ar)>0 J ( I ) : wtt 

: J gjjj fi = c + id>Jn <. a = a + ibyfn c£A 



afi-ac- nbd + i(ad + bc)yfn 

=> N(aj3) = (ac - nbd) 2 + {ad + be) 2 n 

= a 2 c 2 + n 2 b 2 d 2 + a 2 d 2 n + b 2 c 2 n = {a 2 + b 2 n)(c 2 + d 2 n) 

= N(a)N(p) 

N(o^=\<^c^+nb 2 =\<^(a+ib4n^(a-ib4n)=\ : a = a + ib\fn o£J 
<=> a = a + ibyfn e (Z[V^w ])* 

Z[yfn] = {a + byfn\a,bGZ} 

3a-a + b4n jV(ar) =| a 2 - «6 2 1 j 
<= P = c + dyfn « a = a + byfn oSJ ( i ) : ,-)U »ll 
a/3 = (a+byfn)(c +dyfn) = ac + nbd +{ad +bc)yfn 
=> N(aj8) =\ (ac + nbd) 2 - n(ad + be) 2 1 
=|aV+«W-naV 2 -^V| 
=| a 2 -nb 2 \\c 2 - nd 2 1= N(a)N(fi) 

CJS lil JaSaj <jl£ til a 2 -«Z> 2 = 0 « 7V(ar) =| a 2 -rc6 2 1> 0 J 
a + b4n=0 ji a-b4n = Q<^>(a + b\fn)(a-byfn) = 0 
a = a + bjn=0<=>b = 0 <.a = Q <=> 

M 

7V(ar) = 1 <=>| a 2 -«6 2 1= lo fl ! -«i 2 = ±1 
(a + yfnb)(a - yfnb) = ±1 

jjjSj a + Z?Vn g Z[a/«] jls (« + b4n)(a - byfnb) = 1 jlS lil 

no 



Division in Integral Domains <>&*M JUaJI ■. wUI | 

(a + byfn)(-a + bjn) = 1 d* O + fcVn)(a - feVnZ?) = -1 a 1 * 

. i^. j till a + byfn e Z[V« ] u_&u 

a,b,c,d gZ y/^5\(a + b^)(c + d^5) tfZ\$:&hJ\ 
jjSj dusj xje Z tlip. x + y-J-5 -^jj^ 
(a + by/^5)(c + dyf^5) = ^5(x + yy^5) (1) 

(a - )(c - V=5 ) =. -7=5 (x - j7=5 ) (2) 

: Jic J^aaJ (2) i (1) t> 

(a 2 +5& 2 )(c 2 + 5</ 2 ) = 5(x 2 +5.y 2 ) 
5\(a 2 +5b 2 )(c 2 +5d 2 ) 

•• u ! J 

5\a 2 c 2 + 5a 2 d 2 + 5b 2 c 2 +25b 2 d 2 ) 
5\5a 2 d 2 + 5b 2 c 2 +25b 2 d 2 
5|a 2 c 2 

5|c 2 J 5\a 2 rf&kZ ^ Jji^5 
• ^ iic 5 SI 5 1 a J f J 11 ^ 5 1 a 2 



Ring Theory CiUJbJijojlai (t pi^i^«i)i) 



5 * 5 1 aacc o* s j^U- I ^ J_^aiJl jlcj ^l£) 5 1 c J 5 j c 2 

(Z JJJ 

5 = (V = 5)(-V = 5) Z[V=5] JyR\a J^5\a 
7^5 I (a + 7^56) uj^^I^^j 
>/^5 | c J <4ltt r jH-y 5 1 c 
V^5 | (c + J^d) o& »j* «>j 

y/^Ka+b^Xc+dyf^) a^:c5>!^!> 
: jl gljj . a,b,c,d £ Z 

| [«c - 5M + 4-5(ad + be)] 
=> | flc - 5 bd => V-5 | ac => 5 1 aV 

t_l Jj-aU. « jy-a t-JJ&J (ji (jLaJ 21 € Z[>/— 5] (J CS^ 6* : j I 

(tlASjLiull c_jU^ jj^j) AAijJa ^> jjSL Uj.niMl 3113 JJC. j>Ajc 

21 = 3.7 = (l-2V^5)(l + 2>/^5) : >4 
Z[-J^5] J Will aLIS 1±2V = 5 ■ 7 . 3 J ^jUll .4 

• Z[V^5] ^ Jji AiSl . la-ill JJS 1+37^ J o*^ : ^ ^ 

: J ^jjj • l + 3>/^5 = xy t x,_ye Z[-\/-5] 
MV) = M( x )M(y) = 1 + (9)(5) = 46 = (2X23) 
i W 



Division in Integral Domains J*6iU ^UaiJl 0* * a mnlt : dJ\ii\ mUII 

{1,2,23,46} 

tf 2 +56*=2 : 6^ //(*) = 2 dlS lj» -Uts x = a + byFE 

a 2 + 5b 2 = 23 u_& ^> N <dliS o=^V ^ //(*) = 23 jlS lit 
//O) = 1 lA* M( x ) = 46 • ui • x J \iA (jix^i = 1 ^! 

. j y •^ >t * i^a j 
WiB JAS 1 + 3^ e Z[ 7^5] uj) 

(l + 3v C 5)(l-3V :: 5) = 46 = (2)(23) J Ji*3l3 
3^=5 

• tJ^J^ UJ^ ^"^"LS 1 «g )J* a jJj-aLaJ ^uili 4j\ 

: J g^. yeZ ^ (l + 3V^5)(x + yV = 5) = 2 jSJ 
jc-1.5j/ + (3x+^)V = 5=2 

-3 

=>x-15.y = 2,3x + j; = 0=> 45y + 6+ y = 0=> y = — 

(>>€ Z <jSf) J**^-, \iA j 

: J g^. yeZ iV- (l + 3>/ :: 5)(x + >>>/^5) = 23 c&I 

_3 

x-15j> = 23,3x+.y = 0=>45.y + 69+.>/ = 0=>j; = y 

n a 



Ring Theory aiabJigujlai (t> ii«w ( ....^w ) 



J,\S P (X) »a • p(X),a(X),b(X)eF[X] c££ j < F c& •■ n 

p(X)\b(X) J p(X)\ciX) uli ^ .X^KTO u^j « F[X] > i-uill 
jjicl Ulli. o£i \p(X)] d* F[X\ (Jc) ^ Lwill J^IS p(X) uV : <-m >4I 



mX))-KX)+W()\=KX) < ^a(X)) = «(Z) + b(X)] = a(X) oSi 
= />(X)<7(X) a& ^ <?W ^(X) | a(X)Z>(X) j 

a(X) bjxj = a(X)b(X) = a(X)b(X) + [p(X)] 

= [p(X)] = 0 

b(Xj = 0 j\ tfX) = 0 CP JlLi F[x ){p(x)] ° V J 
^li^Uj ft(I) + [p(I)] = [p(I)] J + [/>(*)] = [/>(*)] J J 




o& (u-f-i) ^jJuB u-j . (0-r-r) ^) F[A] ^ 




/(*)»->/(*) + [/>(*)] 




V/W,g(X)GF[X]: 



Division in Integral Domains jjUaiJI <jj iUmill : £JUI wUI 



^/ (JO + gW) = ¥U + *)(*)) = (/ + *X«) = f(a) + g(a) 

= <p{f{X)) + (p{g{X)) 
¥f iX)g{X)) = rtdfeX* )) = =/ (a)g(a) = flf (X))^(X)) 

^(l) = l(a) = l 

1 J jiaJl S 

• 13^ f j^JJ-J-J* ^ ^' 

^)={/(i)6F[i]|/( fl )=o} 

. c Ker{qj) o-j p(^)e Ker((p) ji ^Ij . Jli. >j 

^ ^1 Jli. \p(X)] jU JUbj ^ ^ J*\5 j£J 

' (0~ Y_r ) **# iB ) 
. |>( *)] = Ker((p) jU ^ «>J 

Sjj^l tj ] c , AjjUS jlaj c-uaj Z ^ LJji tAJc p jl£ |jj 4j| Jo jAjj : ^ A Jlla 

AJjl jI jci a?. j! . Z[/] (^a K""/'^ <-J^ jjc. j_£) « + ^a 2 + b 2 

//:Z[z]->N 
a + bi\->a +b = p 

Upl . x,yeZ[i] iii»a. a + bi-xy j£J 

a + bi = xy=> /i(x)ju(y) = ju(xy) = //(a + = a 2 +b 2 =p 

//(x) = l ji //(>;) = 1 

• Z|7] ^ lu-uill JjIS jjc jjSj a + fo' jti J^Wj • 20 JI S^j ^ ji x ji 



Ring Theory Cii^Jbdijo^ ^mMp...^ 



i^ll j£ £iL-aj) . 1 + i jA jlatLo i-iu,mll <JjIS jjc. j.^iir. j ^alaJl oj>A <U ^ ji j.lc. 2 

t jialla Ku . mll Jjla jjc. ji^aic \ + 2 i i AiA^W jiij <j Jji jjc 5 lilliS (1 - i 

. jJalix l*iu i tnll Jjla jjc. j.^iV. 3 + 2 i t Aj-aLaJl jaij 4j ^ ji J^c. 1 3 

jl£ lil Aji jAjj . u-,UJ ^aljll jA t LjjIsI laLki D j£J : > ^ Jli> 
JSJ : JLsj J ji ^ jij d(a) = d(b) jli (associate) jjjSjLii* a,b&D 

jjjiifl JJC. jjjj^jc 

d(a)<d(ab) : a,6e£> 
i a = bu (1) : j) tiijau w,ve D op^-j cr^j jl£ jLiuj a,Z?e Z) : jU jjjl 
d (a) = d(bu)>d (b)(3) : M 0) t> uVlj • w v = 1 « Z> = av(2) 
. s j^Lx ^jikJl jaij (4) . (3) i> . d(b) = d(av)>d(a) (4) : M (2) j-j 

. (jajlaVt (jUaill t-SJJ*J j-aj-ia alijSj <_$jll jiajill li* ^ i^Tl £aJ jajI j>— i l AJa jaia 

. (A-Y-Y) n Jli* jJiil 
n nil jjljla jjc. jj j^»jc. p,qe D j£J j t X^lSlo taUai Z) j<u3 : Y » Jlla 

ji ^^Ic. jA JJ I (q) JlalLj j p 4£jL£La3l ji ,-i l Wl l Ac jasji (p) jSjJ j 

0?)n =>(/?) = (?) 

(p)<^(q)*0=$3s g D :s = pu =qv;u,v e D* (cp^j) 
xe (p) =>3we D* : x = pw = qvu~ [ we (q) => (;?) c (q) 

(&.ja»j = jjj.la>j i_ljjJa (Ji-aLi.) 



1Y^ 



Division in Integral Domains J«I2*II ^UaJI 4**iiJI : wJUJI wUI 



AW* J^kj jUaj /? dua. ^ W)„,uH aLISII jjc ^Li*ll ci^, (^) 

jA £> Joja. ^ K"".^ >^*ll ' R (ji K""J'^ >-»U*ll 

((Y-r-r) ^i) ? j^hA ujii ^ ^iua Ja . i? _s jia. 

X 3 + Y 3 jj^ii SjiSl <u-^W (y) v jlkJ jjS (r) 

X 2 + 7 2 JjJaJl ijpSl S^L (Y) t_i jj^(i) 
Z J ' (V-o-r) AjUl^VI 

. (.dJj£ ySilu. ^1 .-O-V) Aa^iSlj l ^Lu, US " Aia.j ^ikj jUaj" 

p(X) dna. p(X) i a l (X),a 2 (X) 3 .^a k (X)EF[X] ^ Jt ^F^(") 
J c> u*> ' ^(X)| ai (X)a 2 (X)..^(X) 1^ • -W-^ Jj« 

jc Aillkx AiLjLu Ala. fcj jlkJ (jSlj . (U -Y-r) ^ ^ I Jllol ^a«j (jjj-jll I 1a) 

.(! Jliall Ja. 

<Jfel LIU. jjSj ^ ^ Jj\ Jii. JS J o* Ji • ^ F uSJ (1) 
Z 3 ® Z 3 Uiia. ^ Z t^/^ JJ*u*ji (V) 

[3] uj^j M-J ^Jli. $±* Aili JtiLj ^iJSj jllai Z[/] . Z[i] ui Jji Jll. 

(Cj^aiiJ! bUj ? tiUl . 5Ua. «jJ Z^Z, • J^^pj] d* 1>J (Jafti UH. 

Vij.-nH <JAS 2 « Vij..fiW JjU jjfc 3 : Z[i] ^ Ail Jb o*J^ ( a ) 



£ YY 



Ring Theory iliJbell^jjlii ^-.i^p ...-ti) 



jjc. ji^i'ir. i_j^jJa tj»^il-k J ^glc (jA^>J (J-oI£!Lj (jl Lxj ^ ^) 
Z[l] JaWill JjIS JJC 1 - I J t> JJ ( ^ • 

^ N(a) =| a 2 -«6 2 1 jl£ ^ (n-Y-r) o* 1 Y Jii. J d Jo ^ (u 

[a] = [Z>] J^i a,bG R ^ R lW^I jU^I J d J* o*>ji 

c«3 JV(7) J o- ffcjJ Jc « Z[V6] J Will tWS jjfc 7 J t>jj r 

Z[V5] J i--iSD uJjU 1 + V5 ^jlJc^jjfU 

. - 1 i 1 yA Z[Va] J s^jll Cjl.ia.jll ji Jo tjAjj 

lie J Jo Aau53I JjLV j^c or dua. ; a,bG Z[\fa] c££ (^) 
. b <■ a t> 5^ J Jo <jA . Z[Vtf ] J S^j ab u^j < 



£YT 



Division in Integral Domains t>£*U jjUaiJI <j* m ■■••*> . CdUil uUI 



Unique factorization domains Aafrfril J*laAll QliUaj V-f 

: 4JjVI c^I jjjSjII jjj*j . 5U£i« tSLLj i? jSJ 

• a = q v ..q r : j] ^ q„...,q r eR 
p { ,...,p r E R Ajji j^Uc ^ i?' t t aei? JS1 (1* cj) 

. a-p v ..p r : J 

R (^a kijoujlj aLIS jjc. j^Uc t ... t gr'j < ^ i ... t gr] dul£ Ijj (^) 

: jl dnaj 

jsi <ii x<=y r (=S r ) 'aLs& ^ « /• = i jis qv-q r = (i\-q\ 

•4jW=«C< 0 * qiJ ^A ie {l,2,...,r} 

: \ -r-r 

(^)'(^)O) 
(1- *) (r) 

t # SaWlU JAS jjc. tjx^ic. q jSJ (r<^) ^ AjAjjIS : (Y) 4= ) : jUjJ! 
t>j • ab^-qc : jl djj^ ce Ja. jj <uli ijajc . a, be R q\ab c££j 

q* i ... i q" « ^4 ... « ^ < ty r t ... < c^i kw.i.nll ALU jjc. jk-atic .la, jj <^j) 

: Jl iluaj 

a = q v ..q r • b = q\...q s « c = q"...q". 

q y ..q r .q[...q s =qq"...q" : u J** ^ 



Ring Theory oiiiseiiSvj^ (tPUIi,*— 2)t) 

^ je {1,2,...,5} ^ji ji q~q, u) ^ *e {1,2,. ..,r} ^ (Y^) i>j 
. Jji y^ic q C)\ ij\ t q \ b J q \ a C)\ ^ J^Wj q ~ q } d 

■ : (V) (X) 

. Uj! ^jSj hj.ni-iU JjIS j^it JS J gtt; (1* ^) t> : ) (r) 
Ajlji jj-aUc (1' <Jli) t Ku..iMl JAS jjt Ijjuojc q& R jl£ lij : jV 

• #=/?i uj^ J^Wj ' r= 1 

4... 4^,'i 4... 4^j : tpVlS (^) J^J*^ tp 0 (j* U' 0^4 U^J 

ii' uj^j • rfs — 51 ei * ^ r*} J J o 5 ^ • q v -q r - q v -q s 

J^aJ Uj\i (jlUJUj 4 q x \q x c£4 (without any loss of generality) V 1 j- 4 *^ 

. t_ijUauJl (^ic J^^aaJ *lja.VI IIa ^ JjxloiVljj . q' 2 -.q' s = uq 2 ...q r 

: jjj^gj Y-r-r 

(Unique Factorization Domain) ^ R J-^I* 6^ J^J 

. (>-r-r) AjjbiS ,j cjI jjj£iii (^j-a. Jislbj) ii) ufd jU-^u) 

: teyJu r-r-r 

.^j Ojk: jOu Z[V^5] (j-tsu (jii^i) uj^O '-^-^) J^ 51 l> 

: aj jaj t-r-r 

. ^ j (Jjlaj (jUaj ijj^i OLi\!u> (jUai J£ 



Division in Integral Domains JUaJI ^ «t o ninll : CJQI wUI 

. M = 0 ji (jlft 7 ji jA jjImi 
(jLLj ji ii^V) el jiOl! Af tjfl flad j>^ir. JajJ Ajli M ^(j) dul£ I j) 

A/ ^JujjU j-a ^UJJ . Af ^ ^Jaci I ji <-\\r. \d\ j£J • (^!J^)jj i?^= ^JJJoL-ui <JLlUH!La 

((\.-r-^) YA JL. j.) liAjUj U&Ao4[d] ji ((Y) Y-Y-r) j-j 

iLuau G i?.jJ Ajli AajJ CiUlLa (jUaj jV j . i? ^ <Jafii LULa oyl [cfj ji 

(jj-joL liAj d = 6 c jjSj ce ^.jj -^i fjH-y • jj 
([&c]*[c] jliJ^Uj A*/?' jli^ j-j [fc]*/? : jV) [d] = [bc]<z[c] ji 
jV) b,c<£ R* ^JliSj . 6,c*0 jVlj . [c]£M » [fe]eM ji 
c = p[...p m 4 b = p v ..p n ji M j- ^* Kl*^] 

(>aSljj liAj flf = p y ..p n p[...p' m jl f jlW) liA jSlj . <Jji j^aUfr ^ 4 

. 6 ^jiUa i_Jjlka3l ^uijj . M =<p ji cii • [i/] € M ji <_>b j3 £-a 

: Agujj o-r-r 

— Y) Ajjiajll jxj ^joiLJ tlllJlLa jjUaj jj^J (_5 Aila) JjUaj J£ — ^~ Y) Ajjlaill j-a 
^ ji (_$i • -^^-J (Jji=>J (J^»j jj^! Aj*JiLuii (JllLJlla (jliaj jS ajJLhji aLLuJI (£ — Y 

jj* j Jjkj JlLj i?<= A^uJ dlUti» Jliaj i?<= j;^] jUaj 

: ^J»ia^ n-r-r 

d& Ji Ujijj 4 ^jLiia] jUai Z ji Uij (A-^-Y) jx (^) Jliall : 

(jUaiZ jtf ^Ulb, c^yAJ LljUlia jlLj Z ji (^r-Y-^)j- (l)JUl 
24 = (2X2) (3X2) = (-2) (-3) (2)(2) ^ 
.-3 t 3 »il3^j 4 jl£ jLiLa -2 4 2 jl j.^wlla Jjkj jUai Z ji 4^ ^iJUSV 

. JjLJl (Y (1j) jJjiill jAiJala li* ji JaawY J 



Ring Theory oiabdic^iSu (t3F stltt ^— 2JV) 



Y Jtla 

: Z n [JST] « Q[X] * Z[X] : Aa&l aLISUI ^UlLil! ^ Jwill ALU 

/ :=4X 2 -4X +8 
AX 1 - AX + 8 = (2)(2)(X 2 - X + 2) : Z[X] J : 

Z[X] Lwfl ALU X 2 -X + 2 * 2 
Will AL\i j^i^ii^ 4X 2 -4X + 8 : Q[X] J 
j±i*l\ J& JUlbj Uj.ijffl JjU jjo ^ 2 o^! : 2 £ <Qf[X] J 
ijj- ^ / J 4X 2 -4X + 8 = (2)(2)(^ 2 -X + 2)eQ[X] 

. Ui...t*U ALU jjc. j.^lift i_l jj^a (Jj-aLa. 



4X 2 -4X + 8 = 4X 2 -4X-3 

= (2X-3)(2X + i) 



: Z U [X] ^ 



(1) 



4X 2 -4X + 8 = 4Z 2 +18X + 8 

= (4X + 2)(X + 4) (2) 

? ^lifei- (2) » (1) u' J**^ J* 
f5 j-j (V-U ^Ulllo jlliS j) ^^lal jlLi Z n [X] jla ^ o-J ' Ji^ Z u 
: lilSi ts jjj offi* * ^j^! J oij#*^ j}* tP^Wj 'AJ^J djLu (i^Lu j$i 

4X + 2 = 2(2X + 1) 
(2X-3) = 2(X + 4) 

(Y til) (jiaj j$i Jjkj (jtki Z U [X] jVj 

Ala. j JjWj (jlLj jA Jia. JS ( I ) 

£YV 



,2e 



Ml' 



Division in Integral Domains ^UaJI 4*^1 : 4JUII <-iUI 



. <UiiLi tlAjl\!La {jliaj ■^■J J^-j (3^*^ <-JS (t_l) 

a^j JJ^ jU* Z[X] 

Aj^Li djLJlla Jlkj ,jjSj Z>[XJ V-^ ^LJ^ i^aj D jt£ I il ( J ) 
^ j Jjkj (jUnj tSUiS oj^! ^[^] cJJ^ LS^ D I j) 

• H J 5 tS^ LSj^Y A^J li^ai ti' ( J ) 

l$-uij ^? (jla 4 Uj.iinU (Jjli jjc. p diia. p j a ^) -V^J cJ^^ <3U»i lS' csM j ) 
• (jj^ji>*'1<i (jU jfLi Aj^j J,'^*' (3^*5 ^ l-ijuinU (jjLla jj& UJJ' "**""- (J^ (^) 

(£-r-r) 4 (A-Y-Y) j> Yt Jti* ^ Jim is ^ , a ( i ) 
(^) ciUiS) . a^AJ Cjbllla jLLj -u£J J^k: (jlkj Z[X] : Uai (v) 

.4jjik-a ^jjolja <ji ^^Ic. (^jJUlUj t<Jal£la (JjUaj jA Ala. j (JjiaJj (jUaj ( J ) 

Z[X]9 2X +4 = 2(X +2) = (-2)(-X -2) : Jli. : ( j ) 

Z[X] ^ iJ* j -1 

. Z ^ uUa^ jll Jto* jn Ua ±1 ^ 3 * ±2,2 * ±3 Uiu 2,3e Z ( c ) 
F ^ ' F[X] ^ ^ Uiu < Vij.-ntt Aiila Oj^ ^ (a^j (i 11 ^ £>[^] c^Wj) 
2gQ* oV Will <L15 Q[X]3g(X) = 2X + 4 = 2(X + 2) : J^JI 

. 2,x+2e (Z[X])* uV i^a Z[X] 3 g(X) uiu 



£ Y A 



Ring Theory CiQiselijoj&i (to 3tt)l|»-*2)i) 



• D Ji cjl^jll a^j^ ^ D*) D\D* Ja . oj^j Jjkj jlkj D oSJ : o Jli, 

? D ^ sj Wilb JLcj (! ^jl^ jA IS 
: J cjl i D ^ t^j^ JL^ilb (closed) Aili* ji <> ^Jl : JaJj 

Vx,yeD\D* \xyeD\D* 

JWUj .D'iDJ a& ♦ £>\£>* J] ^ V "1" fe» jll >^ jl V] 

. Z) ^ v j-^ V-sHj s >• j JS-jV D\D* jla 

(1, 0) J. .*uwl l JJJC-I (j^ajj^aaJl 

Z®Z jL^l\ tijLauVj (nonunit) "^j > j.^ir. J£ : 

J-U j^u*]l li^J Jjkj JS J( Z®Z J l^j o4 (1,0) j.^*]! 

jit j^\±l\ . ill. (±1,0) = (±1,0)(1,30) jV < Will JjIS jAj « (±1,0) 
jjt Jj^c q , p ^ (g } ±l) 4 (±\,p) ias Z®Z ^ aLUII 

. Z Lwfl jiLla 

li* . Z ^ ^IjVl JljfiVl ^ /?„ < ... « /? 2 t 0^1 : (o»^\) ■ L)U >4) 
JSVl Jc <d p,^...^ +1 J t ^S8 | liA . 0,±1 * p lP2 ...p n +l<= Z J 

-Pill d&i p,\ p x p v ..p n u-j 

J Z[l] ^ Jji Z ^ Jjl J^c : o' t> 0*^ : A Jtl* 

p~7tK o£i 'Vi ^"G Z[l] J ji >^jc. 

^ o4 p J (yy -v-r) r ji. <> ^ z ^ u j p ^ 

<jlji ^ Adi (? IjU) Jjkj jiLs Z[/] uVj -Z[i] 



Division in Integral Domains ^UaJI <jj ita miilt £JUJI wUI 

i>Jl «lc. . p 2 =pp=(x 1 x)...(k h x„) d ^s^i • P = Xi-X n iiw 
jUaj Z[i] . 1 < UK Wo JJ jc p 2 _J Jikj <SjLJI ajjUUI ^ 

i « = 2 jjSj J H j p — K\ OJ& <_Aj ' n = 1 uj^! u' Aj^j 

• P = = ^2^2 

/7 € Z (jJji joc j^jj <= Z[i] j^a ^ji n : <ji ^ ,> jj : ^ Jll* 

. /? = /Z7T jf O] = [/?] UJ^ <-V^ 
7ZK = l) ^>1 * ;T7TG N : ul 1 ^ Uji 1 n o& : f)U *>3I 

Aja.j (JjLaJj jUaj Z (jV j J . ((j^aSljj : Z[/] 7T otixx 

^ Z[i] ^ Jji j^uo ;r jVj . 7M = p v ..p n u_& Pi>->P„ e N 

. £(G Z[/] t = ^TOf ji ci' ' />/ L« ^Lo^c- ("4) 

: & ^iUo (jjLJi a jiioii jjIa jj ^ Ula . = ^ j? = (7ur)(aa) c) is ^=^i i^a j 
[ft] ' [#,] uUllloli oj^j ' ^ a J J\ t act = 1 o& J W 
. aa -7ut = p j ojfe d Hj ' [/?,] = <-s' uyj*^ 

: J (^k. jj . U J hoc. p o^J : j ; Jtl« 

/? = l(mod4) J p =2=>3x g Z:x 2 =-l(mod/7) 
. x = -1 = 2 1 A 1 : all 
: tjla /?sl(mod4) u 1 ^ 

= (=1)^(1 ...(Zzi )( £zi) ..J) 



Ring Theory GQJbtJI^^j (^11^1^211) 



: J ijAli* gib ^jj .lie. — — (jVj . X := l...(— — ) £>± 

x 2 =(p^X)\ = -l(modp) 
(A-Y-Y) H Jli. 

n 2 =a 2 +b 2 :a,be Z <=> n = or«:«e Z[/] 

(^) a = a + ib d^^^jV^ 

d]i i = l,...,r i t>4j- ^^S"-* "/ A? 3 - ' « = n x ...n r cP> 13 -ui Je. (>jj jVlj 

: J or. g Z[i] ^ = crar, ) t> : t -jU,^M 
n -ap x ...a r a r = (a l ...a r )(a v ..a r )=c 2 +d 2 

Jjknl! ALki Aio 1 asJl) n = Up kp{n) « kgN i n > 1 l&J : V? J&t 

Iajc = & p (n) (jSai /? = 3(mod4) aJjSM 3-ic.Sfl jlS li] <ul ^ o*jj 
n =a 2 +b 2 , a,b e Z ^1 ^j*=^ u_& » ul* Wjj 

: ^^ifr (j* J^j <ji tji^j a jJLUa ^Luuil J\!Lal\ ^ : <*M >41 

OJ«Jj* 2 ( i ) 

qmjja^ja+a /?<= p = l(mod4) t (^Iji uc. p (<_j) 
^ p*' 00 <^= ^jjm k p (n) <= Jji ^ /7 = 3(mod4) : J J>*V 

2 = 1 2 + 1 2 =(l + /)(l-0 (!) 
jjSj ("ij^i xg Z i^jj JjLJI > • Jli» (> . Uji Iiie /? = l(mod4) (v) 
uSlj . /?|(jc + 0(x-i') J ls' p|(x 2 +l) J x 2 =-\{modp) 



Division in Integral Domains J*£*ll JjlUJI * a mail .- mJUJI hM' 



p jla JUlUj i ( — ± — £ Z(7]) x - i a^Aiij x + i ^SjV p ji ^Jal jll 



. p = 7Z7Z OJ& 

: J <J* ■ Uj\ b^c p jt 2 jSJ A 
p = 3(mod4) <=> jj^jc. psZ[i] 

Z[i] ^ f y^c o4 p <= P = l(mod4) 
Z[i] ^ Lljl t 2 = (1 + 0(1-0 

p = a 2 +b 2 J cs^j I^j ((JjLuJI A Jli«) p = 7m jj^ ^ #e Z[/] 
jl<u, jjc. a 2 +& 2 =3(mod4) J (^-wL lifcj (a,Z?g Z t a + bi = 7C ^) 

. (x 2 =l(mod4) ji x 2 =0(mod4) :xe Z ^) 

<jljVl jl^c-Vl (jj-iaJ <ji j^ajii n = a 2 +b 2 , a,bG Z ji (ji ^ « 

k p (n) = 2k,ks N ^ p = 3(mod4) 
jjSj ore Z[z] ^jj Ail ^jliuu liA . n l&1 : QU >>1) 

-^jj J)»j Z[i] j) ^ i>j • n = aa 

a = 7u x ..Jt r ,n =(n x 7i x )...{7C r W r ). 

: jttU Upl JjUI 1 Jli. j- Aila 1 < / < r ^ * / JSJj 



in 



Ring Theory uAiisJi^jj&i (Cj jUH 

' Z J J J jjc ^ = ftp, u! ^ #e^>1 J^j ^ : Jj^\ ^Ull 

:=/z;.^. =l(mod4) j! /?. =2 
Je. Lsa p=3(mod4) JjVl J-UI « _J ^jVl Jfksll ^ lU=^ Uili IjSaj 

LpJal ULki jjaJ Z[V-6] J «lc : n 

10 = 2.5 
= (2 + V=6)(2-V^6) 
^ JaWiiS iUS jjfc ^.Vjc 2±>/^6 i 5 i 2 j LsjlSil i^Ijjj 

J (o-r-V) t>j Jjkj (jlkj (_>J Z[V-6] <jj^ fJ t>j 



Division in Integral Domains J«&ill jUaiJI <ji i a mill : wJUlt uUil 



il^j Jjkj (jjUaj L-H^ Z[V5] (jl jjJc <jA jj ) 

. Vs-l J • (V5-1)(V5 + 1) = 4 = 2.2:Z[V5] ^ : jLSJ) 

• (Z[V5] ^ kj.-fiW'ttAS 2 t V5+1 
^ (3X + 2)(X + 4) JJ Jka 3X 2 +4X + 3eZ 5 [X] J ^ (Y) 

. (4X + l)(2X + 3) J\ 

(JjUai jA j=J jjxj •— ^— 4,LuiLJ CjLi]1!Lo (jUaj Z $ [^] (j-J-^J cs^Wj J**- Z 5 

? jjLIajJI JjjA t ifo 1 (£-r-V) Jjkj 

. o^j OjLu UlLi Z[yp2] . Z[V2] J (V) 



I Ring Theory CiOJbJljo^laj (^'•«p r?" ) 

i " - ...J 

jfcgjl utLaUj jotigjl j^ttjj t-r 

Greatest Common Divisor and Least Common Maltiple 

a x ,...,a n eR c£A j . tSLkj # jSJ 

a n 4 ... 4 jj-aU*13 (common divisor) Is jluU U<uila ^j-a-y ( i ) 

t ie y*»J i/|a,. u^ !i ! 

• cd(a x ,...,ci^) j*Jb~* a n <• ... 4 tf ( j»^U»ll 4£^£*iuill jail Ac ^a_a3 jLijj 
i ... i a x j*A±& (common multiple) Is U&bJa* me R ^^-^ (<_j) 

/e y-aJ a,. |m j 1 * ' ^) a„ 

. cw^,...,^) j">j^ o n i ... 4 a, j.^i i«il dAid .^Jl Ac J jUijj 

: ^a»al« Y-f-V 
: abie . ee /?* 4 «,,—,«„ e R c& j / ISUai 

£/ea/(fl,,...,fliJ =)[fl,] + ... + [flJ ( i ) 

(... 4 a. <> J&J\ [ a .]) 

m e cm(a , a n ) <=> [m] c [a, ] n . . . n [a„ ] (m) 

fl* c 0/(0, o,),0e cm(a x ,...,a n ) 

cd(e,a l ,...,a n ) = R* ( j) 
cm(0,a,,...,aj = {0} 
crf(0,a l ,...,aj==a/(a 1 ,...,a.) ( j) 
cm(e,a x ,...,a n ) = cm(a ] ,...,a n ) ( j) 
Oea/(fl, fl,)«fl 1 =... = fl,=0 ( c ) 



Division in Integral Domains ^\bii\ 4*«iall ■ ^JUII wUI 



eecm(a^...,a n )<=*a v ...,a n (= R* (±) 

[</] 3 a,. <= <#> = a, : e i? ^jj <= d | <z ( i ) 
[</]=> + + <^= 
m e [a.] a.6 = m : be R <*= a,. | m (4-1) 
[m]c [a, ] + ... + [a J <= 

: uLjau r-t-r 

lj| A£ ^ «a UJ ^ <j] (J-lfi* JlLs /?) a,, e ^.U*J JUL 
(cd(a l ,...,a n ) = R* j^^-K)^^ <> ) • cdia^aj cz R* 

J£l oj^c . J? ^ Wall JA3 jjc Tj, nir. (jSJj 4 talkj jSJ 

(jjSj tiuaj d e R\R -uli jjAio . 4£jli* jS La$] a t /? o^J : hU 

. a = da' i p = dp' a\p*G R . d\p i d \ a 

.(associate) <jj£ d « p jjSj Ij^jj tS^j />'ol* H)" 1 .'"^ <-k^ jjc. p^i j 

. a 1 ,...,a n eR o^j • tSU>i i? 

(greatest common divisor) ^Jaci djjyU <uj g e 7? j.^wl JUL ( I ) 
oi* cd(a v ...,a n ) * ge cd(a x ,...,a n ) ot£ 13 «„< ••• ' —5 



Ring Theory Cil2Jbeli^j>^j 



(least common multiple) , j»*ai >il>ul» L-ifrLixa <u] £s R j~»i*J JUL 

jli/«6Cffl(fl |) ...,flJ t f g cm(a x ,...,a n ) ujlj U^c 

£cm («!,...,«„) 
: jiia n-t-r 

^frj d JLlo ^li j^jjV <ui ;£Lu J ^jliB 0 JH.JI Sjc.Lu.xj 

n-^>] J 3(2 + iV5) < 9 ^j^^l 

: 4Ja yxl* V-i-r 

: jiiic. a,,...,a n G R <J4j ' LaU=»j R jiJ 

ge gcd(a x ,...,a n ),g~ g'^ g'e gcd(a x ,...,a n ) ( i ) 

g,g'G gcd( ai ,...,aj^ g~ g' (m) 

£g £cm(a l ,...,a n ),£ ~ V=>V& £cm(a l ,...,aj (_ ?.) 

^,Tg £cm(a,,..., a ( ) 

(up to units) tiji^jll ejLaia. 

: hiatal* A-i-r 

: jli ijjjc . tjlL^ai Luoa, Cxj-ijI <ar,,...,a n G • vLol£l« talks i? jfLJ 

gG gcd{a„...,a n ),a. -ga. : ig 

. 3£ jiix ^ji) jS Lpjj (>>j1 a£ i . . . * a' : J 
: ji (jJe 4jA jJl t_i jlkall : 



irv 



Division in Integral Domains J*»IS*ll JUa*JI u*a it a mill : CtJUJI wUI 

a/(fl,',...,^)c7?* 

: <j] <A?=h /? a>jj *e {l,..-,n} <^ • tecd(c(,...,d H )(zR* c&H 
■ d\* £ 6-j • /g{1,...,«} a^igfy, : ji • < = «i 

u_&> ^ei? >ji <4i ^ l>j • gt\g ^ gt& cd{a^...,a n ) 

. R ^ sAa.j jjSj / (J j=J o jbaj t = 1 <jjfLi > *\vyi (.ji t g = gtS 
i ^lic.\ iil jLia a p ...,O n G (J^i -^ji R -^j (Jj^ li^aj (J* 1 (j3 

(jl (jiajaij ^ji Axoj-aaAl A4S (_/l ^jjA; ^jkw.i'l |t _ 1~ V) ( ■ Ijmj : (jtj> jjjl 
A>jJ Ajjj Ala. j Jjla^ jUai jVj 0!, ,...,«„ £ i?* J ' fl, , 0, G i? \ {0} 

: AjjuJa jIacI Aa.jj z'g {1, ...,«} J£lj p^,...,p r G R Uu,\f\\\ AillS jjc. jj^Ue. 

J£J . /€ ^ Ql = P ; M \..p k / M ^ *,(«,) < ... * *,(«,) 

ro, ^nan{kj(a t ):ie {1,. ..,«}} 6^ ye {l,...,r} 
^15 g=p?'...p™' M.-vaax{k J (a i ):ie{l,...,n}} c&j 

: Wii j »-t-r 

JS1 4ils illlC. . J? _1 <^al! JSa. £)(7?) jSjlj t Ala.j JjlaJ JLkj jSjl 

• X — — tjjfe *■ * ^£ jii* ^jluIjS 1 « 3 \n ujuI b i a (jl jK-iir. A>jj jce Q(R) 
b 



Ring Theory GUisJijoylai (^"'^"p 



1 
l 



. b' <■ a — 1 g fJaci liljiA* ^Jl .1*. jj (^-£-f ) (j-a . X — — o^J : QU y& 

b' 

o^b <■ a uj^J (A-£-r) fyok i b' -gb <■ a - ga ijjfe ^i 3 ^ a, be R 

cl d d 
b gb b 

^laci l£jLla LuJi g L&Aj • dt, , CL n ,b G i? O^lj t ^.J cjUaj i? ^jfLl 

j>^il"mJ] - lac.1 LuJi (jj^j 6 g (jli ij-iic . a n t . . . t a, j» 

. 6a n 4 ... 4 Z)a t 

. Z?a n i . . . t 6a, j^ali«li u*3jli-a pjjila b g ij j : ^'jlfc ^1 

,> AiU ^ Ij] *l^:>yi : / g R* i t — 0 <■ a x = ... = a n - 0 cjVUJI 

. i'G {1,—,"} 4^ = uj^J a[,...,a' n eR jll^j dj^jl! cjVUJ! »iA 

^■ikimLj It) in nil <Lli JJC- l$K j <SjJji-» ^jdj!S IgJ (jjul £Z n t ... t a x jji Jaa-V 

: ^ £j ^ r-t-r 

ge gcdiq,...,^) JS1 <jla iiiie . a,,...,a n Gi? o^ilj i^ 1 ^' <^AJli« (itkji? jSJ 

g = x,a 1 +... + x„a„ 
: jjSj dipu g'G A^U ljUHIo jUaj R : t'lU >dl 

' ••• « g*|«i o^uV'j • g\a n « ... i g'|a, U 1 £^ • t^'l = [«!>•••,«„] 
. g\ =a n i ... « g\ =a, uj^ z p->z„ g i? ^jj Aji . g*|a„ 



Division in Integral Domains ^&A\ JUaUl <jj iia mill : CUUI <JLU 



g z,w, + ...+ g"z n w n =g' : u! z,,...^,,^,...,*/, e 7? ^ -qj ^ o-j 

0-°J • fl „ < ... ( flj — ! ^Jat! iiljUL« ^duiU g' jj\ . g" \ g' (ji ^.^j li* j 

<^ O-j • [g] = [g'] = [a l ,...,a n ] : oji '^j ' g ~ g' Je, (V-i-r) 
. g = x,fl, + ... + X B fl fl : u! x„...,x n &R ^jj^li 

[g]=[«,]+K] + -+K] 

ge gcrf(a,,a 2 ,...,fl B ) 

: ^ r-t-r 

. a l ;...,a a g o^j ' AoiaiL«i iiiUHl* jlkj i? (jSJ 

: Aial£lo tlil jjjSjII 
a£ jlia ^juiI jS l$J L >*il a n t ... i a t ( ^ ) 

gcd(a x ,...,a n ) = R* (Y) 
x,a,+... + x B a n =1 : u_& &**t x x ,...,x n e R ^jj (r) 

[a p ...,«J = 7? (£) 
: jjjj 

<= cd{a,,...,a n ) «= iSjii.^jS 1^1^ a n , ... t a, " (Y) <= (^)" 
« ug cd{a x ,...,a n ) J u<z R* u^lj . gcd(a^ 9 ... t a n )(=.R' (1) 
g|« O^^o-j [g] = /? = [«] : gecd(a l ,...,a n ) = R* JSlj 

* (1) 0- . R* ^ gcd(a x ,...,a n ) (2) J cs* we gcc/(a 15 ...,aj : Jtift^j 

gcdi^.^aJ^R* J &i (2) 



I Ring Theory u>UUWSo>lai (^iUJl^-aM) | 

(u-t-r) '^j* : " (r) <= (y) " 
^'j : "( £ ) <= ( r )" 

4 « ... *\eR <=le[fl,,...,flj<=[fl 1 ,...,fl.] = ^ = " 0) <= (*)" 
^.jjAji gijjj jc|a n « ... « uVlj • \ = \a x + ... + X n a n j) Aw 

« ^,...,A B E 7? J^jtf ^UlUj ^ =flJ,...,^ B =tf„ : 0) Aw y,,-,^ € R 

■ d Aw y x ,...,y n eR 

1 = + ... + A n xy„ = {A,y x + ... + \y n )x => xe R' 

. Ji£* j5 14] (jjul a n t . . . ( a x jl ti' 
Euclid's Lemma (o*^) -SP^) : 4aam ^ i-i-V 
j5 U$J <_yul 6 < a 1 j] • a,b,ce R c££ j . AjU^ jUaj J? c£4 

b\ac=>b\c : 0^ ^ J 1 ^ 
: fj <ij±aj x,yG R JLIo jS ^ a ,b : QU >41 

6 I c<=cxa + cyb = c <t= xa + yb = l 

b\ac 

^jalmb tiiJjj xa + yb = t uj^j Aw xjei? J^jja a,6ei?\{0} 

: ^Vl* (The Euclidean algorithm) ajo&VI 

(> b -J LuiS n jlS li] . d(r x )<d(b) t a-q x b + r x : uj^ Aw 

n *lj?>yi (J j-i-j • b = q 2 r x + r 2 o& Aw ? 2 ei? < r 2 ei?\{0} 
O&j ' ^ +) =0 ' r „ * 0 u_& Aw neN ^ ^ ... r 2 



Division in Integral Domains ^&iX\ Jlhill rtamill : CJUI uUI 



: fUttll ^ li^j . tf(Z>) > fif(^) > d(r 2 ) > ... 

a = qfi + r ] , r { * 0,fi?(r,) 
Z> = <7 2 r, + r 2 , r 2 ^ 0, J(r 2 ) < d(r,) 

i = ^ + ^ > n * M0 3 ) < 

^ = ^-i + ^ , ^ ^ 0, J(r ) < ^(r ) 

. Z> 4 a -J l£ jlix ta-Aa r„ uj^! ' f n \ a ' I b <■ r n \ r x <. ... 

Jioi! (jil ^jJci (j* (jjjLuil! »> kill Ui*.ljsj VjjU b 1 a ! t£jllo LuA& t Ijjj 

_J jJaci iiJ jllo ^15 jA r„ (ji (^1 . f I r n 1 ... i t\r 2 i t \ r, <xjtjl»ll <Jj-*r=J 

^Uaill I jii Xt7 + yb — r 1*1,1-..' ^ tjjjj-aic. 4 * ^^ic Jjj-aallj . b 1 a 

... Ia^Aj i b i CI (j-a Ajiai. 

: ^ 4a^4il«i ^ n — £ — r 

. 2X+4 1 X 2 +2X _1 

X+2 J tf 1 . (X + 2)|(X 2 + 2X) . (X + 2)|(2X + 4) J : ^ 



Ring Theory GUJbJi^vj>lii (t ^UH,»—2)t) 



1 

! 
I 



AAi , f\(2X + 4) « f\(X 2 + 2X) u) ^ /eZ[I] . f*0 
Z[X] Jlslb, ^ Z ■ fg=2X +4 ul ^ ge Z[X] ^ 

deg(/) + deg(g) = deg(/g) = deg(2X + 4) = 1 

jl£ til . deg(g) = 0 uj^ J t-'j deg(/) = 0 u_& J H p 5 i>j 
^ <j|- l ^3i, /|(X 2 + 2X) 6^ f5 6-j < / = « 0 ^0 deg(/) = 0 

jjl, b 0 ,b { ,b 2 g Z 

X 2 + 2X = a 0 (b 0 + b x X + b 2 X 2 ),b 2 * 0 

a t eZ J fjb-j li& j . a 0 6 2 = 1 J 1 j* j • deg(X 2 + 2X) = 2 jl 

f\(X + 2) . a,\(X+2) jliu£lU]| q,=-l J «b=l J ^ '^j 

. a,*0 « / = a 0 +« 1 Z o*J< deg(/) = l ^ 
.2X+4=q ) (q ) +a t X) jj^ ^> 0*<^gZ ^ -d t^^aS* /|(2Y"+4) ^jil Sj* 
Ail tfJ jaSL / | (X 2 + 2X) u^ 1 j • fl^O <J f jL-y I j a 0 c 0 = 4j I jaj 
X 2 +2X = (« 0 +fl 1 X)(c/ 0 + c? 1 X) : uj^j ^ 4*0 « d 0 ,d x &1 ^ 
. a 0 </ 0 =0=></ 0 =0 : d*f*t>j- (deg(Z 2 +2X) = 2 jV) 

(J-al£la (jUai Z 

tifcj . flj = ±1 (jl £Ja.j <2, G Z J cr' 1 ^ ,iA J a i4 = 1 ,iA ls^ oj^-J 

4 4=1 ^! o,^ = 2 c) c «o4 = 2 ' j^' j • 4 =±1 J j» jk-y 
/OjSj o^Ull f=-X-2 J f=X+2 J^j • 4=-l lj» q,=-2 
. 2X + 4 . X 2 + 2X -J ^13 X + 2 J -X + 2 -Jl— AS 

J».j3 AjV ±12 Ua 48 * 36 _1 o 1 ^' >^ U 1 — ,l5 ^ Ji Z ^ : Tj&i 

. +1 U Z ^ iaaa (jllia. j 



Division in Integral Domains J*6ill ^UaJl t a mill : wJUJI mUI 



ja X 3 -l « X 2 -2X + 1 Jj^ll ^j^J ^1 iil>i- ^Ai ^ Q[XJ ^ 

. O^^gQ uV X 3 -l « X 2 -2X + 1 

^1£>L. JU-IS U«J X 3 -l « X 2 -2X + 1 j_^J jli Z[X] ^ L.I 

. ±1 L»a Z[X] ^ j^j V) j*jS V <uV ±(X-1) JaSa jU^i 
* 49349 -J fJicVl id >i-» ^UK jUjV Aj^IsVI jj jail f >ViJ : V Jl» 

Z 15,555 
: iM 

49349-3 x 15555 + 2684 
15555 = 5 x 2684 +2135 
2684 = 1 X2135 +549 
2135 = 3 x 549 +488 
549 = 1 X488 +61 
488 =8 X61 +0 

±61 j& jJicVl liljUJl ^lill jjj 

jj^J! ^ j££l ^V! cd jiiJ ^Ull ivjl : t Jll* 
P 2 -2X 4 +3X 3 +3Z 2 +3X+1 , ^:=2^ 5 +7X 4 +9X 3 +9Z 2 +7J^ + 2 

: sM 

2X 5 +7X 4 +9X i +9X 2 + 1X+2 = {X+2){2X* +3X 3 +3X 2 +3Z+1) 



iit 



Ring Theory dULbJl^^u (^iUfl^ajt) 

^jjl; o * — e Q £+*^J ■ f^ 0 ' ^ La^li X + 2 (jla (J^-ij 
q 

. Q[X] J & >i- .iiliS ^(X + 2) 

P, :=X W -3X 9 +3X 8 -1 IX 7 +1 IX 6 -1 IX s +19X 4 -13X 3 +8X 2 -9X+3, 
P 2 := X 6 -3X 5 + 3X 4 -9X 3 +5X 2 -5X + 2 

: J&\<. 4jJyiaV» jj jiJl - ■■■■■■ : JaJl 
P, = (X 4 - 2X)P 2 + (-X 4 - 3X 3 - 3X 2 -5X + 3) 

P 2 =(-X 2 +6X -19)(-X 4 -3X 3 -2X 2 -5X + 3) + (-59X 3 -118X +59) 

-X 4 -3X 3 -2X 2 -5X + 3 = — (X+3)(-59X 3 -118X +59) + 0 

59 

Q[X] ^ Jj^vll ^j^l Aj^ ^15 y> -59X 3 -118X + 59 ji J 

• Q[^] ^J^ 1 J^J^^Aj^^M ja X 3 + 2X-1 idliS, 
t 630 i 231 ^l^bU t£ jii* U-la ^jl ^ijJayi 2u.jJ >JI l^Vi.^ : 1 

Z ^495 
: JaJl 

630 = 2 x 231 + 168 
231 = 1 x 168 + 63 
168 = 2 x 63 +42 
63 = 1 x 42 + 21 
42 =2 x 21 +0 
(1) Z ^231 c 630 _J Aji^fuJl ja21 J ti' 
630= 1 x 495 + 135 

1 io 



Division in Integral Domains JUaiJI <jj i q mill : uJUJI uUI 

495 = 3 x 135 + 90 
135 = 1 x 90 +45 
90 = 2 x 45 + 0 

(2) Z 495 4 630 -J ^1 cd >i* ^15 45 J cii 

495 = 2 x 231 + 33 
231 = 7 x 33 

(3) Z ^ 231 c 495 -J jJaci iil >5- ^15 33 J J 
jl^cbU fJiel t£ jiJU U«\S \nViT'i (3) t (2) 4 (1) ^ttUll j> ^forti 
c? J a *]| a£ jiiJ jill <> fioc\ IS >i- U-IS jiAj Uii <$! . Z 

I uj^Jj • Z ^ sU«-ll ^ilt JjcbU jJiti IS >i- U-AS jjli aLLJI 

. 3 jA fJacVl tiljjuLoJl ^ilSJl 
.3 jA 45 4 21 _S ciJ 

ISjLi- Llu.13 jjjSjs dJlill jj*1I «il ^ISSI lj$J placi tS JLi* U-ila 

. 43X11 JlJebU fjscl 
.3 jA 495 4 21 -J jJaci <djl£* ^15 lJUj Jli. 
^ 4 ^jJal jUai (Z,d) jl <J«i (A-<\-\) 4 (*\— *S — Y) t> : V Jlla 

</:Z\{0}->N 
«h->|«| 

Va,6eZ\{0} 3#,reZ: a = bq + r (1) 

r = 0 or d(r)<d(b) 

: ^Lla AillL-o aLjIij (jjLJl 1 JH.JI ^ li^j . r " SjLiJ " ^ jjS t*5LiA ^ j 

630 = 3 x 231 -63 
231 =4X63 -21 



I Ring Theory CiUJbJt^j^ (4 pU))^«2fl) 

i - - — — — — . — — - - — — — 

63 =3 ><21 

(ilj^La ^Ji Aa, jj (jjAjo: La£) 21 231 t 630 tjJJ fiaC-Vl k*JjliJl .la. jj jil 

( -21 jA >i jJici 

630 = 2 x 495 - 360 
495 = 2 x 360 - 225 
360 = 2 x 225 - 90 
225 = 3 x 90 - 45 
90 = 2 x 45 

495 « 630 oh fJi&i i4 >ix fJu 45 J J\ 
495 = 3 x 231 - 198 
231 = 1 x 198 + 33 
198 = 6 x 33 

. US 231 i 495 oh 33 J ^1 

A JH, 

. AjJai ajjj^a alalia]! 

21 =63 -42 

= 63 -(168 -2 x 63) = 3 X 63 - 168 
= 3(231 - 168) - 168 = 3 x 231 - 4 * 168 
= 3 x 231 -4(630-2 x 231)= 11 x 231 -4 x 630 
45 = 135-90 

= 135 - (495 - 3 xl35) = 4 x 135 - 495 
= 4(630 - 495) - 495 = 4 x 630 - 5 x 495 
33 =495 -2 x 231 

££V 



Division in Integral Domains JUatll ^ ^ilf : CJUI wUI 

. a,be D c£A j i a+aJ oUlli* jLLj D : t'iU >4t 

: q\ tiuaj feD .la. jj 

[a] n [Z>] = [^] (jc t> jUI JlUI > [*]) 

MnH =M =>M cfeLM c|&] =>a 1 4*| / 0) 

• bid 5 liljii-o I »&1 ■ '— - ^ (ji 

I . & | m <■ a\m : (j\ « cJlJjS 6 i s J l£ jli* U&L^a /w jSJ jVl j 
til [m] c [a] n [£>] = [<] u^jH-y 11a j [m]a[b] <. [m]c[a] J c*-^ 
. b < a — S >^ii d >L« £ J (2) « (1) t> £ | m (2) J 

jlkiZ) dna. a 15 ...,a n g Z) dull lila t AiLuJl <a-uj]l 

1=1 

g-j^- ^jSiu. . a,beD uSJj « V-^Vl ^UHUI l&j = >4 

^UlL. JlLs D d ^ 6-j • (^-t-^) 6* > ^iB [Z>] , [ a ] jjJiJ 

[a] + [b] = [g] 

[a] + [b] = [g]=>[a]c[g]=>3xeD:a = xg=>g\a (a f-Lg) 



Ring Theory GUisJi^j^ ((^iiut^jiji) 



■ g\b J^W j 

cz-b i cy-a u) <-i^ 3y,ze D <= c | b ' c | a c££ u^ 1 j 

<= [b]a[c] . c[c] <= 
[*] = [«]+[*] c[c] 

J l#l 2X + 1g (% Z )[JT] ^ 'J** J = ILtte* 

(2Z + 1) 2 =4X 2 + 4X + l = l : ji -S^V : flU 
• (% Z )[^] ^J^> u-jS*- ^ 2X + 1 J csi 

[a], [6] t*-« oj^UIo u^^a <=> le gcd(a,b) 

[<] = /? = [1] ujSjs ' I— u^^» [&] ' [a] c£Sj 
(a-i*. j de R jl£ I i] JaSij jl£ lij jjSj liAj) 
l€ gcd{a,b) jl£ Ijj JaSaj jlS lij jjli liAj 

Z ^ 16 t 12 — S jJiftl t*S >iu> ^JS jA - 4 ( I ) 
Q ^4*3—5 ^>c.i t*Sjli* ^la j& — (<_j) 

1 £<\ 



Division in Integral Domains JUaJI <jj <Um*uU1 : CJU1I «-iUI 



16 i x| 12 . -4| 16 . -4| 12 ( i ) : JgJ) 

jce {±1,±2,±4} 

X \ - 4 ji ^Jal JJ 

y = 20eQ . j = 15gQ : Q ^ (^) 

5 5 

J_ 

. -5 = A e Q . oli 4 , 3 juj - e Q\{0} jVSB 
a 5a b 
b 

ax =b(mo&n) <U*Jil jjSj a,ft,«eZ\{0} JS3 <jl ^ ja jj : j t Jilt 
(+1 majjj 4£jUi* fjJ jS lilLiA ^3 131 Z ^ <_K 
(^Jallj ±1 Lojs) n i a ox aSjIA* jS l*1Ua tjSL 13] : nU >4l 

((^r-£-r) » v-£-r) jjui) 

Aab + junb = b => a{U>)~b = (-fib)n 
■ x - Xb e Z <_M 1*1 a* (mod/i) ibUJ J ^^a^jL !3a j 
UAm)) a,i,«eZ\{0} JSJ <d Jc : U Jli* ^ : ^9 Jit 

_J jJieSfl ^ jli-S fitiS M 1 <Jd* ax =b(modn) 

. b ^ui n i a 

Aa + jun\b , A, fie Z 

jgZ <jja>. 4 & = Aay + j! ^.^j 13a j 



Ring Theory CiUisdic^iu ((J jUJt|>„,ati) 



ctx = b(modri) J ci' 1 b = ax + (juy)n : ^ J-^j x = Ay ^jjj 
: jj5L <uli 6 ^uiV n 4 a — 1 s-^ ^Ji&Vl ii3jLiu»ll ^lill <jl£ I i] jVI j 
y(Aa+ jun)*b : A,ju,/eZ 

Xa + jun^b : A,// e Z u_£j JUUj 
ax = Z>(modn) *1>UJI jli ^ t>j 
. Z ^ J* U uj^V 

a,6,«eZ ilya. ax = &(mod«) Z 

12x = 18(mod42) Ja. AijWl »i* (.WU . ^V*JS j\£ lij 

(\ o-t-r) ^pUUn.aJ ^-j-ll fbftVl <iljl£*ll ^Aill " d " ^ tiu. : JaJl 

d = Aa + jun,A,jue Z s ^ 
AbU^U ujSjV Sj-iUx <jjLJ Jli* ^6—1 I— .IS </ uSj ^ 

.Ja. ax = Z?(modn) 
: ji i^Li 6 _J U-IS J £l£ 1 

, ,.aX-d. -bfi 

a b-b{ — —n 

d d d 

ax = i»(mod n) 

x = — ->x Jjkll" ^i" J* 

12x = 18(mod42) *bl**S ^ jVl j 

42 = (3) (12) + 6 
12 = (2) (6) 



£0^ 



Division in Integral Domains J»£*ll JlfcyJI : wJUl wUf 



. 42 . 12 _S c^jJl <J^I c4 JLUI ^Ull jA 6 = (1) (42) - (3) (12) J J 

^ 3)(1 8) 

6 

12x = 42£ + 18, 

2x = 7A: + 3, £eZ 

£ = -1 => x = -2 
£ = -3 => x = -9 
& = l=>x = 5 
A:^3=>x = 12 

: o jjj^all ts Jc. £jJa jj (J jiaJl j . <Ja. J^JJ & (J^jS Jjfr <J^ Aj1 ^Jal jj 

-9 + 7^ ^eZ 

d(a) = N(a) ^ <■ Z[i] ^ VOJ > J u* ji '■ ^ 

((U-T-r) J Y Jli.^ojtf) N(a + ib) = a 2 +b 2 

^ = r + si, r,5€Q /?*0 « tf,/?e Z[z] ; >4 



N(p) _ N{a-oP) _ I ar-qff | 2 .or 



|2 



=| r + si - q x - q 2 i \ 2 =(r- q x f + (s-q 2 ) 2 < (|) 2 + (^) 2 < I < 1 

: Z[/] ^ /? « (J j^J . j3 = 3-4i t a = l + 2i cM' \ b. 

a = a£ + p , N(p)<N(j8) 



tor 



Ring Theory CiiibJii^iii 2fl> 



l + 2i = a(3-4i) + p , (AT(/?)<3 2 +(-4) 2 =25 ^) 

7 + 2i _ (7 + 2Q(3 + 4i) = 13 34. 
3 - 4/ ~ (3 - 4/)(3 + 4i) ~ 25 25 ' 

<y = q 1 +q 2 i = l + i J^> 

N(fi) 3-4/ 25 25 

= (— ) 2 +(-) 2 =-<l 
25 25 25 

7 + 2/ = (l + 0(3-4/) + 3/(=p) 

ZD'] ^ 5-15/ * 8 + 6/ _S t£ >i* Lu-lS o^jl : \\ Jill 

8 + 6/ = {5-\5i)a+ p, 

N(p) < 5 2 + (-1 5) 2 = 250 ^? 

a _ 8 + 6/ _ (8 + 6/)(5 + 15/) _ -l + 3/ 
/?~5-15/~(5-15/)(5 + 15/)~ 5 

<J = q ] +q 2 i = 0 + i o'4 

' 5 5 1 5 J V 5 J 5 
8 + 6/ = /(5-15/) + /-7(=p) 

tor 



Division in Integral Domains J*i2*ll JUaill \q mill : UJUI mUI 



5-15i = (z-7)cr'+/>' 

5-15^ (5-150 (-i-7) = . 
/-7 (i-7) "(-/-7) 

5 - 1 5i = (-1 + 200-7) 

< 16+7z i fJieVl «d Jiiall ^jyASO fcjLoJ Z|7] AjAjIsVI AxOJ J^> p^.J (^) 

10-5/ 

Z[i] «> 1*»AJ Uti. [or] ^ (^) 

: J jiaJl (jo j>^Uf. J-iC. Ja, jl ( a.) 

my i v z[/i/ , A z[/l 



tl + 2/] /[l + i] M /[3] < ' 

((Y.-r-l) 1 Jll. jfcjl : iLijj) 

« Z[V=2] 

>iA ^ ^ jiu-a jjc ^^ic a </(#) = 7V(ar) ( Z[V3] « Z[V2] 



lot 



Ring Theory dUJbJljvj^ r "« } 

J i hill algjai (jit ^Aall al>*JS Qlii* o-t 

Polynomial Rings over Unique Factorization Domains 

: j-L j£i \ -o-r 

i=1 

/ (content) <g.»*a»4 a n <. ... i ao — 3 f^-^ t*S jLi* ^Ji J£ ( i ) 
a£ jiiio ^ilja l$J qA a n i ... 4 ao ^) (primitive) / o) J^J (m) 

: Y-o-r 

2X 2 + 4X + 8e Z[X] j j^il CjLjji^ 4t ^ {-2, 2} ) 

^ 2X 2 +4X + 3e Z[X] jj^JI ojjoS (Y) 

: Afc^al, r-a-r 

±*.yf o* 1(f) ijj^ l&j f<=R[X]\{0} JS1 . iUSla laOoi? 0) 

/ = 1(f) f ^ f g R[X] y>\± ^ Sj^ 
. ^ uj^ / e ^[X] \ {0} ^ 0 \k^Ka^ lij (Y) 

<Lli j!) Uj.nfiti aL13 jj& jjAx 3 jla iUSla UUaj R jl£ 13 (r) 

. ^ deg(/) > 0 u! ^ fe R[X] (Ujkai 
I^Jj . W^ 3 ' ^Lli jjc 2g Z[X] ^ji=Jl J i^y) 

(. " deg(/) > 0 " Ja>Sll JaUL.) ^y 
. ^ /e o^j . R _! Q[R] ' jU^ R c& (*) 

aLIs l^jSl t Q[X] aUs j£ 2X + 2g Z[X] Jj^J Sj££ jl ii^V) 

.( " AjSI J.jiB c> Jjlfill oS-jV I^j 4 Z[X] Vij.ajiU 

£ oo 



Division in Integral Domains J« 12*11 JiUaJLIf tyi : uJUl wUI 

A"=tf\{0} uV^lj^) 
oli deg(/') = deg(/) > 0 jVj . f = df o& >V* /e 

J J ^ g,/iGi{[Z]ce(i?)[J] 

/(A) ' /(/) • Aei?\{0} jl getf\{0} i^aj he(Q(R)y 

. h&R* J* JUL J^J /?e/?\{0} a* yij .ge# jla ^ <>j ' gei?\{0} 

Gauss's Lemma < v jlaj ^^^j-* 2 

. AjjIaj JjOa, S jA (jjjjjlAj J jA^. ^jjj^ ujjjJa (Jj^aLa. 

^1 cIsIjjjS fg <> g <■ f U^J ' ^ l5jA^> t^J t$ty 

o ^ fg=fg=0 uj% ' Z,[JT] J-i^i ^ J! g'7 

jOu Z p [X] uVj • ((A-t-Y) ^ )° Jli. jliSl) „fl ciji^l 

^uiSj /? ji J / JJji-a J£ ^jjjil /J jjjau lj>Aj . g = 0 J f = 0 qI ^4* 

• lM J^l "Sta- 3 oiaallill I jA . Ajii^j dioul g jji ji AjjI^j ('iinjl / ji ■ g 

: ^Lxuj 0-0-r 

TO ' 1(g) < /(# W ■ /,ge uSJj . JJ^ jlkj /? c& 

: jli 4±p JJI (jlc fg i g if cjU 

I(fg)~I(f)I(g) 

ion 



Ring Theory £Ui^iSu>>iii (tT itilt|«-JU») 



f,g*eR[X] cfi&*i ^ tSjjSS ^ (r-o-r) ,> : ^ >4t 
j* I(f*g*) (jj^ d Vy*^ t>j • g=I{g)g* 4 f=i(f)f 

I(fg)~I(f)I(gWg) ■ W^j fg=I(f¥*I(g)g :^&&.(\)RJ'^j 

: 3j &i n-a- r 

j\S li] . R _J a^SJI Ji^ ja K i fe R[X]\ {0} . ^ j JJ^ JU^ R u^J 
: oJ a, be K* j^jj <csli 4 g,/?G cii±* t f = gh 

R[X] J *j*>KJ&h* := Z>/i • g* := ag (>) 

r:=\*R (*) 

/ =/g*/z* : ' -'J'*.' ^jJ 4 /*,g*Gi<[X] u^- 1 ? J J-^ ^ ^ LS> 

(jjli di^ I . A;.,*, e i? u^J : Ajji^j g* ■= age R[X] oj&i 'Vj as K* 

T. 

*jj g' := mg jjJjC' • s n * . . . ' so — 1 t*l t_icLjsu» j* m tjfLJ j i a = — 

s. 

g* G ^[X] Jjis. S jiSj « j* g' c> l5J^ ^JiJ » (j* 

' AgO^O m^O 4 g^O uVj. g=I(g')g* : u) 
m -e A"* uj^ w^O u^j • g* =-~-rg (J* 



/(g) Z(g') 
di^j g*,/** g R[X] cP^± 1:5 -^i" ' a,beK* ^. J j(^) t >( >1 ') 

x 1 

f = -g*h* uj^ ^ x,jg#\{0} 4to f5 o*j • f = —gti 

y ab 

.la. jj o^jU *Alj«-«J i> AjU/ ^ jja-» jA /(/) lil j . = XgV (^ift J^sjj 



Division in Integral Domains JUaJI tyMamill : CJUI uUI 



^ Liji £ = _LZi G ^ : J yl(f) = xu : u! tij ^ «e ^* 

_y u 

f = -g*h* =rg*h\r<= R 

y 

: kAA AauS V-a-r 

. r _s A^ai js^ t /e R[X] t ^ j R c££ 

K[X] J (JaL^I) M <Lli j±f ■<= ^ (JJ=^1) Uj.nfiU aLU j^/ 

: a' iVi AT[X| ^ aA4 K[X] J <LlS/^l£ 13 : jU pi) 

« g*,JieI{X] iliia ^.jj (n-o-r) o* . f = gh i deg(/j)>0 » deg(g)>0 
. /=>g7z* « deg(/i*) = deg(fc) > 0 4 deg(g') = deg(g) > 0 d ^ reR 

. o^\Z : R[X] J Will aLIS uj^/u^ J^Wj 

: A-o-V 

. gei?[X|\{0} * feR[X] . # — 1 ill d^K JJ^ jIImR^ 
R[X] Jf\g <= K[X] Jf\g 
*ji<= g = & :d^hGK[X] ^ <= K[X] ^f\g i^jU^i 
(i-o-r) o-j • g = rf*h* : a! iVj » /\/Te/?[X] 

Joa. j Jjkj jLkj <= ii^j jLkj # 



I Ring Theory GUisJijo^iii (tJ suJi^-iJi) 

J Jj-laJl SjjjS 4j>j.j ^^hjW eljai^YLi <jAjji^ ^) : t 'M >lil 

J e .u&\tM£ ( j* Ji Rj c Z deg(/) = 0 i feR* * /g 

(■li^j (Jj^-""' (jUaj /? (jV) aLIS jjc- j i <al.!ir. (j-o AlLa i-jjiJa (Ji«aL> ajjj^ 

* /ig7?[X] jj^JI cJ jjIS ^La=J *L^VI uSJj 4 «gN\{0} 

. deg(/?)<« t ^ /z^O 

fd* lsJ^ ^ji <M deg(/) = « ^ t y*0 ^ /ei?[J] I i) 

• / = /(/)/ : oi^w /*€*[*] j* 

J^U ji a^. j jjS ji la] /(/) jla t 7(/)g 7? 4 -y^j JjlaJ (jLkj i? u^j 

y dulS Ijj (jlAjjll AjLp ajlA (jjSj . i ii nil aLIS jjc. jj^alic (jx Alia c_JjjJa 

J djjaj g,h& R[X] jj Ajji Ljjjqjjll aLU y* djjl£ (jl La! . kwajll aUs jjc 
. deg(A) < deg(y)* = n * deg(g) < deg(y)* = « < f=gh 

JjL-aLlC (j-a Ajia L_)Jj-ij (Ji <n 1 -> ijjjyfl t^ 6- h I g (j« t ^ n^'wu fcljlluiVI (jiajS (j-aj 

. y I ■ uSj I '^j 4 Lj.,.yU <L\i jjc. 
4 <4 4 ... 4 4 /?„ 4 ... 4 p { I C m <■ ... I C] (j^ Jj^l M^J CiT^" (^) 

(j) i'ii->i <jj Kj .. inll aLIS jjc. j^sLiC q ( 4 ... 4 cjj 

Cv £ m P\-P n =d v .d k q v .q c 
pi tliL> jj Lajjj 4 I ji^i l$K cfo 4 . . . 4 d\ 4 c m 4 . . . 4 c\ (degrees) <^A». J 
jj^a. o jjj£ <J£ (T-o-V) a* • ji^ll t> j£i U^K ^ 4 ... 4 qi i p n 4 ... 4 
4 ... 4 j>i (jli ^ a*j Is^juluM aLIS jjc. tlul£ Ijj AjjI^j uj^ ji'^ll (j« jj^i 

< Pi—P„ MJ^ 1 t^- 3 ^ <>J • ^ ' ••• ' q\ ' Pn 



Division in Integral Domains uWIS_AI ^UaJJI Ha mnll : C-1UJI wUf 

j Jj1__ (jtki R (jVj . c,...c m ~ d v ..d k '■ jji <-j t>j • (l^jW- 
iE {\,...,m} <^?J /? ^ c j ~ d j (ji ^jWimi L_Lu.Ua ^ jbj t m = k o\i 
(V-o-r) ,>_,.(/?_! ^___JI JL_ j» AO AT[X] ^ p r ..p n ~q y ..q ( jli ^ c>j 
AT jVj . AT[X] _-4 Alila jit q ( i ... i qi ip„ i ... i p { j__sLi«.l 

« = £ (jli 4 .iis-j Jjlau (3-5-j oj-- AT[X] S J** 1 

I-Saj . ie {l,...,n} K[X] _j p i ~ q i ji l___U- 

' A I Hi J* (A-o-r) t>j . K[X] _j gr. | p. . p, | q. : jl g-jj Aila 

. ^ u^j^ ' A u! • > q, | # 

: Aaj-j S , -o-T 

j__iL__1I " 4_ia __c ,_j i? ^ A_L_ <_£ At- j Ji__i jUaj i? 

J_i (jji 7? (jL_ l_l (j_3j____Jl •"ta.j f^Cj . Al_. j J;ji_w_ (jjUaj " a_____]l JJC. 

(jjS " o ^ la all JJC. jj-aUxll " j* _AC ^ R __lc -J.1-. ClI JJ__. Alia. 

c> u*^ • «„^0 t f(X)-aX tt +a n _ t X"- 1 +...+a 0 eI[X] c& : 

« r | « 0 ' /(~)=0 J ' -W^) ^ -J- 1 ** 9 r 1 '-* 5 ^ Sir ^ 

Lbil : jUjJl 

r" r"- x 
a n ~ + a nA — + ... + a 0 =0 

+ a^sr"' 1 + ... + a 0 .s" = 0 
=> r(a n r n ~ l + a^sr"' 2 +... + a i s"' l ) = -a 0 s" 



Ring Theory CiUJL*)i?o>i*> fe^iay ■■■«») 

= j(fl^r"-' + a„_ 2 sr n - 2 + ... + a,/' 1 ) J^bj 

(ji) <*jk*ll AjjlaJl <^jjJl t> Vij.nnll ^Llill jjc. J jJaJl ^u. Ja jl : V Jlla 

Z 3 [JT] <^ ("1" j* »jS jiSi 

X 2 +2X + 2 « X 2 +X + 2 . X 2 +I ,s^Ua ,yaS : JaJl 

X 2 + X + 1 = X 2 + X-2 = (X + 2)(X-1) 3fi-i t l = -2 JJi*V 
J^US/iX) m& . /(X):=X 3 +X 2 +X +le Z 2 [X] r& = V 

Z 2 [X] ^ KjmnW jJC. JjAa. dlljJJ^ i-JJi-ia 

X 3 +X 2 +X + 1 = (X 2 +1)(X + 1) 
= (X 2 -1)(X + 1) 

= (X - 1)(X + 1)(X + 1) = (X + 1)(X + 1)(X + 1) 
. JJ jjc p t n a^jJ 6-j ^ ' /We Z p [X] uSil : < Jll* 

Z [X]/ 

J^\j*l\ j> p" jj Jto> P /[/(X)] ^ ^ 

fbd Jli. [/{X)] JIUI J p jSluy Jjkiii ALU /(X)e Z,[X] : £U ^ 
(U-r-1) 5Uk Z " [ ^ ( x)] & f 5 «>-» ( n_Y - r ) j 



Division in Integral Domains J«IS*U Jlhilf ^ 4*«iill : UJUf wUil 



. JSaJI I jft ^ jj-aUjJl .lie <jj£jj 

. Z[X] >ul : o tJOf 
? liUSj ? a^j JJsu jLkj Z[X] Ja ( i ) 
/ := {a + Xf(X) | ag 2Z f /(JT)e Z[X]} J <> M 

V I jUj ? ^^JSj jUai ZfJJT] J* ( J ) 

:_,fe| 

t> « Ap.j jjk: juj z ji \ jn« (n-r-r) j>. ^Lu ( I ) 

Auwj JJ^ Z[Z] jj^ (^-V) 

/ * 0 J c?l 06/ ji ^1 j (s->) 
: J lj* . a + Xf(X),b + Xf(X)e I & 
a + Xf(X) -(b + Xg(X)) = a-b + X(f(X) - g(X)) e / 

(a,b<= 2Z^ a-be 2Z jV) 
a + , g(I) = i 0 +l. | I + ... + ^reZ[I] uVlj 

: J (^a5Sj Ioa 

g (X )(« + X/ (X )) = (b 0 +bX+...+b n X" ){a +Xf (X )) 

= b 0 a+b ] aX +...+b n aX n +Xg(X)f (X) 
=b d a+X(b l a + ...+b n aX n - , +g(Xy(X))eI 

(b 0 as 2Z jV) 

Z[X] JJ^IJ^^u-j 



Ring Theory GiabJi^laj (^tat^.atl) 



! iUL* Z 

Z[X] vij (°-v-r) ,> l^isi tiiiu jji, J Z[X] ( ^ ) 
^ 5 / := X" + 3X 3 + X 2 + 2X g Z 5 [X] jli-i ^jl : 3 

jA ^Hill jLua5\ ji iaj Ajja^lbj . / _J ji^a X = 0 J ^t-Jai J : 

• jj^> j£- j*j X = 4 
/(*, y) := (3x 3 + 2x)/ + (x 2 -6x + l)y 2 + (jc 4 -2x)y + (x 4 - 3x 2 + 2) 

(QM)M ^ • (QW)bl ^ 

f(x,y) =(y+l)x 4 +(3y 3 )x 3 +(y 2 -Itf +(3/ -6y 2 -2y)x+y 2 +2e (QxJXy] 

(nonconstant <-ijIj jjc- <jl Jc u* jj • Ap. j Jjiaa jlki i? (jiJ ( ^ ) 

. VI ^ Jja^ jj^ ^[A] J -ij-^ » divisor) 

^ UU jjjcI Ijjj ? aUS ^ Ja . X 2 -2e Q[X] ^j^il (v) 

? IjUj ? (V-o-r) ^uijJl ^ li* t>aUjj Ja ? JjUMl *Lla jjSi Ja 
jj^JI ij£ j^l jVIj . Ji^ jU^j Z 5 [X] ul c> o*^ ( r ) 

o£jj^\ Jc l^uUi j£o l^jl Jc jajjj t X 4 +3X 2 +2X + 4eZ 5 [X] 



Division in Integral Domains J*l£ill JUajJI ^ <UmAI : wJUJI wUI 



0 jS ^ li* o^Uij • (X-l) 2 (2X-2)(3X + 3) t (X-1) 3 (X + 1) 

? IjUj ? Aj^j JjLu jUai Z 5 [Z] 

Z 6 [X](_) 2„[I] (u) R[X\(\) 

jjSj a 0 = 0 du^l .laJ tlili J jJaJI till ji ^ jj . F jljl (©) 

[I]gF[I] 

.SjJlU- JAJI (o) ^ ^ij^l! J J\^\ [X] C&j ' ^ F u^J (1) 

jx-aic i> ixjJb jjSL ^^y^x] ^ ( Resi( iue class) ^Jl jj l£ ( ' ) 

(r-r-^) (.jjajj^j-j^i 

. uj^ K"".'^ ^1 /e Z[X] Jj^l! J jj (V) 

(tn^) Lj^ fj^c r »3 ■ fz=X" + a nA X"- x + ...+ a 0 e Z[X] jSl (A) 

. Z 3 [X] . Z 2 [Z] 



Ring Theory CiUJbJljvj^ ( ^U11|«— 2J1> 
Factorization of Polynomials QjjgjS ( JaifiB) hj m il W 

JlC. 4iA jA\ j\ (JJ_j& jjil JjAa. SJ±& 4ji (Jjla^i LaLaj (Jg-uJl (jx (JjjI A-alc. <L-aj 

h AO . y M HAj tlilaull 4-iLlifl ^jp Ja »& \ -n-r 
Eisenstein Criterion (1850) 

/:= fl ,n fl ,,r'+-+«.^ffl 

Z[X] ^ ( y.j,,uiH) JjkSll aL15 Oj^/ 
u! iVj ^ <iU Z[X] ^ JJaJil ^LIS / lil : ,-,U wfl 

. A=c / X , +...+q ) « g = Z>X+...+Z> 0 . l<deg(g),deg(/z)<n . / = gfc 
t 60 H : -laSa j j>^Sj /? J ^jjj a 0 —bc 1 p 2 \a 0 <■ p\a 0 iji Ajli iiijc. 

• W *V Z 7 I a n = b r C s uV Ljaji . /? { C Q I /? | b Q J O^J^ • C 0 U] J 

a, =b l c 0 +b l _ l c,+... + b o c t 

tjjjLJl £ jas^JI ^ J jVl iaJl -i*J jXfclll ^jlc .la. <j£ ^jli ? jL£*-Wj ' P I O^ 3 

. Co p^Sj Vj 6; f*<ii}V 

. JxlSlo JLkj Rd^ f<= R[X] SjJAj* jU jJlli* ^ : Ala^ala 

-r) ^ ii j^iiu Ai jxJi / . r _j ^sii jl*. ^ ' a^j <-y=o ii 1 ^ z? oSJ 
((v-o-r) jfes) Apr] ^ (Wiii) JJ^ii aLis jjS (^-n 

no 



Division in Integral Domains J«£*U JUsmJI ^ iUntill : wJUl wUI ! 

jjo^i sjjis oj^ «€ N\{0} jsi <iU . ^ /? ^ : jilt r-n-r 
{p 2 \p ' pIp ' Wi)M)J^^>^"-i'6Q[i] 

tj^c. <jl£ jl <uV (<_s t^u-j jj& bjc ^/p oj^i w > 1 5^ u 5 ^ j 

: JL it* t-n-r 

j. <-iir. 

■^J (OAjJ*.>»J* la»Jalb ia.jj gGi?[X] (JS3 : Jj^aJI 

(j g . aei? cr,(a)=a « o- g (^)=g uj^^ cr g :fl|X| -*R[X] 
. g — j jjkLJl (subistitution homomorphism) ^yaj. yull ^ >4a j. »a y> yt> 
. ^ /(g) :=^(/) j-kl > fe R[X] JS1 

jjSoJ : sjjjjU aJ <_iij*jJ) . / ^ g j j^Jl Sji&j X 
a Q ,a lt ...,a n e R . / := a 0 + a l A' + ... + a J1 A r " 

flr f (/)=flr B (fl b +^+„.+^) = ^+^W+«+^Xff,W 
= a 0 +fl,g + ... + a n g"=/(g) 

111 



Ring Theory CiUJbJl^jlaj (u -.tMip..."H) 




^ ^g a 

gE R[X] i ISOu R c& 

g = a¥" + ft : u) 6 G i? <■ as R* 

^jiAAk aeR* . 6etf * as/?' . g = aX + 6 : " => " : ,- 3 U >4l 
: uVlj • h:=a\X-b) ^ j*± . aa' = l q\ ^ a'&R 
(a e oa k XX) = (T B ((T li (X)) = (J e (aXX -b))=aa\X -b)+b =X ^a g oa h =l R[X] 



(Oioor )(X) = a h (a g (X)) = <J h (aX +b)=a\aX +b-b)=X ^>o h oo g =l R[x] 

. a g (f)=X o) ^ /e ^ AAA (^ja i J-Li) jA± ^ J( j g : "<=" 

deg(g)deg(/) = deg(<7 f (/)) = deg(X) = 1 

a,b,a\b'eR ^jj <qi Jttibj . deg(g) = 1 = deg(/) p 5 i>j 
: jj! t g = aX + b, f = a'X + b' jl 

X = cr g (/) = ^(a , X + ^ , ) = «'(^ + ^) + ^' = a'^ + «^ + ^' 



Division in Integral Domains <>I£*LI £\lail\ a^ttJI : CJUII uUII 



. CIG R* J ij\ 

: /e/p] JS1 iiase . g +b l bzR l aeR' l ^USu tSUai i? jSJ 
(Will) Jaklll ^li cr(/)$*/p] ^ (Will) Jakall *L13 ja6/ 
(o— 1— f) ftjjilxo 4iLuJl call (jx L»L«j ^iU-» : tjlA^jill 

: v-n-r 

/ := X"' 1 + X"- 1 + ... + X + 1 g Q[X] 

(Q[X] J) (Will) _yc- 

. 1\X\ dg : = X+ 1 — i ^3^*^ o^ij*-^ f Jy* j^^j* j* o~ g cfi^ '• tlM j^' 

C&£o*jH {X-\)f = X p ~\ :o'W 
a- ? ((X-l)/) = ^(X p -l) 

=> CT g (Z-l)^(/)-^(^)-^(l) 

^xcx s (/)=(z+ir-i 



IV) 



+ ...+ 



rp-r-\ 



+ ...+ 



( P ^ 



V 



r!(/7-r)! 

H(p-r)! —1 Uu.ll <jl£ Ijlj Jji jjft p) p\r\{p-r)\ <, p\p\ J 1 



£1A 



Ring Theory oUWlC^jiai ((J jli)l,»-«2Il) 



P 2 \ 



r p ^ 




' p 




,p- l J 


' p\ 




K 




KP~ 



-p 4 p\\ i re {l,...,p-l} p 



V 



fo^ (l-l-r) « Z[X] J Jjk^J *L13 £7 g (/) uj^ 0"^) <>J 
. Q[X] ^JJ^HajIj jstfcjj&^-^-r) t>j i Z[JT] ^JjkiilALla 

Jli* p , ^ ^ ij^S / = J] g R[X] « ^ j 0?^ 3^ R 



1=1 



UjSJ /? : P[X] -> P[X] . R-=y p u^j • a„£^ ' R J JJ 
. R _J k*uJ\\ jSa. AT o^J ' R ~^R ts^ 1 ( _ 5 Jtuial! ^jjaj^^U (extension) 
Ji^ll JilS /e ^[X] <= JAS /7(/)e R[X] : jli iiafc 

^ ) J^kiii aLIS ^ /e J c> U*> J J^, (v-e-r) o- : t -M 
^jL^V UaI^ 15 J*j3 <Uli ^ JjkjlS ALl5/Oil£ li] .(P[X] 

{<&*ifdi)f=gh u! ^ /i » g Ua t3j\3 

: Jz. J^i a„ £ P 4 lU£- jUai oVj • p(f) = p(g)p(h) oJi f5 6-j 
deg(g) + deg(A) = deg(/) = deg(p(/)) = deg(/?(g)) + deg(/?(/r)) 

a„«P 

c> U3U deg(/?(A)) < deg(/i) » deg(/?(g)) < deg(g) j 
aL15 uj^ />(/) J ^ ' deg(/7(/»)) = deg(A) . deg(/>(g)) = deg(g) 

! JiaJl *ip ^ ^ p • ^ = ' JJ ^ p ' # = Z ^fl 

4jLUB t tPlLV! tiui lj» ola < <L15 J g*afl lit <H 

. K[X\ OA^I 5jLlS r jH^V P[X] ^ cfektfl 



ill 



Division in Integral Domains J«l&hll ^UaUJI a* i**in . CJUJf uUI 

: uj^I^j' /> = 2Z . / :=X 5 -X 2 +leZ[X] c& 
P (/) = X 5 + X 2 +1e(% z )[X] 

j) x+l t x ^ JjVi a^jJ jj^i) jiis . ^jji ji JjVi 

((% z )m 

/>(/)(6) = 6 + 0 + 1 = 1*0=> />(/) J^o-Sl 
/?(/)(l) = l + l + l = 1^0=> p(f) -JX^oA X+l 

x 2 +x+T 4 x 2 +x<x 2 +i • x 2 

( P(f) <-W J& (>> (Jxlfc X 2 

/?(/)(0) = 0 + 0 + l = l5fc0=> /?(/) J-l i> o-J X 2 

/7(/)0)=i+i+i=i^o 

/?(/) J*!jc j> iUlft oyJ X 2 +1 jl Ji' 
P(f)(0) = P(f)(l) = 0 CP P(f) <U t> X 2 + X W 

: ^ J^-aaJ AjijlaVI AA^aitij X 2 + X + 1 (^Ijj 
/?(/) = X s + X 2 + 1 = (X 3 + X 2 )(X 2 + X + 1) + 1 

£V. 



Ring Theory aujbxltSu^ (4a iUJl^— 2Jt> 



• P(f) J-* _F t> lW 1 ^ 2 + ^ + 1 d ii' 

Q[X] J J^l J^V J^i ^ f5 <>j (% z )[^l ci^Y> 
(not LjjjjjJa (jja] ^jjLUUjjV (JjU'tlf 4jLlall Ja^ui jl LS lc (jA_>j : Y 

. iaiia (sufficient condition) <-jA£ <d . necessary) 
atiibfc. /(^):=X 2 +leZ[X] >ul : £jUjJ 
/(X + l) = (X + l) 2 +l = X 2 +2X + 2 

2 2 j 2 . 2 1 2 4 2 1 2 t 2 1 1 

/(X + fl) = g(X + a)/i(Z + a) li! -^j lj» /W = g(I)/i(I) 

JSJ -Uli jliie / G j < :ua>j <Jjkj (jUaj # JS I j) Ajli Ai^jj 

jai a) ^! ^ #W JJ^ aLIS j{X) a£i ae R 

: jV i R[X] J Ji^ aLIS 

/(*) = ^> /(* + «) = g{x + + «), 

deg(g(X)) = deg(g(X + «)),deg(*OT) = deg(/i(X + a)) 



Division in Integral Domains J«IS*ll ^UuJI <ji At miill : £JU1I wUI 

. n = ±1,±2 ijlc uj£ ^ ' t>- J j^JI Sj^S J X+ n 

aL\1 l^jSl fl[A] J J^kalJ <Ua jjfi / i Vli. t-i>JJ : r 

. /? JL^ 0 ^ Q[X] J 

jSJj . Jjktf] aL15 X 2 +\gZ[X] J Lyij i>iUo JjUI Y Jli. J : J»M 

. c[X] ^j^alisx'+i J^i x 2 + i = (X + 0(x-o 

: Q[X] J J^kilS *U5 jjfc AiVl JjJaJ ^ o ! (>=■ 0* : * Jft* 
7X 4 -2X 3 +6X 2 -10X + 18 * X 3 -9X + 15 <X 4 -4X + 2 

: (jjtiiij jji JajJi c3^°J = 2 X 4 — 4JSf + 2 J) <iuiiJlj : (jlA jA\ 
Z[X] J OMJ ^ jf- ^j^l u^J 2 2 / 2 « 2 | 2 « 2 1 (-4) . 2/1 

: ji-LSj<p = 3ii ( X 3 -9X + 15 J) <u^W 
. Q[X] J Ojknil *LlS ^-9X+15 ji] .3 2 / 15. 3 1 15 « 3 | (-9) .3/1 

^.US J4jP = 2^ 7X 4 -2Jf 3 + 6X 2 -10X + 18 J) 
2 2 1 18 i 2 | 18 * 2 | (-10) « 2 | 6 * 2 ) (-2) . 2 / 7 

• Q[^] <J Jj^''^ ji» J j^aJI » j^S jil 

: g JO. 

Q[Z] J Uli. [X+ 2] JUJI J Jc ^ 
j±. ^ ij& X + 2G Q[X] |j| (1-Y-r) o-a Q uV : uU jag 

. Q[X] J UH» uj^J 2] (V^ll) JJJ <Lla 



Ring Theory GUJbcli^j&j (Cy jU)i f >,„7itt) 



Jty deg(/) + deg(g) = 1 ^ Q uV c5>! Sj* • X+ 2 =/g uVlj 
jjS J Uj deg(/) = 0 ujSj J L.J AM £ t> j . (! 5U£1« taLkj Q ji 
, /= fl0 .deg(g) = l jli . deg(/) = 0 ciflS lil . deg(g) = 0 
: jli jbjc . * 0 * 6 0 ,Z>, gQ di^ g = 6 0 +Z>,X o^j ' 0 * a 0 e Q 
a 0 jli lj£»j • a 0 Z>, =1 « a o b 0 =2 J ' X + 2 = a 0 (b 0 + ^X) 

£ qaj . g (ji ^ . ^Tjj deg(g) = 0 J^Wj • / (J <j\ ' uj^j 
. jjB . Q[X] (Kj.njMt) Ji=^i3 aLIS 2 

2 2 j 2 « 2 1 2 . 2 1 1 

. 3 J 2 =/Jt) V « /(X)G F[X] c^-^F j£J : n Jilt 

. (g(X)) ^ , g(Z),We W <-V /(X) = g(Z)A(X) 0*1 : 

2 tijL^ • h(X) i g(^) j^iaJI ^jiS csj^ (/(X)) a^jj jli 

4 1 = IgJa. (jj^lui (JaVI ^jic ' g{X) (j* (ji) La$ia ft.la.lj jli jxj . 3 ji 

aj^^II qA iiiie . ae F d^.J(a) = 0 J 4 j{X) —5 1 a jSJ o^Wj 
(<» J*^ ^y(A) J ^ «XA0J*l i> AT-flOjSj (Y-Y-Y) 
*Lli 3X 2 + + 5e Q.X] Jj^JI Sj^a^3Z3fe-H-jS^: V ^ 

^ji Z[X] ^ J;liajl3 ALU JJC. J jAaJl ft jjoS JxaJ ^1 b e Z A?. ji" : JaJl 

ivr 



Division in Integral Domains JalSill ^Vaiii &i <U miill : wJUl wUI 



^juula U$iu (_>u! 5 i 3 i JjUMl aLU Aj».jj5I ^ ^ j j j.iaJl oja& dul£ I j] 
( Z <_<i l«J JjVl A^. jJill t> J-lc- l$J <jjli 1 ± jjc. iil JLL> 

P = 1 =e> (3)(1) 2 + 6(1) + 5 = 0 => b = -8 
^ = -1 =e> (3)(-l) 2 + fc(-l) + 5 = 0 => b = 8 

q 

P- = 5 => (3)(5) 2 + b(5) + 5 = 0=>b = -\6 

q 

£ = -5=> (3)(-5) 2 + b(-5) + 5 = 0=>b = l6 

q 

P=1^3(lf+b(-) + 5 = 0=> — + b(-) + 5 = 0=>b = -S 
q 3 3 3 3 3 

£ = — ^3(— ) 2 +b(~) + 5 = 0=> — -b(-) + 5 = 0=>b = 8 
q 3 3 3 3 3 

^ = -=^3(-) 2 +K-) + 5 = 0=>- + fc(-) + 5 = 0=>Z> = -16 
#333 3 3 

^ = ^^3A 2 +bA + 5 = 0^ 1 --b(h + 5 = 0^b=\6 
q 3 3 3 3 3 

^ JjkU] 2LLU sUa^ji jj^l Sj^ jjS Z>€ Z\{±8,±16} ^ia^J ji) 

& 2 -4(3)(5) = 6 2 -60 

^ x = -b±Jb 2 -60 
(2)(3) 

iVt 



Ring Theory (liUbJl^^iij (i ^>\Z3\ fk ..,aft ) 



jl£ I j) V) tpty V I j* j Lujx 6 2 = 60 oj^ d Z <_K u_&> J 

. ^L** , 6 = ±16 ji Z> = ±8 
J) Will aLIS / :=X 3 + X 2 -2X +8e Q[X ] J u* jj : A 

(Q[JT| ^ Uj.-nH aLIS 
fj i>j ^ aLU jjc. sUaatJl jjiJ SjjuS d (J* o* : 

((v-o~r) a^uj < z_i A^iii jia. y,Q) (Qjxj K"".'-^ uj^ 

Jjkjll ALIS tliilS Ijli iaaS ±1 ^ A£ JLLall 1$jX»1*x j3 "ftlixJl Jj-iaJ ft jJjSj 
liAj . Z (ji >-a 1*1 UJ^ '^J cA*^ 1 J^ 1 l> lU^ 1*1 JjSj Ajlfl Z[X] 

<_L>1& Z - a ) ±8 i +4 < +2 t ±1 Ja-i j* i 8 tUljt j* j**-^ 

(/( fl ) = 0<=>/ J-ljft 

/(1) = (1) 3 + (1) 2 -2(l) + 8 = 8*0 

/(-l) = 10 * 0,/(2) = 16 * 0, /(-2) = 8*0. 

/(4) = 80 * 0,/(-4) = -32 * 0,/(8) = 408 * 0,/(-8) = -264 * 0 

Jjknll aLIS ^ ^UlLj Z[X] ^ >-a tfi JjJaJl 'ft j££l OjSjV lj«Jj 

cUkiU aLIS j±. f =X 5 -5X 4 -6X -1 ^1 Sj^S J u* = j J=? 

. q[x] ^ a^i 

AjV) /-I) = 0 ji XI) = 0 uj%^ iA>^ ^jafi <> J-lj^Z-J lj» 

/(l) = l-5-6-l = -ll*0 
/(-l) = -l-5 + 6-l = -l*0 



Division in Integral Domains J^&ill JUa*JI ^ "*a uiill : udUJI wUI 

• JjVI ^-j^ll o-o (Jx! jc. 1§J (JjuS (ji! 

(A-i-r) Ajjiuii £_^jJl 

(jjfLj t P = 3Z <-i 

/?(/) = X 5 +X 4 + 2 

^(0) = 2 5* 0,/7(l) = I * 0,/?(2) = 2 * 0 

X 2 J-U- tPlI Vj-sll 6- ^ ^i* 1 J* X 5 <J*U- jV 

1 

:^lj*yX 2 cU~ ^1 C^gP] ^ Asm k+jd & ^11 uVlj 

« X 2 +X + l « X 2 + 2X 4 X 2 +X . X 2 + 2 « X 2 +\ i X 2 

X 2 +2X+2 c X 2 + X + 2 * X 2 + 2X + 1 
_S 2 > ji— Ul 'jj> * (X + l) 2 ^ X 2 +2X + 1 jj*»JI ij& 

X 2 + 2X 4 X 2 +X i X 2 oi! • p(/(0)) = 2*0 uSij' /?(/(0)) = 0 

. />(/(X)) _1 J-lj* OJ S u i o^V 
oSlj « /?(/(!)) = 0 lUIj^ c> 3Uc X 2 +X+1 j\ X 2 +2 13} 

• />(/(*)) J- 1 o- J o^v x 2 +x+i 4X 2 +2 • /*/(i))=i*o 

/>(/) = (X 3 + X 2 - X - \){X 2 + 1) + X + 3 

/?(/) jc- (> (>JI 2 +1 jij 



Ring Theory utUJLsJi^^u (w -.i*« | ....^h ) 

p(f) = (X 3 -2X + 2)(X 2 + X + 2) + 2X + 1 

p(f) JJjc c^^^u4 X 2 +X + 2 oil 
/>(/) = (X 3 - X 2 + 2)(X 2 + 2X + 2) + 2X + 1 

/>(/) _f 6- u-J X 2 +2X + 2 

jjS JUlbj « (% Z )[X] J Ji-iU ALU p(f) ji t JjVI ^jJl t> 

. Q[X] «a f5 o-j « Z[X] ^ OA^ll ALU jjc. / 

. jlsll li* jSi j . P = 2Z ia-b jl tj^ 4 - 4 ^ 0-° : AJa »ala 

f jxVlP 25 (Js^. (-Jjiii-all : ^ » (Jllfl 

F Jia. ^ Jjkjil ALU jjc / AjIIjII As.j J qa J jia. a ^luiim : JaJl 

Ajjiu) ilia, ^^jy] UJ^J J^Wj ' <Jiei ^ jljSJl [/] JtUl 

« X 2 +2gZ 5 [X] jjjsJI Sj£S jib, ^ 2^ Z (=Z 5 ) iili- .((u-r-^) 

«Z S [JST] ^OL^ALU 

■ d a 

(0) 2 + 2 * 0, (l) 2 + 2 = 3 * 0, (2) 2 + 2 = I * 0, (3) 2 + 2 = 1 * 0, (4) 2 + 2 = 3 * 0 
( jjLJi n jti. jiy) tLkiii alu oj^a ' 

Z5[ ^[X 2 + 2] = {aX + b + + ^ 1 a ' b G Zj} 

((A-Y-Y) yiUjl. 



£VY 



Division in Integral Domains JUaJf &i i+iiH 4JUJI wUI 

" Uj( 4 ( ... < 0 b i a ij* tj uVtfv 25 t> uj^s 

. I j.^ir. 27 t5 j Jia. *L£i] (_j jlkoll : \ ^Jjjf 

X 3 +2X + 1 ^j^Jl Sj^ iiiuaj 4 ^ Z (=Z 3 ) lM Sj-B ii» iili-. : J^Sl 

: $ * Z 3 [X] ^ OikSll <Lli .illiS 

(0) 3 +2.0 + 1 = 1 *b\(l) 3 +11 + 1 = 1 *0,(2) 3 +2.2 + 1 = 1*0 

« Jjj\ ^ 6*^gj^ J o^V • Z 3 [X] ^ jli^i 1*1 lP) 

Z3[ ^%^ 3 +2X + l] :={aX2+ ^ + C + CX3+5X + il|a '^ CeZ3} 

. f j mif . 27 t>« <jl 3 3 uj^j (J* 3 - j* 
: L-Lmai Lies ^Ljol ujjjJjS : <Ua »xLa 

((X 2 + 1) + [X 3 + 2X + 1]).(X 2 + X + 1 + [X 3 + 2X + 1]) 

= (X 2 +1)(X 2 +X+1) +[X 3 +2X+1] = X 4 +X 3 +2X 2 +X+1 +[X 3 +2X+I] 

= X(X 3 +2X + 1) + X 3 +1 + [X 3 + 2X + 1] 

= X 3 +1 + [X 3 +2X + 1] (X 3 +2X + le[X 3 +2X + l] jV) 

= -2X + [X 3 +2X + l] = X + [X 2 +2X + l] 

X 3 +2X + 1 J*X* ^L^ 4 ^o^kall ciUiSjS-j 
oj^ X 3 +X 2 +X + leQ[X] Jj^il Sj^S J c*Ji ■ \1 J=* 

? (V-*\-r) JtUl ^ liA ^LSj J» ■(Vijn.nU) JiailS 

X 3 + X 2 + X + 1 = (X + 1)(X 2 +1) :Ja= 



Ring Theory £UJbe)i;^j>l=u (ty i»i«|«— 5J») 



p csi * p - 1 = 3 Li* cH (V-1-r) Jim 11a o-AiSj Vj . Jjkdl *L15 ^ 

. LI jl t j^c. qA 4 4 = 4 
/e D[JST] li] . D lsJ^^F l tSU»j £) j£J : \r 

i> JjSl! d&Aj liLai . F[JTJ Jfc JJ^il ^ l^jSlj 4 £>[*] ALla 

o4 < oei) ^V/^g Jiili £>[A] (c» ^ / j jSj : JaJl 

. g g D[X] t D Soa.j 

<JL)I (j-a ^jjl^-iV Ale. -la. JJ ft 4 .'■> j<o ja . ^1 J.1C. J£] <il ( _ 5 lc ^jA JJ : ) t Jlla 

. Q[X] J JakSU aLIS 4 n (> Z[X] ^ J jA^I 

Alte j£ f :=X" +pe Z[X ] oj^il SjjpS jjSlu p JJ> ^ : CM 
J> JjKMl 2iLla jybj (AaL^ oi^Ja' ^JJ^) Z[JST] ^ JjMH 

((Y-1-r) ^) Q[X] 
: .ij-iaJ J l>a y jl ta.ic I jj : ^ 0 JlLi 

/ := X"" 1 -X p - 2 + X p - 3 - ... - X + 1 s Q[JT] 

. (Ato ^lo^vi = 2 ) . /? > 3 j»U . (v-n-r) jn. jfcji 

Z[ Jf] 3 g := X — 1 — J (jLtiall (7 g (>aJjajJl j» jjS Jj^j-ajA ^Vvimlm 

=><7 f ((jr+i)/)=^(jr'+i) 
=>o- £ (jr+i)a f (/) = a,(jr')+o- r a) 

1V<\ 



Division in Integral Domains J*I2*1I JUaJI 2**iiU : CJUI uUI 



=>Zot(/)=(X-1X+1=^- 



X-l+l 



x p - 2 +...+(-iy 



z p - r - 1 +...+/? 



/:=X 4 -2Z 2 +8Z + 1gQ[Z] ^ Sj^ j ^ : n Jtl* 

aLIS ^ t>j %[X] J Ji^ aLIS / J c> : ^ 

(v-o-r) a^) Q[X] ^ Ji^i5 

l»Lkj I jj jj^il SjiSl ±1 j; ^ ^ 3la 1 j* " jlkJl iaJl " o 5 ^ 

>jl « ! Z[X] JJ^I J jSis) . JjVl U jJ i> Ji=^l J-l ^.i 

. ((Y-Y-Y) Ajju^oj , (U-o-r) > Jli* 

/(l) = 1- 2 + 8 + 1 = 8^0 
/(-l) = l-2-8 + l = -8*0 

IjljlVi (j^J (jj Lai . (_^jVl t>> VL»1 jc. (jj^J tlua-J f (j' tlA^ LP! 

: iSa JjUMl OA^} c5^! ((f) Vj' 3 = 4 = jAaUJI 



/ = (X 2 + aX + \)(X 2 +0X + 1) 



(1) 



/ = (X 2 + aX - i)(X 2 +px-\) 



(2) 



8 = a+/3 (o*J°& u*X J*\**) 



I Ring Theory oiiJbJij^iaS ^WfutSfy 

oralis liAj 0 = 8 J J\ 

0 = ar+/? , 

<j^aLuJl ^0 = 8 ^IJjS 
. Q[X] J U^V JXLj Z[X] <Jf<^ u^V Oil 

: W Jll. 

? IjUj 1 Z 5 [X] J Vij.nnll <Lla jji /:=2¥ 3 +X 2 +2r+2 ^1 Sj^ Ja 

Z^X\ ^ VijuinU AlAS jjc. Jj^a. CjIjjjS S-1Jj-<3 »JJ*-a ^ f {jc jjo 

f(a)=0 o\* W^ 1 jc- t> ^f- a -iA^' j-^ t> uj^" U^ 1 jc- ^ 

? ~ 

3 < 2 < 4 * 1 ci>i SjUxj J ±2 » ±1 2 J-ljft jVlj .((n-o-r) 

/(l) = 2 + l + 2 + 2 = 2*0 
/(-!) = -2 + 1-2 + 2 = -1 = 4*0 

/(2) = l + 4 + 4 + 2 = l*0 
/(-2) = -l + 4-4 + 2 = l*0 

: Aflfcll j^J! J^>U Lb^l jjli ^libj . LaS Q[X] ^ ^iSj Z[X] 

./ = 2Z 3 +X 2 +2X + 2 

£A1 



Division in Integral Domains J*IS*ll ^UaJI a a mill : CJUI mUI 

Z 5 [X] ^ / - X 3 + 2X + 2 aj^JI W u-jjI : U 

^Ua jjlu-a ' 6 J^ 1 j^ I •>] ^U! W Jll. ^ IS ULaj : JaJl 

. ±2 ji ±1 > a J J 2 -J (-IS a , X- a JjVI i> J*l* 

/(l) = l + 2 + 2 = 5 = 0 
/(-l) = -1-2 + 2 = -1 = 4*0 

f (J*l JC. X«lc. (Jill X + 1 (ji c$i 

y(2) = 3 + 4 + 2 = 4*0 

f Jxl jC. tjx iLolfi. (JilJ X — 2 ji ci' 

/(-2) = -3-4 + 2 = -5 = 0 

y <j->i jc- j-« J^ic- X + 2 ji ^i 
jj£j j y <j*i jc. j>Luic. Uj^i jii 

y =h(x-i)(x+2) 

jlfl J*!*!* jlinj Z 5 [X] jV J 

deg(y) = deg(A) + deg(X-l) + deg(X + 2) = deg(A) + 2 ((°-W) >*) 

jii j*s jX»i*-]i i =y_J j*b j-u-ii jVj . J jVi ^j^ii t> A j_&a 

' 0JJJ ^1I ^ y jj%a X -1 i X + 2 oAoUil ^ 
(X + a)(X - l)(X + 2) = X 2 +2X + 2(= /) 

a = -l 

1 AY 



Ring Theory CiUbJijojiii (t> attfl 



f = (X-l) 2 (X + 2) 
(=(X-l)\X-3)) 

. C[Z] » ^ yji 



X 2 +8X-2 = 0=>X 

2 

c Q[X] ji Z[X] J* Jjklll *LIS / JjJaJ jjSV J15IL, 

. C[X] . M[X] OMi 

Q j» Q J <A«ill Jiia. (V-o-V) AaJjjll (jiSUj <_ji li* ^ (_yaS j 

.C ji M o4j 

Q[X] J JJ^/^la ^ji ./:=21X 3 -3X 2 +2X + 9 flSl : V ; J&« 

: Upl \hiJ P = 2Z iili- : JaJl 

7 = x 3 + x 2 +T 

: j • ((U-o-T) ^ ^ Jti. jbil) I J-^JI ji^ll Jli a 0 =T 

(/(0)=T*6)/(T)=T*o 



tAr 



Division in Integral Domains J*ISill £\hil\ &i * a mill ■. OJUJI wUI 

f = 2X tip! uj^-a i 5 = 3Z Uii3 lit : 4-»U Aia »al> 

• % z 2 uV y zz j j^ni ^is > 

. a n =a 3 =3e Z 3 (A-i-r) ^ULIU jL^Vl ^ J tiiSI 
. J^iil / := X'+3X + 2e Q[X] ^\ ij& Ute ou jl 0) 

: ji (Y) 

J^^]/ 2 (i) 
°^ /[X 2 +3X + 2] [ > 

°^ /[X 2 -2] 1 ' 
^ JJ^ -ill « Q[X] ^ Ji^Sl *U5 jjt X 4 + l J oaj, (o) 

• ^ ^ ^ x 4 +x + ~ A ° ! 0) 

M >= J^U ' SJJ ^ jf^iSi. Z 7 [X] J fj*-i& /:=Z 3 +6 o&J (V) 
/ := X 5 + AX" + AX' - X 2 - AX + 1 ^1 SjiS jIlJ ^ ^jl (1) 



1A1 



Ring Theory CA2ise)i£o>rij (^iisit,*-^ 



. 4juJa« y (jl jjxVn (jl LajlJ 

J • -Wll /)(I)eF[I] j^lj i F <j£J (U) 

F oj^j < ^^(X)] ^ ^> ^ {a + [>W]|«eF} 

((A-Y-Y) ^ir£ 

Jl Jk2 /:=X 6 + X 5 +X 4 + X 3 +X 2 +XeZ[X] jl^^ (U) 
X(X + 1)(X 2 +X + 1)(X 2 -X + 1) :^1£IxJaLIS j^J-Ijo 
: J • aeF\{0} . ^F^(^) 

Ja J^ksJl aLis ^ /(I)ef[I] <= Ojk^l aL15 fl /(I)eF[I] 

JJ^lJ^ti f -=l X 4 -^X 2 +^X + ^gQ[X] dj*c*ji(") 
h »a -Uij <j\£ M Qt-X] c#" ^ j£f- h '- = 35/ ejjt : jLi J) 

Q[X] J j^I 5 + 2I+4 j(> l >ji(^) 

^ JJ jc Jl JT 4 + 4g Z 5 [X] Jk (n) 

JJje. / := X' + 2Z + 3g Z 5 [JT] j j^ll SjAS 0^ *£IS (\ v) 
Z 5 [X] ^ Uj.«fifl aL\5 jjft ^ CjIjjK cUl^S fu&\ .ixLuaill *Lla 

^ . Q[X] ^ JJ^IS <Lli j±. f;=X 2 + 6X + \2 j J* c*Ji 0 A ) 

f C[^] ^ ? R[X] ^ ^ 

Q[Z] J Ji=^ALla jji X 4 -22X 2 +1 J ^ 



Division in Integral Domains J*6ill jlbJI &i ii>«iiil : £Jttll wUI 



Q[X] J Ojk^l ALU X-2 ( i ) 
Q[X] J 0>kSl] <LU 3X- 6 (m) 

Q[X] ^ OjkSll iLMj^X 2 -^ (-^) 

Z 7 [X] ^ Jil^llALU X 2 +3 (j) 
^ Jiaall <iLtfl tjjllijjji iijJi (jsaj t i> U ijiz (YY) 

8Z 3 + 6X 2 -9X + 24 (m) X 2 -12(\) 
2X*-25X l +mX 1 -W ( J ) 4X 10 -9^ 3 +24X-18 (_^) 

? Q %-6X + 6] - ' » * * (-) 

o*jj . J*lj*JI <> n : FxFx...xF o* j*?^ 5" < ML* F jSJ (Y £) 

die jk^II- (jjL-u ^1 f(X l ,...,X n )eF[X l ,...,X n ] Acj^ J j^lc 

. F[X l} ...,X tt ] ^Uli-ojS (fl,,...,flje 6^ 



£A1 



Field Theory jM^ti 



LJI 



I 

L 



The characteristic of a field ^Aall^taftS 1-1 

« h-> rc.l 

Vn,meZ:(p(n+m) = (n+m).l= 1 + = 1 + + 1 + 1 + ... + 1 

= n . 1 + m . 1 = (p{n ) + q>(m) 

JUL 

(p(nm) = (nm).l= (lj^+J) (1+^jJ) =(n.l)(m.l) 

= (p{n)(p(m) 
( ^(1) = 1.1 = 1 : 0 ) ^ ( — J» jJtfl U^l 

Z A" 

ois la ksaj ij] Z ^ js* A J (v-y-i ) ^ r jn, o-j ' yiic 

. ^4 = mZ oj^ ( ^=h w e N 
Ker(q>) =qZ jj £yau # e N ^jj jjj 
Char(K):=q u&ij t g j* J&aJI ^ JUL 



£ AA 



I Field Theory j^bJt^^u ( »iHiM^»a«) 

Char(K)*Q => 3n e N \ {0} : n.\ = 0 

J <j\ m.l = 0 Aw N\{0} ^ m JuJ* ^ V —SI ai* J 1 £^ j 

. m . 1 = 0 u_& 'Vj N \ {0} ^ W jJu-al jA »iA ^ jxaj! 

: 4iU r-^ 

0 >*-ll C i R i Q JjLJl (^) 
(^ukii ^jla j (\y-r-)) js^ ^/^ J ^ jji ^ ^ jsi (y) 

• p » j^j 

. j,i^al itJl jj^i 4jia jjc. J^C. ( _ s ic £iiai\j 

: <Ju nu t — \ — > 

6* k (The subfield) L ^bJI AJi (a-y-Y) ^ n Ji. ^ Uj£i 

. £ (superfield) tiaStt*. :ULJ! oi* ^ . K 

: jl£ I jj iaaj <jl£ I j] K j> L< 3 j» Jia, A: . ^ JLJ! Xs. k 0^ 

• JaVl ^ tjJj^c. tij^j A: ) 
a-b&k : a,bsk JS1 (Y) 

oft-'eA: : 6 *0 ^ a,bsk (r) 

^ S^jJ "1" «(£,+) faJl Sj-j ji— "0" U* (>) ^3 ulj^u*ll 

O'j^ (V) « Sj-j (*,+) uio-^ (^) -(^\{0} } .) MjjJlij-j 

(*\{0}».) 



: 4Ja»al« 1-^ 

^3 tJa. jil j.^ift tllJjS jA AT ^ fi.la.jll Jiuaic. jV . K JiaJl (> Lu ja. ilia. & j£J 

Char (k)= Char (K) jli rt: 

^ji ^ ji jix^l! j^jLou JSaUt >w 
liSAj , Uji fjjD o-J dlliS « Char(K)* 0 t ilia. AT j£J : i3* d 

tjli jaUj . Char(K) = mn jj£j ^ »!,« 6 N 
0 = (CAar (AT )). 1 = (mn ). 1 = (m . l)(n . 1) 

J Char(K)<m J* £ o*j • n.l = 0 J m.l = 0 ji] Jia. AT jV j 
<ji t n = 1 ji m = 1 ji Ajli Char(K) = mn jV j t Char(K)<n 

. Jji -n& Char(K) ji 

: uu j*j A- \ - \ 

-dab g ^ja. Jia. ^.jjV l*sje. (prime field) ^jji Jig, <u) P JiaJ Jli 

.P ±Q jl d^u 

,la.jj AT Jia. JS1 

P:=n{k \k cAT ^> Jia. } 

(The prime field of AT) Jg" —3 Lf i«Vl J&aJt <■ Jji Jia. j 

: jjjfcj 

: jli iiiift . ^jVl Alia. P i ilia. AT j£d 
Char(K) = 0 <=> P=Q 0) 

CAar(tf) = p*0 o (<) 



Field Theory j>2*Jt ^j^j ( oJim l «.,.,2ji ) 



' Q (up to isomorphism) cjUjJ jj-j jjVi <_>^ uj^ 

• u^jli ayijVi Ld**$ Jji jjb. /? du*. Z/^, 

^' HJIojSj Char(K) = 0 aIU ^ : "=>" 

O jV) c«l£LSS- Q < P o&j < 4>(Q) = -P J 233a P JjVs 




^^kLj £er(#>) = pi M CAflr (AT ) = p * 0 <3U 



n rcZ jaax ( i 
Q <> ^> JL* Z (_? 

: a^VI djULJl (> ja— : Y till* 



Z®Z (m) 2Z (I 

Z 3 ®Z 3 (j) Z 3 ®3Z (_= 

Z 6 ®Z 15 (j) Z 3 ®Z 4 (_* 

Z 4 ®4Z (j 



M ( > 

30 (_,) 12 

( J 

? (V-^-l) Ioa o^Ul! Ja ayijl LtfAse, UJ 30 i 12 : JIV* 
n.l J jSii) 12.1=0 « 20.1=0 5L.1SL. tSU^i : 

? ^ Jo** L» . (j j-lsJ (> n — H + 1 + ... + 1 £ j-a-Jl 



Field Theory Jjiaelic^jjlii ( .*.w«Wp,..^^ 



Ua JUJI c±u>A s^Aj . « g N \ {0} 
m . 1 = 0 < ^=H m g N \ {0} ji^i j$i jLuy V jl£ I jj L.i 

. 2 jA liA jjaaII tjj^J JUlbj . J j! .lie jA j t 

) Sjill j^ie 0 JtilL, 0 2 = 0 : t'M j4> 

b 2 =b <■ a 2 =a : <jf c$i < s jSll ^Uu* ^j^c a,Z> j<a5 

(a-Z>) 2 = a 2 -2ab+b 2 = a 2 -b 2 =a-b 

(ah) 1 -abab = aabb = a 2 b 2 = ab 
U\±\ R 

(X) Sjffl JiUL. a Z> oi) 

V2 

Q[>/2]:={a+Z»/2|a,£>GQ} 
a,bsQ d^a+by/2 J V2 cjjivj 



• R iji R i> ? jAjj-j-j* * -> x p (Forbenius map) o^jja 

:x,y&R : pU >Ui 

<pixy) = (xy) p = x p y p =(p(x)<p(y) (1) 
AJI^I r 



<p(x + y) = (x +y) p = x" + 



x p ~ r y ' +...+ 



r J r\{p —r)\ 



^jois ! jji Jji ajc. ^7 (ji L*S i \<r < p £ j »a \ p — r < p <■ pi p 

r\(p-r)\ 

<pix +y) = (x +y) p =x p +y" =<p(x) + (p(y) (2) 

. a^iilia (—l^lia-aJl (2) ' (1) (j-a 

K^freF\x p =x} J t> OAjJ -JJ *1^F rM : V JH» 

(1) u'tii <0eA" J^l 0'=0 : ajt 
le AT Jciil"=l 

(xj,- 1 )' = x p y- p =xy- l ^xy- i GK (2) 



(x ~ y y =x- 



x p - x y + ...+ (-!)' 



x ' + ... + (-l)"- ] xy + (-1)" y ' 

Ml 



Field Theory jjisJi^iii ( £JUJt,«-Ji)») 

L\pi uj^j j^Vlj 

(jc-^r =*'+(-iy>' 

p = 2 ( I ) : jtilU liaJ 

(* -y) 2 = X 2 +(-lfy 2 = X 2 + y 2 = X 2 ~y 2 

=x p -y p o0^J 
x -y gK (3) : J J 

. ojjiU* s_j jlKJI ^Sjj (3) t (2) ' (1) Cy 

(jC + = +yP (!) 

Vne N:(x +j0'" =x p " +y p " (m) 
(jc + j>) 4 *x*+y* jj^ diu^ 4 U ^Sk ^ y < x 

S ^iL^ o^Li\ (J l<£ ULoj ( 1 ) 

« ^ «^aU>ll *l jSlu.VU (i-i) 
( i ) t> A -kj^ . ^ : n = 1 
: « — > « +1 

(x+j;)'" +, =((x 




lie. Lcj9 (JjLull nil j^sJl t> ^jiaJl ^ ^yiiaJ SjJiLa j4LluiJl ^IoaII ^ (jjiui US j 

(^y) pW '=(^"f+(j' / f=^ ,t '+j' /t ' 

(1 + 1) 4 =2 4 =0*2 = 1 4 + 1 4 

Field extensions J^AaJI ({L«l) V- 1 

K o*k JS^j ' AT Jaa> t> uj^' (K, k) ^ j jJl : uL jxj > — X — > 

O- V^j K z> k s^Ut i.r^un j (field extension) Ja*. (^Luul) JlJlat 

. A: JS=J1 jlJU # JLJI a l bUj JULj . (#, it) 

: (jxdJ J! ^ (jjli li^jj t Jto. jIjIc! K Z)k jljl 

kxK^>K KxK^K 
(a,k)\-+ak (x ,y)\-> (x + y) 

(k cM ^ Ukk Lil J Lkk til ja - k 
. iC=3^ lM jl^j (deg Lifij) (degree)^ [AT :A:]?=dim,(^)^ 

(& tWl <> A" ^1 *u j* dim, (is:)) 
[i: : k ] < oo ,jl£ Ijj (finite) K z>k JLJ! djU a\ JIL 
A" z> k Ji*. jIj&J ^ (intermediate field) ^ Jia. <uj Z <JLJ Jlij 

HI 



Field Theory jjiaJli^lii (iDCJl^ilt) 

: <jla ju^e. . JL. ^Ld A" z> & jljJ : A^pal* r- Y- > 
[A: :£] = 1<^>A~ 

£ AT Jaill £1 jill UJ ojSj AT ^ S^jll >-sel<=>[A::fc] = l : iiAj^l 

K=l.k=k <=> 
Degree Theorem ^1 3j t — X — > 

: jli K id k Jia. Liu iUa. L jlS li) 

[A" = :Ar] 

tr LsJ ^Ijill LLl {x„...,A; m } ■ i Kz>L j^i-Vl 31S 

dip. x (- y ; j^U^I d±L K is ^\ £1 jill L-U-i (yp.-.^J j^j ' k L 

kJ^K ^IjiU L.U ^ ;g . / e {l,...,m} 

: fjjk »lt 

[AT :&] = dim t (A:)>dim t (Z) = [Z : A; ] = oo <= :£] = <*, (1) 
[AT :&] = dim A (A:)>dim i (A") = [A: :Z] = °o<=[A" :L] = oo (2) 
{x,,...,x m } * ((j^lJi-l) (^.L^l AT 3 L <. Lzik c£4 ( r ) 

. L J*K J-ill £1 jiU UJ {>>„...,}>„} i k J* L £1 jiil LAJ 

^ y'e{l,...,«} < i'G{l,...,m} < x.j^. j~aL*ll J ^ <aa jJ! i_ijIkJ 

.kJ&K £1 jail LAJ 

<jV (generating system) (U >») tliu Ulki ^ » j^Uxll 

;*g{1,-,«} ci^j y=XVi aA^ft, fe.ei ^^ga: 

7=1 

m 

a& ' bj =2 a^x. jjlj ^ a Xj ,...,a mJ ek ^ 
i=i 

11V 



i k <Jc (linearly independent) tJai. aIsi^ j^AiA soa j 

m ro n 

ye{l,...,n} JS1 J = 0 j ^ J X V^y 1 * 0 ' a., e A: 
,=i f=i j=\ 

J£i a, =0u^<>j < (L J* K Jb=JI g.ijilS oAJ {y x ,...,y n } d*) 
LJ^^Jll oAJ { Xl ,...,xJ oV) je{l,...,n) J^j , i e {l,...,m} 

JUL . F —J JSa. jIjSJ E Jjii Aj21£- . Jto. £dF : jVI j 

LS L±. n Jaull a] £" jl£ I jj [£" : F] = « <-ri&jj F ^ n a! F jj 

: Aajjj o- Y- ^ 

[K : L] = [K : *] a& # 3 £ Ji^ ^ Z ^ JSJ ) 

Z = £ jli 

: At ] = [AT :Z][Z :Z]=>[Z :fc] = l 

^ Ji* J\ ^jjV iiT d k JS^I jIj&J jli y J ^ [K : *] jl£ 13 (Y) 
CdM JLJI £1-31 ^ ^ JS^ ^jj 314 Jlioll Jc j . J*i 

(R JtC <>ill £1 jill UJ o^jSj i ' 1) "2" ^UiVI liA 



HA 



Field Theory j^uJi^ojiu ( iiO|»--2Jl) 



Ring adjunction and field adjunction Jftfifcilj 4AlaAJ (^Uffl) fliflll V- \ 

: ( _ s aj^ ■ K j-o Ajj ja. Ac_yxa-a ^4 < ^luiSl K k cj^jl 

Ar[^]:=n{/?: AT o- ^ £,jfc c R) 
k{A)\=n{L: K & Jj> J** L,k <zL} 

« ^] c> *[a,,...,aj l*Hfc ^ ^={fl 15 ...,a} *1U ^ 

• KA) 0* fc(a,,...,a„) 
: t-r-> 
: iliic. . jSa. jIjIoI K k <j£J 

_J A^iiSSl Jaa. k{A) UJ^ K 0«A Ajjj?. Ac JS1 ) 

^M = {/"(«)|/gA:[X]} u_& JS1(T) 
jt(^u5) = (it^))(5):^ j>5^ 

A[/q C ► Q 

t> ^> (p(Q) uV • ^ (^ja * J-Ui) j-lc. ^Ij ^ . <p\ k[A] =\ 



<u jaJl Jji=Jl ^Laa. ^Lli k(A) u] <ijja> <> j A: u A = (p{k U A ) C ^(Q) 

li^j . (jxli) J-Li ^ J (p(Q) = Ic(A) JlUj ■ k{A)czq)(Q) 
. k[A] — S 3-<u«all Jla. UJ^LJ ^au^JI J**- £-« !^Uila A:(/4) JiaJl uj^J 

R:={f(a)\fek[X]} (Y) 
• ^ J tfl (/ =^ €&|X] ) aeT? ^t>^>^ 
f(a)g(a)=V£Xa)eR<=f-gS&ek\X] *=f,gek[X] <=l(a),g(a) e R 

/(a)-g(a) = (/--^)(a)Gi? 
,_s jlsu t> ajj ja. Aik. ji^i A:[a] u! '-y*- t>j ■ A: u {<z} c: 7? (jli tilliS 

.(1) k[a]czR uj^ ^u{a} 
j ^Ijll j> ^ili A: u{a} c5 a! <-%h K o* S <u j=» aSL. J£] jSlj 
. = A:[a] J ^ (2) ' (1) t> • (2) ak[a] jj^ c5 
A:(^u5) = n{L| is: a- ^>JS^ I , kKj(AKjB)czL} (r) 

= (k(A))(B) 

: r-r-> 

aeiv lil (simple) ia^uu Kz>k JiaJI (jI^-I) ^LuuV Jli 
(primitive element) LjI-ij I >uaj& <JUJl s ^a a <^-jj . K = k (a) o_£s 

, . K z>k JLJ g-l^Y 

: jii» t-r-> 

it R ti ji^i C o- ^> ^ . CdR[i] J ^ j 

tjli (>»j . C (^Ic (Jjla-J AjjjaJl tlllSLaJl 6 jlA ^LlSj (jjSj Ijl^jj . C ci 

0 . . 



Field Theory j^isJljo^ii ( ,rn':H | ....^H ) 



u_& f5 c>j • R(i) = R[/] = C uj^j ^ uj^ . R[i] = C 
Algebraic and Transcendental Elements 

: ub gj > — i — > 

. jSa. ijlol K ^> k 
SjjK cj^j I jj . k L Jc (algebraic) & a* <A a&K j^l JUL 
ALliil 4*^*5! sj**. jii / iM£ |ju . = o uj^! ^? / g k[X ] \ {0} 
■ " 6- A: ^Jc a u! JJ « (^jiu^Jl) j^ll dili (JjkjH) Uj.nnll 
• ^jl&(transcendental)^U-u- j.^.ll ^1 JULa jj-iJI s j^s Jl» j^jS ^ 
. (algebraic numbers) 4j»aJt jIj&Vi Q ajj±?JI C >^Uc tr A^ J 

CcQ Uiu ^ jjS jl^Vi 

<p a :k[X]-*K ia( _ K tJ ^^, Kzik ^ 
f»f(a) 

% ^Ij1T^I JlW 1 <=> 3/ ?tO/e* [X ]:/(«) = 0«=> kj^^j^a 
(p a ^IjJ^lj *0/ e (a) = 0<=> k J* ^ a 

: a\s ti^c . k U.Li» a^K <. JL* jI^I K ZDk <J4 

k[X] oj^! jjiS j£L£n Jfc[ a ] (>) 

(A^ill) 4,^1 Jl j^ll JS^ A:(^) ^ jSLiL £(a) JS=JI (\) 

[k{a):k] = oo (r) 

fi.1 



k[X]->k[a] 
/ i— >/ (a; 

. jjj! cs' • ^1 l-^lj tiJiS UJ^J ^ cr^ 

_S a^S3I JL* A:(a) (Y-r-^) , k[X] £LZ> A:[fl] (>) t> (Y) 

k[a] 

: it] =dm, (k(a)) =drn =~ J cs' dim, (k [X ]) = <~ 0j sj tfL* A" 

k(a 2 )czk(a) (X) 

. 4j1u1I <J jiaJl t> jjc. Iaic. cijlaj A: (a) 3 A: Jivli JlJlal (V) 

: ,-)U jiM 

d^, / e k[X]\{0} ^ A: (^ic. Ljja. a Ijj (^) 

a J ls' 0 * g :=/ (X 2 ) ^ j^ll s t tjj^j a jls j^it j ./ (a 2 ) = 0 

^ f ,gek[X] <»1 gtt* -uU aeA:(a 2 ) ^ (t-r-^) o* (Y) 



g(« 2 ) 

a Oj^ deg(Xg(X 2 ))*deg(f(X 2 )) & >—» c5j^ J u^V A j 

. jj^alij Ioa j . A: tjic Lji?. 



Field Theory J>i*)l5ui>ia3 ( >UQ1I 

L^Uuia f a ", n = 3, 4, ... u^^J 1 j^VU -d ^jal j p ) i> (f ) 
A: C...ci(fl 3 )ci(fl 2 )cA:(fl) J £^ ( Y )i>J £ 

The minimal polynomial ^^Jhflll JgAaJI Oj^S 0- 1 

tiiiaj L« jya jj-j-jA : k [X ] — > K <■ a&K i JSa. i K z>k c£4 
J-u^U £ tJ ic. Ljia. « jlS I jj ./ e A: [X ] y*aJ (p a (f)=f (a) jj 

Ker((p a ) = [/-J ^ fa^k [X ] s^j *«k. SjjK 

V/,g^[J]: % (f^) = (f+g)( fl )=/( fl ) + g(«) = ^) + % (g) 

<P a (f -g ) = <f -g )(«) =/ (a).g (a) = <p a (f ).<p a (g ) 
<> g3L iKer{(p a ) * {0} J ( Y ~ £ -^) i> a jVlj 

^Ull ^ jjjjjxj^JI (jl S^SiU-a i_l jUaxJ! dltslaJl Ajjiaj ^~ ^) 

: uL? j»j Y-o- \ 

^.jj «d (^-o-^) t> ^jjj . k Uji^ as K t Jia. AT z> A; 
^ [rj = {/-e*[JT]|/(fl) = 0> ^/.e*[JT] ^jluk,^iiS 
. (The minimal polynomial for a over A:), k Jic a i> ^ yLuall Jj-iaJt S ^ 

^:={/- G Ar[X]:/(a) = 0} 



deg(g)<deg(0 : /e^\{0} ^ (\) 

^ Ki,»nll ALU g (r) 

lj] A: ^ ^ ji^Jl J jisJl o jjjS g £ k [X ] J j-iaJl SjjjS jli I j^Aj 

g(a) = 0 < &[JSl] ^ <Lli jjc. t 4*;Ua g CiilS I jj Joss j uailS 

/ G ^\{0} ^deg(g)<deg(n u^o-j [g]=^( 

0=gia)=f(a)Ka) ■ J ^ ■ /,AeAr[AT] ^-g = /& 6^ : "( r ) <= W" 
jli f5 o-j deg(g)<deg(/) (Y) i>j ■ he A J f eA cM J^AjVj 

d*f5(>j« deg(g)<deg(A) ji he k*(=k \{0}) 

Oj* iiafe • Jt Je- fl (> cij^l Jj^l *»J*& c?* U^ 3 : "0 ) «= ( r )" 

K.""/^ ^ g u^j • g = hf a 1 hek[X] Ajj di^j 4 g£[fj 
f a < g u- ^ cfrj- hek* j z&i k[X\ J (Jjksil aLIS =) 

g =f a O&u ^ = 1 (i* 

Jj-iaJl o jjoS cr* 2 -/? J j^Jl p ^ ^ -d ,Jc o* 

p il^a. X n -p J ji=J! S J ot&Jl Ajjki ^ (r-l-r) ;> : flU >4I 

. Q[Z ] J ( J^U) Vij.-jMI <Lla Jj! j^c 

Z 2 -p fjiaJl Sj££I ^ J (^) 2 -/? = 0 <i* ^ 

: 4^ o-o-l 

t$>*-<Jl jja=J! ^f.kjc Lj^ oel i JL^ jIjU K z>k c££ 



Field Theory j^isJljxj^i ( .rw^ r 



[k(a):k] = deg(f) (Y) 
. k J* k(a) £1 jill LAJ ojS {la,...,^- 1 } dfl m ^deg^) ^ W (V) 

jittl : all 

^ : A: [JT ] -> A: [a] 

Jfcr(p) = {g€*[Ar]:pfe) = 0} 
= {ge*[AT]:g(a) = 0} 

^ ^lla Ker((p) « <^LjHl« jUaj J ^.^j JSa. A: J j£3j 

o- ijUl JtU ^jUj j*j * „fl Ker(<p) J J ' 

l Ji* [f] J^A J CASUS (1-Y-V) (> V,j,,,n\\ aL\3 

tiij^^a] uM^-^-^a- g^'^jH >-st l«i 'a&± /t[X] 0 Vj 

k[a] = {g(a):gGk[Xldeg(g)<deg(f)} : U ai 0)o- : (r) , (Y) 

(^ja < J*Li) jxlc <pctfj .(^Ail^l Ajjki (A-Y-Y) Jl, jkil) 

q,rek[X] jLu^bj a& ^ g^k[X] ^ b e Ar[a] JS1 -uli 

uVlj . Z>=^(a) = r(a) g=qf +r,deg(r)<deg(f) a^i^i^ 

b =j3 0 l+^a+...+j8 m _ l a m - 1 j& ^ &,fi,...,j3 mA Gk ^jibs k[a] JS1 



£1 jill j^ifi a" 1 " 1 . ... 4 a t 1 j^UJl J ^1 4 (deg(r)<deg(/ r ) = m jV) 
=) Lki. UlGj. a" 1 " 1 4 ... 4 a 4 1 j^U*]l liSIS 13, . k Jc k[a] 

4 g & k [X ] \ {0} J jia. 4 j££ Uj^I JjSjS (^A^ ^ffimo Jjc- = ULi. iluu 

jj^Jl ojuS/ jV o^li liA j . oiA Jj^aJl ojA^l jL^i a t deg(g) < deg(/") 

((r-o-^) jjui) itjtflo* cij^ 1 

Algebraic field extensions J$AfrU <y>all gUUigjjj V 1 

: t_L jaLi > -\- \ 

jl£ I jj (algebraic field extension) L >a. dSa> jIjI*) K zd k JSaJl 
(transcendental field U»lmL« Ja^ jUUj ^gjj . & ^ Ljf?. AT ^ j^c- <_£ 
. & (jic UaLAo as K j^aic tdliA tjjSj Uiic. i Ljxz. jSj ^ I jj extension) 

: jli iiljc. . JSa. j!.ilal K ZD k jSJ 
c7„ t ... t t7i ^JJJ ' tjjf?- jj^J ^ ' W"* K zd k JiaJI jl£ lij (^) 

A; =^(flt„...,c7 B ) j_&! &p*K vij^atic, 

K =k(a l ,...,a n ) <jj£i «Vi * c> «p-,«„ e ^ ^ ( Y ) 

• ^>Jf?- (j^^Wj ^Jj'' - * jj^J (J*^ jljial jli 

fl£^ j^it <5li 4 k Jc-K £1 jail a*j ja m jl£ IjJ ) : jU >dl 

. k (jifi TjVi^ (A SSj i n n jjc. = oJLoJjua =) AJaJJja # m 4 ... 4 4 fl 4 1 j i nl n \\ jj^J 

• / (a) = 0 jjl> / € k[X ]\{0} ija*. SjuS-^ jJ ae K JSI <s\i ^ j*j 

k K g-l jill (a, 5 ...,aj o-lJ JS1 K=k(a i ,...,a n ) jli -dli Sj^j 

t K=k(a) jlSj it Ijj^ ae *T jl£ lij : ^Ljjl *l j£-YW jU jj» (?) 

.[AT:A:]<co ji (o-o-l) j, gSi, <jli 

o.n 



I Field Theory J^L*)!^^ (CJttJljc-OJt) 

L=k(a l ,...,a n ) <■ LzDk'<&& Jj^Jl y^?J U^,^ c&Hj < «eN\-jO} 
^ AT =^(a,,...,a n+1 ) ul£ lil aM iiiic. . A: a n <■ ... » iLy». 

: k ] = [A: C«i «»X«.+i) : k )P («,,-,«„ ) : £ ] < 00 

jljy tfi ((°-H) j(i-H),>ji(vA) J 6 i#) 

. <_£ jia. jgi ) i> ' Alio ur^' Ji»Jl 

K Dit (JSaJl -il-SLst jj^ifc ■ K ZD k J*^ <jj tdu Z u^il 

. ujjjf?. L zd k i K zd L '• c)^&*l\ CP- JaSij ^Jf?- 
. oyj^ K ZD L 1. LzDk <j\& hj**- K zd k ^ ^aljll t> : t'M ^ 

<uls ili^ . asK o%! j t oyj^ K zdL 1 L zd k t jU• 11 < 1 ^ , j£J jVI j 
Lj^ a (jj^j < a" +1 +&X +... =0 u! ^ V-A ^ ^ 

■k(b 0 ,...,b n ) Jc 

tjz- (y-^-y ) t> Ll^jj A: tjlc. Ajji?. z>„ 4 ... t 6 0 uj^ lSj^ L z> A: <jtfj 

' k Jc Lji* asK oj^i J^ij < lsj^ j** ^ i>j ' ^ [& («) : k ] J &\ 

. Ljja. K zd k uj^Jj 

: jli iiiie . k sjc <jji?Jl AT (jfl ^vusliJI J£ Ac j*sw»L t Jia. iJlol j£ 3 A: jSJ 

^ Dit jijuvi ^ L (^) 

d;j* LzDk Jlja-Vi (*) 

a g L (jli 4 Z, ^ Lj^ a g AT ulS lij (V) 

o . V 



: J 5^ u* ■ a,b eL cM ■ k czL jl ^1 j (^) : >4t 

u 1 * 0 afc" 1 ^ja-b cti -lSj* k(a,b)^k JiaJI 

a,bG L ulSli] L^j^(^^0 <j^!) a^" 1 ' a-bcpk(a,b) J 

: Nasals 

t CdQ .sl.iL.Vl ^ ^ Ji^ ^ (ajj±=JI jI^VI J£ a^j^) Q 

. Q J ^LVj Q Lj^ o&C ^a^^jjVj^j^QzdQ jL£L.VIj 

Construction of field extensions j^jajj ttUUjgl gUjj V- 1 

: 4j jfcj > -V- > 

^ja Jaa. K z*. jj <5li i k[X] tLlj j ji* ij^ f t ^ A: lit 

/(fl) = 0 o&^aGK . jfc-J 

• ^ * := ^ [X X] ^ ^ ' ((^ _Y-r ) >*) ^ ^ 

X G k <5V i f jJjjxjjjx jjjSj A: (^Ic- /? AjAajj 

* + [/>] = />(*) = !>]=>* e |>] 



o . A 



Field Theory jybJi^jjiai (t inain„,;i») 



Jli. [p] J o^Li [p] = k[X] £ o-j ' l=x"'x e[>] : Jblbj 
. (j^aljj liAj 1-ijmnH ibla i-ij.n/iU (Jjla jjc. (j^J jr? ^jfLi JUlUj ^[X]^ -k<-- i 
•(^J^JJ-jjj- cs^Wj) tpbJ P O&J {0} ^ k fjc p Si jj jjj 

(J u^jj Jcei J£ ^-a ) (identify) .ia.jj J LuLaja ^ 
: <uV / _J <>j <>j ;? _H ji^, ^jSj a ;= p(X )eK . K o- Uj>. 

/?(«)= J p(/?(X)) = /7(p)= J p+b] = [p] = 0 
Splitting fields and extension of field-isomorphisms 

( Jia. & djja. t / E k[X ] AjjIj CluuJ J jia. Sja& J£] <Ul (^Ifc LiA <jA jjj jl Jjjj 

<_yJjYI A^. j^ll ^ J-ot Li^) Spaa J-ojC. 

: <JL jju > -A- \ 

Aitt i^-yl j & jjfiSl (splitting field) ^ 3 A: JiaJl i^i-l j] JUL 

^ lj] ( A: Jc JS^ ^ d i L^i JUL) fek[X] 

: a x ,...,a n ,b e K ±*y, <ui * 4jka> J-l ^ AT ^ jiLSS / (^) 

jIj&J ^ ^ ^ Ji*^ ^Liav / J t^i 0) JJ j^Vl j* A" (\) 

. Aokk Jxi jt ^ K z>k JSaJl 

ja Q(;)dQ Uiu . X 2 +le R[X] jjjaJl J^ j* C^IR 

X 2 + le Q[X ] jjtoJ s jiSSl jjLSi JS^ 



: 4-i jlau r-A-^ 

®:k[X]^>k'[X] « (Ujjs jj-jji) (p:k ^>k* c&j ' k\ k c£4 

. jjA^I d»» i^lSkl jtlUl JSLiull 
^ji JS^ ^ /_J f Jl^ a o^j ' (<JJ»31S) Vij . -nH UAS / e k [X ] c&j 

IxJjJalh 0*. jj illic. . & * _ S Jkji Jia. ^ / * := ) —3 t ji^s a ' 4 A: — 3 

<p:k(a)-^k'(a'), <p\ k = <p, (p{a) = a' 

: c'M *j! 

Vgek[X]: (fKg(a)) = <!>(g)(a<) (*) 

£(g («)) = M+4*+-+ V ) 

= + 9(\)V(a) + ■■■ + ViK ) 

=^)+^) fl i +...+#„x fl r 

= 0(g)(a-) 

(commutative) tJI^I ^jSj ^Vl <_&i5l jl tii 



P 

g(a) &k(a) 



+ k'[X] 3h 

P' 
▼ 



Lip] (jjl) Ulijj J£i3l J*aJ ^jJjj-a jjj! ^a. j |j| j 

^0/7 = ^i£7/7 => ^ = ^ 



I Field Theory j^tjojlii { tiMtt,»*-21l) 

(•^j u) ) <P d d 
: (j) _JMiA Jxilb ^jj <ji i'iiVi jVl j 

{Ker(p) = {fGk[X]:f(a) = 0} jV ) feKer(p) j^lj 

JULj ^ U\ia [/] iy-diil aLU jjfc f C&j[f ]czKer(p) d J 

. [/] = ^er(/?) uj^ 

P'W )) = W ))(«') = 0 => <P(f ) g JferGff') 
(p oVj • U^j ^LJ! JS^II J«j ^^(a)-^^') (t^ja < cJ*U) 

• ^ j^J>°J j/* ^ UJ% J J** t^c- (J** t> J- 4 ^ f j^JJ-J-J* 

. (JUmB Ji^ ji— {0} du^ {0} ji JLWiil JiaJI 
: Jx-a^j jib— p(b) be k ^! u^ 1 j 

fla) - ^(X )) = ) = ) = )) = p\X ) = a • 

: t-A-^ 

:> ji=Jl U ^LUai )j) . k ^ oaj^- a,a'e K < J*^ K zd k c& 
jjs. j ^jya jjji Uu>i\b i^jj i k ^ a' ifl(> jLji^l 
(k Jb-s^jll ^uJj ja 1 4 ) (p(a) = a } (p\k -\ k OjSj 

: Jlla a-A-^ 

on 



j Q[X] (J (J*I»3U) Vij . nflti <L15 jj& X 2 -2eQ[X] .ijJaJ a 

(£-A-^ ) (>j . Q J& +72 t> (J ji^Jl JjiaJl a jjoS ^ 4 jl jL-a ±^jl 

« ^(V2) = -V2uj^ ^? ^:Q(V2)->Q(%/2) a^j fjyajj-jjji V^lb ^ 
• V2 ^ V2 ^jj ^ ill Q(V2) <^ jll f jja jj-jjjI ^Ua 0!^ • <p I Q = 1 Q 

: aI Q(V2) y/ ^jj-jijl J£ oVj 
2 = 1 + 1 = ^(1) + ^(1) = ^(1 + 1) = ¥ {2) = = H^Y 

^(V2) = -V2 ji Y{42) = 4l 

jljjl JaSa ia.jj t Q(V2) <^ic. (Jjii ^Uj^j^ajJji AjU JtllLj 

: 4j £j 

®:k[X]^>k\X] < (Uj^ J>a jjji) ->&' . 0^ k' i k c& 

-ola « / ':= )_! JS^ K ' => A: 1 * /_! L ^ ^ K z> k c^^\ 

: o-ajU^aJ! <d ^ : k — » A: ' ^ jjsjj* j JjI .i> jj 

• K' f ' 4£. ^ ^ K J f AC f^JJ ^ (X) 

AjliJl AJaSj ^ ei* j . eita. j iIluu] ^" jjli (V-A-^) J jji^l ^ jU.SOl Jc j 

K \ k Ji / jlixJ joc. r (^ic ^^Ujll *l jsuu^l) : flU 

a l ,...,a n ,c<=:k ^ AAi J^Lj >. K=k cP r = 0 jlS lit 
/•=<DO r ) = ^(cXX-^))...(X-^„)) : J ^/^-^...(X-q,) 



Field Theory j^isJi^ij ( CJl^(^-2Ji) 



&*J&\K'iKtfiq>* k\k^ U^^jVI u%1j r>l uVl o«y 
. AT \& j^a / t> _>&Vl I^a ^ AiL^VLj < ajj^I <>ajj9 

jIL-oVI o* r <^l£j AjjliiSl u^jja K \ Kifi (p * A:' * * I ij ^Vt j 

/' 0Vj./':=O(/") _IUJi />' :=<&(/>) /-J ^ .i» 

(V— A— ^) (j-cj .K'ijS a' y> jL-ap'—Sjjli » £ ' (ji iukk jc. ijLSS 
. ^(a,) = a\ t (p | k = <p uj^ (f>:k(a x )->k \a x ) r jnb>»jj^ 
AT ' iK^f^^ k \a[) « J* ^bjl o^ja jVlj 

0:Ar[X] o^j «(Ujtf5 jj-jjyi) (pr.k^k^ k'^ k 

i f ' •= <§>(f )_J jjLij jSa. AT ' 3 £ ' « / — J Jjiii j* AT Z)& »j» 
o-SL-iJl aJ ^:A: -^AT' (^j^j-W 1 ) J£US ^_*> -J fl' >- 

r(a) = a> (X) 
) = ^(x ) : x e & £^ (V) 



(p:k{a)-^k\a') f jjajj-jJ«i ^jj -uli JjIS jjc g uV : ,-)U 

jVj . ((V-A-^) jiul) <p{a) = a' i xek q>{x) = x 

(n-A-^) j-tAAi/'-Jj^sajL. K'z>k(a } ) if-l&xj^K Z)k(a) 
i x ek(a) ^(x ) = (p(x ) <j_&! V : A: ^ju 

. uSjJI JjSa. Ajjl^a. jj Ajjiaj <j' ^jJaSmj (jVl J 

: A-A^ 

K <^ic. (jLiij / ( Jia. jloial K Z)k ulS 13 ./-I ojLSj JS*. ^ (^) 
./_J ^iLij JSa. ja £(<?,,. ..,a n ) z> & <jli ' ^~«„ ' ••• ' X -a, a^ j& 
f -^jd ' / — 5 K'z) k <■ K z> A: ( Y ) 

JJC JjAaw 6JJl&1 (jjLiall (Jla. (jc ..KVi (ji (jVl frlJalmj^ . ' /* jli^ai 
. Lfljia JSa. i-Jlal yjSj /_J K ID k fjiL& Ja. <_£ (^) 

: LlU ^ 

: £ 6 & 4 fl,,...,fl n G K 4 

• *M J- 1 ^ J Kq,~,a„) c> /c5^ l^j •/ =b(X -^...(X -a n ) 

Jia. / cliLiu IjJ <jV 4 / _J jjLiu <JSa> jA £ (fl, ,...,6^ ) ID k JtaJI .iljltl 

^ Aili 4 aA± JJjc. ^ £(a,,...,a n )z> A: iiLoVI L ^ 

uVj . / =c(X -b x )...(X -b m ) cxA ***.cek 4 b lt ...,b m eL 



Field Theory j>L*)iSo>iii (l ^)UJtp— 2Jt> 



i {b l ,...,b m } = {a l ,...,a n } * n = m J gSfc a^j JJ=^ jlki £(«,,...,<*,, )[AT] 
Z =A:(a p ...,a jI ) oli ijclc^a, a,) jVj 

. S jiiU* (_jjlkJl gjjj ^7 = l t i & = 1 ^ (\) 

J* (*) 6-j • oj& V-^) <> 0) /-I l3^> Ji* ( r ) 



. (jjSj (JjLIu JS^ 




C ^ / =X 3 -2eQ[X] jj*J sj£ jlLJ 
jjSj (o-o-^) <>_, / _! JL. > Q(a 1} a 2 ,a 3 ) ^ £ 6-J 

0 UJ jll (V-A-^) u-j Q Q(a. ) ^ fcljiU uU 

Q(a,) -> Q(a.)^ 0 + Vi + V? ^ fe o + k a j + b 2 a)jz {2,3} 

xeQ(a y )nQ(a,) J<^V . Q(c y )nQ(c t ) = Q a& 7 J^j 

a+Zw. +ca 7 2 =x =a'+6'a,+c'a 2 : o! ^ a,b,c,a\b\c'e Q 

: Jb. Uili / = 3 * 7 = 2 Uiit I jj 



a + b V2 (cos — + / sin — ) + c >/? (cos ^ 



. 4tz\ 
1 sin — ) 

j j 3 3 

1. li 3/^"/ 4# . . 4#\ , ,rr. 2k . . 2k. 
= a +b '•s/2(cos — + z sm — )+c -s/4(cos — + z sin — ) 

3 3 3 3 

I ^jJfc <JjL<aaj (jjijlall ^ (jjAjiaJl (jJe._^aJl oljtuusj 

a +6 ^2(--) +c V4(--) = a '+6 *^2(--) +c '^4(--) 

=>a=a\b -b\c =c' (1) 

: (^gJfc (J»<Tt ') (jnlj-^Ml (2yc_>?^^ »IjLuiajj 

6 V2(^) +c ^4(-^)=6^(-^) +c 

zz>b =-b\c =~c' (2) 

x e Q ui ti' < * = c = 0 J ^ (2) . (1) 0- 
• xeQ uj^i ' ^ = 3 . y = 1 iiS, £ = 2c y = 1 lil JiAjj 



on 



Field Theory j^iaJii^iai c * «>tt ( — -an 3 I 

: j>U y j ^iVI jjjliil! tf i : aj* : j till* 

Q yJe ^ULa # aiJI (!) 
R _J iouu jl^L«l C (m) 
F ^ lj Jf?> U_& F <Jia> ^ _>^C. J£ (_a>) 
Q _J Jta> R ( J ) 

Z 2 -J JSa. Jli-l Q (_^) 

jj^J! ijsi f (a) = 0 lii • « VjJ 6* Q Lj^ QTG C ( j ) 

deg(/"(X))>« o!i^'0^/(Z)eQ[I] 
j j^i ij^si / (or) = 0 I*! • " W 1 i> Q c> ^ ore C uSJ ( j ) 

deg(/" (X )) > w ^ < 0 */ (X )e R[JST ] 

F (JtoJl Lo Jtjfi-I <jj >-» F£X] 15* ^Jj JJC. JjJ^ 8 l£ ( £ ) 

: j^a 
(m) ' ( ' ) 

gi^* ( ^ ) 
(V s — 3 ( J ) 

: 2 t> Q (jlc tijf?- V2 : ^iU. ( j ) 



4*«Ll*l (MfeUU : J4SII 0*11 



(c) 

K J jli-i o4 f :=X 4 + \e Q[X ] : ^u. ( L ) 

& a ^ a ( L5 ) 

(2 i aajj) / :=Z 2 +1 «_k j*i : gj^.n ( ^1 ) 

« (c 2 -l) 2 =5 gl tii C 2 =l + V? J tf-^Lj li» c:=Vl + V5 ^ : LjU wM 
ujSjs / .-X 4 -2A^ 2 -4 Jja^l oj££ jj) • c 4 - 2c 2 - 4 = 0 jti ^ t> j 

Q Jc VT+V? j.nWW o- ^ >^»3i Jj^Jl oj^ ^.j! : f 
/ :=X 4 -2X 2 -4 ' jj^aJl SjiSl jiua yJl + y/S J Jf" ^ : JaJI 

. *jjlkJl ^ jt^Jl j Jia j| ' aj ££ ^ gjj . jjikl) Q[X ] J Urn, nil 

. .la. jli <^xil£ I j] . JaxJ) 

• #:=V#,F:=]R ( M ) a:=l + i , F :=K (i) 
a:=y[n , F :=Q(x) (o) a:=yfn,F:=Q 

a:=x 2 ,F:=Q ( j) a:= Jk+I , F :=Q(^ 2 ) (^) 

or:=^ 2 , F:=Q(/r 3 ) ( c ) := ;r 2 , F := Q(;r) (j) 

a:=j2+lfn , F:=Q(^) ( J. ) 

8|A 



Field Theory j^sIIJuj^ (uJiain-Olt) 



j J a 2 -2a + \ = -\ : a)* £ t>j a-\ = i d> a-l + i (\) 

. 2 i^jjj R t> or = l + / jii juibj af 2 -2ar+2 = 0 
1 l^j^j « ./:=I-a5 eR j j^J) & jiS u> or=V# (<-j) 

a . f :=X 2 -71 g Q(;r) » cr =;r J (jr^ cc-4n ( ) 

. (a-\) 4 =7r 2 cP ^ c^j (cc-lf -7T J iS ^ i a = 4n + 1 (-^) 

4 W^j^j a . / := (X -l) 4 ~n 2 e Q(;r 2 ) ^j^ii i 

a^lao or ( j ) 

. / :=X -tt 2 e Q(/r)^Ji - 6J iS . gt-tz 2 =0 J cs ^il or = ;r 2 ( j ) 

0^ • / :=X 3 -/r 6 e Q(/r 3 ) :/ <J* j*j . d =7? 3 a=7? ( c ) 

(a 3 +6er-;r) 2 =2(3a 2 + 2) 2 cui^o-j ct -3cc 2 j2+3a.2-2j2=x 
/ := (X 3 + ex - Ttf - 2(3X 2 + 2) 2 e Q(/r) 

: ^aya!* 

cj! ij) a. : u. j (JjUM\) Vij.nnti aL\S jjo cjVUJl / j . (i^U 

q Jfc. CtT_S ti ji^all Jj^Jl Sjj5£ ja. jl < 6*eC Ajj^I oIjc^I t> c&i : 0 JUi 



S+i {-*) ^Ul M ^/W6 (i) 

.a 4 -6a 2 +3 = 0 : CP£o*J a 2 =3-V6 J « = V3-V6 : ifefl 

^ijisjij Q ^ y, ,,,, nil %US jjt. f -X 4 -6X 2 +3 ^j^Jl ij& 

a 1 +3 = 2-j2a : J* J&kj a-4l = i J a = 4l + i (-^) 
jj^Ji Sj^S .ar 4 -2or 2 + 9 = 0 Ji tf i (or 2 + 3) 2 = 8or : jli ^ <>j 
. (<4U jjaiJ) Q[X ] ^ Uj.„nH aLU jiLj huL* f =X 4 -IX 2 +9 

jSJ j . I jjuajfc ^ t> F <-iibj dip. t F Alia JiaJ f Jljlsl £ jlJ : 

. q j> uJbu F(ar) J oAjj • n Vj^i i> F Uj&> oce E 

[F{d)\F]=6e^f) J <J«j (o-o-^) ^j.^jig # 
« 7i auil <, F Ji»J t> J±l £\j F{a) c& j ■ [F(a):F]=n ctA 

• (jF J* a J* ^ *'f- •i-^c- (Jj-^ '^-Jj F 1 £-« JSUSSjj jAj 



Field Theory j>iM)tuoj& ( iiliai^2J() 



c£A . F Jc tjj^ a jiJj » F Js^ll F(or) tUu Ujs-i F c^4 • v ^ 

: ^Vl* Sip. j <ljjJaj 4ie jjujull jjS-j j3 G E = F (a) y^s. 

fi=b 0 +b l a+...+b n _ ] a"~ ] 
(The usual basic homomorphism) 



F(tf) = ^(F[X]) 



%(/■(*))=/(*) (*) 
. F ^ l«£L»l*- « cr ^ (formal polynomial) j s j££ 

/? (^)=Z"+^_ 1 Z"- , +... + ^ 

: Jllall Jjju* ^jifrj .« i>» J*J-<al 



7 s 

j3=b 0 +b l a+...+b n _ l a"~ l 

(*) A-aUl Aiji^l iaSS (Jill j 

fr 0 + 6, a + . . . + b n a" = J3 = b' 0 + b[a + . . . + b' n _ x a" 

: r\k . b ,b' e F clua 

(^-^) + (6 l -^ + ...+(trC 1 )^"" , ^(^)^^] ) g(«)=0 
£ (>j . g(X) = 0 uj^ J 4 g^O j 'UjSj L»s = 0 

! (O-O-^ ) Ajjiij £=Jj ? tiji-l <SJji»J (Jliall Ja. t*i&<U JA 

Z 2 [X] ^ kuumU p(I)=I 2 +I+leZ 2 [I] S ^ ; A Jtl. 

ji X lU*11 ^ uj&* JjVI c> <-U^ ^ uj&a Vij.-j-tH aLIS dul£ I jj ajV 

. i-A^s /?(I) = i*o < ^(0) = i^o osij * x +i j-ui 

. (CASLJ ^ (Y-Y-Y) jiij!) 

< 0 + Odf ^.UJI jjSij Z 2 (or) s^iu. <3jUi v Jiio t> . X 2 +X +1 _J 
. 1 + < or < 1 < 0 j^tuJi t> ojSij < \ + \a t O + lor < 1 + 

cir(l + or) = <ar+cir 2 



Field Theory j^isJi^^i ( >^>^n.„atl) 



a{\ + a) = \ J^l a l +a=-l = \ J J l p(a) = d+a+\=0 c&j 

(1 + a)(\ + a) = 1 + a + a + a 2 

= l + 2a+a 2 = l + a 2 = -\a-a 

(p-v->) <>S£± >ba) : i J&> 

• m[x ] fifei uis- oj^j 2 +i] d* ■ K[x] j y*« 

t-fl r+LY 2 +l] /u. reM (identify) . 3lk M t x |/ , uj^j 

c /[X +\] 

. J^ R [^/, 2+ i M L^b . «r:=X+[^ 2 +l]=:X 

a 2 +\ = (X +[X 2 +l])(X + [X 2 +l]) + l 

= X 2 +1 + [X 2 +1] = [X 2 +1] = 0 (KJ^\ j-iJ) 

. X 2 + 1 ^ & jiSl jL-a J I 

Jc yi* j^jas LiA UiSl • "f ji-Jl V X 2 +1 J jJaJl "»j££ tM> 

. Jaaa ALaaJl jljcVl ^ <> Ui. X 2 + 1 -ij^Jl SjjfiSI jL-a j AjbtoJI Jl JftVl 

>^ a l«J X 2 +1 Jj^l : (3jUJI A Jllc ^] SjUVU : j > Jl« 

. J^ksli Ioa ^ji . (Z 2 (a))[X ] ^ «M J.I jc Jks J w lo^j . Z 2 (or) 



X -a 



X +a+l 

X 2 +X +1 



+X + l = (or+l)X +1 
aX -a 2 +X -a 



l + a 2 + a = 0 
(X 2 +X +1) = (Z -«r)(X +or+l) : J J 

jiu*\ '4\^ 0 4fdJ*&j i .f:=2X+i(=Z 4 [X] = lUg* 

. Z 4 tiii^ 4ik 2uf ^ 

3bi ^ AiVj <*Ui£ . 2« + l = 0 (1) : d& f -J Iji— «T Ijj : alt 
0 = 2(2ar + l) = 4« + 2 = 2 = ^ M '4a = 0 ujSj Z 4 Jc ^jj^ 4ik 

. X 2 + 1 _J ji*. a l^UI <\ Jli. Jl £ j^JLi : > t Jll4 

. XAxL. Jxl jfc t_)jj-ia Jj-aLa. oj_y-a ^^Jc. ( . u£j ^1 jSLaJ X 2 +1 (jj ^^C- (jA jj 

: jli ^bj . = X +[X 2 +1] M : jJI 

(X -a){X +a)=X 2 -a 2 =X 2 -(X +[X 2 +1]) 2 
= X 2 -(X 2 +[X 2 +\~\) 

X 2 +[X 2 +\] = -\ + [X 2 +1] U^CijBoaS^j 
tjjSj Ij^jj 4 — 1 + [X 2 +1] t - 1 ija <ji Jc USsjI ^SSj 

(X +a) = -(-l)=Z 2 +l 



Field Theory j^bJi^^ki ( »iJUi,»— ify 



: J Ji*V • / :=X 2 + le Q[X ] jj^Ji sjs jpd : jil. 

Sj^S JjLSi Jto. j* t>yJ C u£J 4 X 2 +1 = (X -/),(«' =yFl) 

Q(i):={r+si \r,seQ] > l^LLa Ji^ o^j « / ^j^ 1 
j\a ^iS .K ^Je / J^LS Jk j» C jli (Y-A-^) ^ U£ Uiu 

6^ til X 2 -2=(X-V2XX+V2) Sjj-B ^ l^US <j£-i * 2 -2e Q[Z] 

Q(V2) := {r +5 V2 | r,s e Q} j* l#LLSs JkjSIR ^ l^Lks 

f :=X 4 -X 2 -2e Q[X ] s J&l ^ : u JO» 

/ :=X 4 -X 2 -2 = (X 2 -2)(X 2 +1)<eQ[X) 

v*hj ±>/2,±i ^ ji^Sn (X 2 -2)(X 2 +1) : jjj*Ji Sj£S jU*J jUjUj 

Q(V2,0-Q(V2)(0:={«+^" \a,0e Q(V2)} 

= {(a +Z>>/2) + (c +d V2)z | a,b ,c,d e Q} 
/ :=X 2 +X + 2eZ i [X] ^\ iJS\ j^US ^ M » J&. 

/=(x-(i+o)(x-(i-/)) 

Z 3 (i)?={fl+W |«,^eZ 3 } 

j.nU J (>~V->) AjjikiJl (J« = >VI JuJl jUjV J 

0\0 



1 . JH. jlijlj/^lfi. ^\ X -J3 jji A^YI iljkJl A^il! 



AT +09 + 1) 



Z 2 +X +2 

+ +2 
{P + \)X-p 2 -/3 
j3 2 +j3 + 2 

,0 2 +/? + 2 = O 



f =(X -P)(X +p+\) 

= (X -p)(X -2p-2\p = X +[X 2 +X +2] 
F[X] ^ (Jakaii) Will <Lii ^ i^as i a jii 

F(a)^ X V 
t{a) ~ /p{X) 



I Field Theory J^bjic^jo&i ( CJUlt,w-2J() 

I, j>, ^lAiiuoU) ^bij . / :=X 6 -2g Q[X ] jj^Ji Sj££ jit* : n 

: J ^Jalj (o-D-> ) tjnWn . Q ^ ^2 -J c5 jJu^l! Jj^Jl Sj££ ^ 

Q[V2] = Q(V2)-^^/. 6 _ 2] 

{1,2^,2^,2^,2^,2^} 
: J tf l < Q JiJJt Q(V2) ^Jl eH jiU uAJ 
Q(V2) = {a 0 +a,2^+a 2 2 % +a 3 2^+a 4 2^+tf 5 2^ |a. g Q} 

Q(V5) j—Uc. <-L- : W lSH» 

X 3 - 5 ij^Si -o jiSJ >^ <uV Q ^^^^5 : sM 
: cjjfrj Q J* ^jiHuiJ {1,5^,/ 3 } uj^ (o-o-i) 

Q(V5) = K+a,5 X +« 2 5 % |a ( .eQ} 
Q(V2,V3) = Q(V2+V3) 

V2+>/3gQ(V2+V3) : "c" 

(V2+V3)-'= r r =V3-T2e®(T2+>/3) 

(V3-V2)(V2+V3) 

V3->/2,V3+V2g Q(V2+V3) J t*i 

V2 g Q(V2 + V3),V3 g Q(V2 + >/3) 



>&jUI (> jjc . Q X 3 -1 Jj^Jl Sj^Sl JjLiill jSa. ^.jl : \S Jti. 

. Q(a) J^Sl! J 

Z 3 -1 = (X -1)(X 2 +X +1) 

= (X -l)(X -(±^±))(X -f^^-)) 

Q(>/^3) J* >— I jikaJt JjLiiJt JS^ OjSj 

Q(ff) j^Ut Ou. : Y ♦ jOj 

J jj . (o-o-^ ) Aj^^I Male. ^Jajj ^yia. Q (^ic Ljia. hie ^ ft : J*JI 

QW={ fe > + ... + ^^J a " MQ ' f '^ 0> 

,jj5u ^ Q[X] ^ />(A) ^ 8j££ ^jl : 1) 



Q(«) £ «^(X)] 



: ^VIS (0-0- ^jtjB 

X =Vl + V5 ^Z 2 =1 + V5=>(X 2 -1) 2 =5 
==>X 4 -2X 2 -4 = 0 

: uj^ 1 ^ a,b,ceQ ^jl : YY Jll* 



(2-^2) 



Field Theory j>isJiSvj>iii ( ilO,w2Jt) 



: jV sjja. j* c t b t a ji 
il + ^ 2 _^ ) eQ(l/2) = {a+b\f2+ctl4\a,b,ceQ} 

• Q J* Q(^2)^i 1 1 jiBU-l {1,^2,^4} ujSl^ J Z 3 -2eQ[^] 

2-1J2 

=>\ + \[4=2a + 2b^2+2c^4-a^2-b^4-2c 

:Q Jc —3 o-U {1,^2, V5} 0 Vj 

=> 2a-2c=l (1) 
2b -a = 0 (2) 
2c -6=1 (3) 

: J ^ (3) i (1) i> 

2a -b =2 (4) 

5 2 4 

c =- <Jc Ji-^aJ (3) ^ (_>iuj«^Uj . b =— ' a =— : ji gSij (4) 1 (2) t> 

6 3 3 

(i=yR) Q4-i)=Ql+i) j^^ : rr j\k 

: ^Vli 4-1 € Q(l + l) gi rifri, : ,'jU 
. 1-*gQ(1 + 0 J 5^' -l+/e Q(l+0 u'l £^ 1+/,-2eQ(1+i) 
: ^Vl£ 1+/ eQC4-/) u' J^W A-ieQl+i) J g# 3gQ(1+0 



J leQ(4-/) dUiS . l-/e Q(4-0 J ^ 4-/,3eQ(4-/) 

. l + i e Q(4-0 ji^/e Q(4-0 

a,6 g Q +byfl Sj^-ll ^ (3 + 4V2)" 1 i> : Y< JV^g 

: JaJl 

(3 + 4V2)-= 3-4V2 = 3-W2 = _ A + ± ^ 

(3 + 4>/2)(3-4>/2) -23 23 23 

. Q(V3) ^ JSU^Y Q(V2) J Jo 0* j* : to JO* 
: (<> jja jjx j jjl) JSUj ^jj Ail J Q(S) Q(>/2) jSJ : flU alt 

^:Q(V2)^Q(V3) 

: j& £ o-j • (p{4i) = S d? <p\Q = i q oie'j 
2 = ^(2) = (p{4i.4i) = (p(S).<p(J2) = V3.V3 = 3 

Q(>/2) J *jS>ll JjLJl ^ ^j! : n Jli. 
00 ^ lP) • Q JJ^JL. ^Vj Q(V2) J ^> Ji* Q : JaJl 
j> . Z ^ Ja^l ^ • Q(>/2) =5 Q JLJI jIjEU ^ ^ Jj^ 

[Q(V2):Z][Z:Q] = [Q(V2):Q] 
tfji-J jjtoJI Sj^S / =X 2 -2 jV [Q(>/2):Q] = 2 (0-0-^) <>j 

[Q(V2):Z][Z:Q] = 2 



or 



I Field Theory j^^s^iu ( iUU)in-2]t) 

.L=Q(S) JL=Q J J [Qcl2):L]=\ J [L:Q=\ J |j» 

jj^l 1,6;,..., CD"' 1 ^ Q(y[a,G)) Ji (UmJI JjiaJ SjiS jbuJ : JaJl 

F 3 o- ajj^ uj 2 ^> F c R Lu> ( i ) 

is ^yic 5 t> tjjf?« e + n o& £cE bj js» (s->) 

: 

X 3 — a jj^aJI ojjj£1 IjLua (JjSj j! jp J**^ 3 a- 4 

jjo jjiJl Sjjj£ ji Jaa.V • F=Q(7T i ) jjSjS = 7? jib . fl£F Jlua. 

£" = Q(e,/r s ) a&u 5 -(e + 7if u* j j^Ji - aj: ££ ( i ) Ju (^) 
Z 2 [X ] J (Uu n} '\\) Z 3 +X 2 +1 J c> o*J* ( 1 ) 

jjC. (3jlui la£ lill j£ JUL) 

. Z 2 JtoJS JiLol J X 3 +X 2 +l jj^aJl Sj^SJ I >^ « M 

4 j* jUuU (Z 2 (flT))[Z ] ^ 4aki J-S jc ^1 Jk£ X 3 +X 2 +l <ji ^Jc. £A jj 

on 



0- ^ W uj%a Z 2 [X ] J Jjkill AL15 / :=Z 3 +X 2 +1 CuK 13 : ^ 

J /(0) = 0 ujlij « 7 = 1 ji 7=0 QjS3 lis^j Ijj f jli 1 ( 0 U 

./(0) ^./(1) = 0 

/(6) = 0 + 0 + l = l*0, 
/(1) = 1 + 1 + 1 = 1*0 

. (Z 2 jj^^Lis j^^i) Z 2 [AT] ^ JJ^Uis /jij 

^+^«r+^or 2 , 4=6,1 (*) 
^Vis X -or J&^jkoA^J X 3 +X 2 +l r «i\>« 
X 2 +(a+l)X +(a 2 +a) 

X -a 



Z 3 +X 2 +l 
X'-aX 2 



{a+\)X 2 +\ 

(a+l)X 2 -(cc 2 +a)X 



(a 2 +a)X + 1 
{a 2 +a)X -a* -a 2 
o^+a 2 +\ = Q 



Field Theory J^iaelljoj^j ( a«*h | ...^h ) 



Z 2 (ar) J f = Z 3 +Z 3 + l -J>- « uVa 3 + or 2 +l = 0 

: |* jtul) Z 2 (dr) ^ AjjLull _ > uaU*ll Ajjau SjJl »iA ^Vnnhnj 

a 2 . 1 + tf+a 2 « or+<* 2 * 1 + or 2 i 1 + a * a 2 » or . 1 * 0 

or 4 + (a+l)a 2 + a 2 + a = a 4 + a i + 2a 2 + a 

= a 4 + a* + a = 0 

(2=0) 

. jpJl (Jxlc ts iAj i Aillil! A^j^ll t>» -ij^ »Jd^ -A^ 3 2 +1 (j\ Llua ,jx j 

: -a 2 Jc X 2 +(a+l)X +(a 2 + a) 

X +a 2 + a+l 



X -a 2 



X 2 +{a+\)X +a 2 + a 
X 2 -a 2 X 
(a 2 +a+l)X +a 2 +a 

(a 2 + a+\)X -a' -ex" -a 2 

a 4 + (X s +2a 2 + a = a 4 + of + a 
(Z 2 ^2 = 0 JJi*v) 
.Jju- us ^(cir 3 +«r 2 +1) = 0 ^jL-j j&j or 4 + or 3 + or ja jl 

: ^VlS Z 2 («r) Jc X 3 2 +1 Jk2 u^! 

X 3 +X 2 +1 = (X -a 2 )(X -(a 2 +a+l)) 



( Z 2 (a) J a 2 + a+l = -(a 2 + a+l) JJ&»Y) 

CdQiCdM : ^JiLtf! Lt : r> Jilt 
^{1,/} uV c 2 CdI iiUV!^ j^i [C:R] = 2 : 

. [C : Q] = 00 . K C j-i jill LU 

[Q(V2,V2):Q] ^ji = n JO, 

: JaJl 

Q(V2,V2) = (Q(V2))(V2) 

[Q(V2, ^2) : Q] = [(Q(V2))(V2) : Q(V2)][Q(V2) : Q] 

= deg(X 3 -2)deg(X 2 -2) (0-0-1) ja) 

= 3.2 =6 

[Q(V2):Q] = 6 ijli-o-j 
•0(4/2) oV Q(V2,^2) = Q(4/2) J, <%/2,^2) = Q(V2) J 
6- -oli ^Sljll . Q JLJI ^ u^l> lhL-Vi o-ii L*l Q(72,^2) 

(Q(V2,V2)3Q(V2) ji LU^Ijll 
: J ^ Q(V2) = Q(V2,V2) dje^jjij^ : 

QcQ(V2)cQ(V2,V2) 

=> 6 = [QV2, V2) : Q] = [Q(V2, ^2) : Q«/2)].[Q(V2) : Q] 

= [Q(V2,V2):Q(V2)].6 
^>[Q(V2,V2):Q(V2)] = 1 
E = F(l) = Foli [£: F] = 1 o^j (u^) F —I Ui-l £ W ^ 



Field Theory j>2j*)tjojJij 2J»> 



[Q(^,V5):Q] a^jJ : rv JH. 
Q(V3, V5) = (Q(V3))(V5) n Ji!u J ^ t*<; : ^ 

[QV3, V5) : Q] = [Q(V3))(V5) : Q(V3)].[Q(V3) : Q] 
= 2.2 = 4 

« Q(V5) JLJI Jo Q(V3,V5) J~Jl g-ijill uAJ {1,73} : ^> 

Q JLJI Jo Q(V5) {1,V5} 
UJ {\S,4~5,Jl5} J {l,V3,V5,V3>/5} uj^ W ^ lMj* o-j 

. Q JLJ Jo Q(V3,V?) J^l g-ijill 
Q jo ^/^3 + V2 j.n»n ti jj^ji 1 j& j^ji : vr jti« 

J l5 *aSj I j* . X = + V2 ^ : JaJ 

X 2 =-3 + 2 + 27^6 =-l + 2V^6 
X 4 +2Z 2 +l=-24 : uMlj • X 2 + 1 = 2V^6 J J 

. q jc; wan alu ^ j 4 i 1*1 >-> V^3 + V2 J i=.v 

£ = C jl£=RJJs.0Aji.R UjS-I E l&I : tt 

R ^ E J £lua R J5=J1 4Si* £ JiaJI : ,-jU wtt 

2 = [C:R] = [€:£][£ :R] ( ^1 ^ Ja <>) 



[C:E] = \ ji [C:F] = 2 
. F=C jl^ [C:F] = 1 <F=R ui^% [C:F] = 2 

«d ^jlLuu Q(yfe) = Q(y/b) d t> i>Ji ■ 6 ^0 c <2,Z) G Q = y° d&g 

. a=bc 2 <jj^ c g Q ^jj 
. yfaeQ jti ^Ulbj . >^"g Q : JjVl *U*JI : Uj^l : ,- t U wit 

r 

. a=c 2 Z> d lsS c Q 

. a = &y 2 cP £ <>j x = 0 d 
((r-r-i) jtii) ga^ . / .-ar 2 +6X+cGQX] jfil = D 



-b±-Jb 2 -4ac 
a : jjli /_J T ji^ Of jt£ I jl : JaJl 

2(2 

. ,0 G F(tf) . F Lj^ aeE l F UjiL.1 F oSJ : rv J&. 

F JiaJl (^le _>^ii*il j> (Jjiu^i -ijAaJl SjjjS ^ (J : Jgjj 

JS-IL,) [F(ar) : F] : ^ F cM Jj or u ^=J» 

FczF(JS)cF(a) (PzF(a) 
=> [F(ar) : F] = [F(or) : F(fi)].[F{0) : F] (^t ^) 

on 



Field Theory J j ^s\^Jiu ill) 



jj^J! %J& cjj& Q(V2) ^ >-je. J *jV . 3 Q(>/2) 

. 3 l^jJ Q Je. -d^ji^l 

Q(V3+V7) = Q(V3,V7) o'l^u*^ : 
cii ^ + V7gQ(V3,V7) J V3,V7gQ(V3,>/7) : jU ^ 

(1) . Q(V3+V7)cQ(^,>/7) J 
J t ^S* + Q(V3,V7) jVij 

(V3 +V7)" 1 = r r 6 Q(V3+V7) 

(V7+V3)(V7-V3) 

V7-V3eQ(V3+V7) : ^ ^ «> j / «sQ(V3+V7) J tf I 

4 

cii V3,V7eQ(V3+V7) d* J&ij < >fe + e Q(-& + Jl) c&j 
. s ^ MJ ikji ^ (2) , (1) o- . (2) Q(V3,V7)cQ(V3+V7) J 

Q > Q(V2,>/3) (I) 

Q > Q(V2,V3,V5) ( M ) 
Q(V2,V3) = (Q(V2))(V3) (I) 



[0(72,73) : Q] = [(Q(V3))(V2) : Q(73)].[0(73) : Q] 
= deg(X 3 -2).deg(X 2 -2) = 3.2 = 6 

t-U {1,V3} « Q(73)(72) z> Q(73) jI^OU UJ {1,72,74} iiSi- 
{1, V3 , , V2 V3 , V4 , V3 } 

jj jts) 0(72,73) z> Q ^i^U LaJ 
Q(72, 73, 75) - ((Q(V2))(V3))(V5) (-) 

[®J2,S,&):Q = KXV5,>S,V5):QC>/5,V3)].[Q(^,V3):QCV2)]. 

Vj^l Vj* [0(72 ) : Q] 

= deg(X 2 - 5).deg(X 2 - 3).deg(X 2 - 2) = 2.2.2 - 8 
{1,73} « 0(72,73,75) =>Q(72, 73) ^LLi {1,75} 
0(72) => Q jIji^U L-L.I {1,72} c 0(72,73) => Q(V2) jiiuSU uJ 

(tjjf"> La^) f>J O^J • 

{1, V2 , 73 , V5 , V2 73 , 72 75 , 73 75 , 72 73 75 } 

0(72 , 73,75) 3 Q i^U uJ 

Q(72+73)3Q(73) (v) Q(72,76)=)Q(73) (I) 

aV2,V6-h/lO)3aV3W5) (.) Q(72,73)3Q(72+73) 

(i) 

[0(72,76) : Q(73)] = [0(72,7273) : 0(73)] 
= [0(72 , 73 ) : Q(73 )] = deg(X 2 - 2) = 2 



Field Theory j$2s*}\^ja> ( CJ£ltn„,«n) 



M 

[Q(V2+V3):Q(V3)] = [(Q(V3))(V2) : Q(V3)] 

^ A Jli. 

= deg(Z 2 -2) = 2 

{1,V2> jjju 

[Q(V2,73):Q(V2+V3)] = [Qkl2,S):®j2,S)]=l M 

U Jli. 

{ 1 } (J"^-"iVI iaalmj 

[Q(V2,V6+>ftO):Q(>/3+V5)] ( j ) 

= [Q(V2 , V2 (73 + V5 )) : Q(V3 + V? )] = [Q(V2 , V3 + V? ) : Q( V3 + V5 )] 
= [(Q(V3 + V5))(V2) : Q(a/3 + V5)] 
= deg(X 2 -2) = 2 

{1,V2} (j-L-Vl j^ii- 

LlJJS*. I^I^Lal (jjfLl <Gi« Jia. jljU J£ (^ ) 
L$jia bljlal jjSu JiaJ LSJ^ <-£ (^) 

"£ISJ!"JLJ] L&a h\£J JjS=J Ajfrii- Obl^i t> Aii, "jr jj 1 "JLuB* JLJI (r) 

c 
I 

(R dil i Jli- . Jji=Jl t> (tower) "U j/ Uul j) 



j jia. J jjjS J£ tiul£ bj (algebraically closed) U^x «uj F Ji^ J&) 

( F J l«] ^ tttf jjfc 
R Jib Ljja. iili- Q (o) 
aJ 1*t <i jic. C(X) JibLj^ASlix C (^) 

«14- C(Z ) (v) 

C jV « (algebraic closure) g «a ^ o-J C(X ) JiJl (a) 

: jli jj-iic. . F JisJl bljl»l F jSLJ) 

F £ := {ore £ | F ijj^ a } 

(E J F -I ,< <ctey» ^ , F o- c^> ^ j* 

jL^Jl cSjUu Ljja. (3^<> J*=> cs' jf" 0) 

F -J IjIjIoI jjjSj F cia c F JtoJl tjj^ Uli-o F I jj ♦ ) 

.^U^bJlj . (1) , (r) « ()) : 

jL^lkU t#AJU fi) Q ^Ljj^t jJl iljtVl Ji^ : Q lM : tT Jll* 

V»LA* i jcl 4iV t Q ^ Ljj* t£*tj tluJ C cjSl t R l5 lP^] C 

Q _ ! u Jf> ipW Q lM 

a jjjS j£ I jj JaSa j CJS. I jj Lji^ Uii-a jjfL F JSaJI (jt jA jj : £ £ JCu 

. 4jLi Jj jo ^1 Jkjj F[Jf] ^ jJft .J jJa, 

. F[X] (^a A^Ij jjc. Jj^ a jjjS / jSal j . Ljsa. ISlix F JtaJI jljl : t"jU >Ji 

X- a uj^j ^liiaJl <jj^j ^ (Y-Y-Y) jxj . ae F jL*a / jli jj.ik. 

IgJ Oj^jS CLumJ g CjjlS Ijj jiaic . f =(X -a)g jjSj t'nv; ; / _J Xalii 

<Ljyi ai$j J j^VWj • / = (X -a)(X -b)h uj^j 1 beF jL-a 



Field Theory jj2*li5o>iai (liiiai,*^ 



F o& »JS*j . /-J t UJ £i 1 ^ 5l-le <zT 0 \£ |a 

J « ^jlai Ajjf?. <1 yjS^V ^jf?- c3^-° (-5**. (_?5 ji Jo jA jj : £ a Jlla 

Jo a —3 ti jij-oJI j jOaJI s jjj£ t o jJiU* ^LsSl £ £ Jlia <jx> UpJa i ae E 

/a) , F -1 U j* J] ^ a c^l£ I jj . / e F[X ] : *1 Jtl» 

• F J 41 a ji Jo ^ . F Jo 
?(/(fl)) = 0 al^geF[I] ^ J( ^FJo^^) • wll 
. F Jo ajjj^ a J J go/ e F[X ] ^ (gof )(a) = 0 <i »Um Ija j 

Q(V2) Jo (V^) «AS j£ X 2 -3 dj*u*j> ■ tv ^ 
^ a + bl/l+ctft '» jj^il Jo jjSj Q(V2) J _>^o ^1 : jU >4» 

Jo (J^) kj-rtll X 2 - 3 ^ I jj j . ( Q Jo ^2 ji-sJl cs >~JI 
: ojSj ^ <M>,c eQ^ji^ jQfi)^ Jji^^laj^i ^Q(a/2) 
(a+oV2+cV4) 2 -3 = 0 

a 2 +4oc + (2c 2 + 2a6)2^ + (6 2 +2ac)2^ =3 

: 0 U « Q Jo Q(^2) J^^ljiU u-U {1,2^,2^} u!^-t>j 



a 2 + 46c = 3, 
c 2 +a£ =0, 



(1) 



6 2 + 2ac =0 



(3) 



a 



= ±V3 J iS ^Sk i b = 0) . b * 0 iLf 



(4) ^0^(2) 



. c*0 i a = (5) Jo J__(3) o*j . (a€ Q o— 

2c 

(6) J-^ (5) « (4) j> . (JA-B u^lUSB o_ J) c = 0) 

1 6c 
<_>— L£ liAj a = ±— = : ^ J__- (1) (6) i> o^j^j i a 2 = — 



Jw Q0' , V5,-V5) => Q J_ll Jljltl ji : JH> 

. Q(i ,-/ , V5,-V5) = Q(i + VJ) J J* u*^ = _j> 

: ^ftlS : "d" >V! *l j_VI J* Jj\ jA jj_ . g_Jj : "3" 

/ +V5gQ(/ +V5)=>4+2/V5=-l+2z>/5+5 = (i +V5) 2 gQ(/ +>/5) 
=> 14/ + 2V? = (/ + V?)(4 + 2/ V?) g Q(/ + y/5) 
=> -12/ = 2(Z + VJ) - 14/ - 2V? g Q(i + V?) => / g Q(i + V?) 
=> V? = / + V? - / G Q(i +>f5)=> i ,-i , VJ.-VJ G Q(/ + VJ) 



2 




{0} (t) (0,1)0) 

{'.^2} («) {0,1,/} (r) 

R 0) {V2,V3} (o) 

R u {/ } (v) 



Field Theory j^2*JiSo>laj ( »Utyi,»— ill) 



Q 0) :M 
({0}^>J1 

{p+«?iM6Q} n 

{a + ib +^2c +ijld \a,b,c,d e Q} (i) 

{a+b^ + cyfe + dyf6 \a,b,c,d e Q} (°) 

R (1) 
C (v) 

Q(0 00 Q(V2) 0) 

2 _s jls=ji jM ja a ^ Q(a) (r) 

Q(/,VTT) (o) Q(V5,V7) (£) 

Q(>/2) = {a+fe>/2|a > 6eQ} 0) 

Q(/) = {a+W \a,beQ} (Y) 

Q(or) = {a + 6 or + c a 1 | a, 6,ce Q} (r) 

Q(V5,V7)= {a+feV5+cV7 +dS5\a,b,c,d e Q} (*) 

Q(/,VTT) = {a+Zj/ +cVn+^VrTi |a,Z>,c,^ g Q} (o) 
: Jiill ^1 £ (f) o- ^3>JI JjLJl . K = Z 2 uSJ : o> J&i 

*(f+l) (Y) *T(; 2 ) 0) 

^ 2 +l) (t) i^ 5 ) (r) 



«**u2i ^ftUif: Jsiluui 



: JaJl 

K{t) (Y) 

5 djli&LJax Vg^a t CA jauuSI l£ ^ (J*^ j^Vic. (V) 

(1) (£) 

t IU.,,,1 Lljla. tjljlal jjl) 0 ^ t 0 . ^llo ^ JjSaJI Cjbljlal jJC : »t 

(i) aljloVI J oW 1 ^K'"0 tiJ^?- (°) i.sl»VI .3Wj,..j Ajjf?. ^IjVl 

Q(>/5,V7) = Q(V5+^) 

. ii , ii . i i .i .ii — ,'1 

V5+V7 (V7-V5)(V7+V5) 2 
V7 - V5 e Q(V? + V7) =^ >/5,>/7 g Q(V5 + V7) 

Asti j^c. i^l Ai Ji* (^) 
<aU jjc. (jji*. «d Jaa. JS (Y) 

Ljia. (jj^J Vijxil (V) 

(iLij^jjjl) aKLSLo oj^ ajj^I Jli-Vl JS (o) 

AKLii- jjSj U JU <ku^ll V-LuaJl cLi!j!^,VI <J£ (1) 



Field Theory j^bJiSu^iai ( ii)UJi^-a«) 



( JjkjU) hj.ifiti ALU jjfc USh uj£ Jj^l ^1 (A) 

^LU^Ulj A^^ (V) t (1) , (^) : J^l 
F JiaJI ^j&J £ 2 • AT, olJj . F JS*J1 UJi-l ^ cjSjI : Qi lSH» 
J , oaJj! uP^ [F 2 :F] * [F, :F] ^ • K JbJI 

£,n£ 2 = F J E X =E 2 
: jjij a* jjll Ajj^j j> Ajlfl iitfc. .E x nE 2 ±F <J4 '• ^ 
[E l :E i nE 2 ][E ] nE 2 :F] = [E l :F] J J 
£u*JJ m [F,:F] jV J4 [F,nF 2 :F]*l & E l nE 2 ±F <£j 
E 2 =E x nE 2 J diAi JUL, 4 E l =E l nE 2 J J ' [F 1 :F,nF 2 ]=l J 

) lil . F JS=J1 UjCUI F ^ ^(X )g F[X ] jlJ : Jti. 
o^j » (F[X] yfl AtiK- SjW»j) F (V.j-".^) aLIS 
OAji jjc a£>1« ^tjS L^iu o-J ^i) (deg(p(X)),[E :F]) = 1 

. F OjkSll aLIS J 
: J Vjl Ji^V . F _1 U jIjSxI p(X) -11 a jSi : £U >4I 
: csliis . [F(a):F]<[F(fl):F] = deg(/?(X)) 

[F (a) : F(* )][F(a) : F] = [F (a) : F ][F : F] 
« ((deg(p(X)),[F:F])=l uV) . [E(a):E] r ^,deg(p(X)) J ^ 

deg(p(X)) = [F(«):F] 
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0 


1 


a 


B 




0 


1 


oc 


B 


0 


0 


1 


a 


P 


0 


0 


0 


0 


0 


1 


1 


0 


P 


a 


1 


0 


1 


a 


P 


a 


a 


P 


0 


1 


a 


0 


a 


P 


1 


P 


P 


a 


1 


0 


P 


0 


P 


1 


a 



t_lLiia. JjOj - JjSaJl J^c ^ ? Z 4 JSLij JsaJI IjlA Ja . djiaa j ^ jVl Alia. .la. jl 

. !/Uia ij^J*^ J"^' (j' L>* cj'^'ti ti ' ll 3 ^ 
V e_i JiaJ! . 2 jA - - JSaJl . Z 2 jA ^jVl JiaJl J ^1 J 

Jia. ia.jj . (sia.j3l j,,Vir. Cllj Aj1I.1j) Aiia. jA Jj) ilia, (jaj Z 4 jjV ^ 4 

. Aj^lLall JjiaJ! (JJjJlj Lo-lic. (_J jloi Lo£ I j i /i\ \c Ajuji (jx iaikJallj (jjSll .laJj 
^ AjjVI j^U*!! "Sjii^l" Jjiail ^ ^jJl^I JjJaJl CjI jaS ia.jl : 6V lM* 

ieCdQ ( i ) 
i e C z> R (m) 

(V5 + 1)/2gCdQ (j) 

(i V3-1)/2g CdQ 
JjVi aIL. P t Sj.su. ^lji on ju. ^ JiaJi K ae K ^ P (j) 

flf 2 =?+l < J^a-o jjfc fcUia. «6 Z 3 (0(<^) => Z 3 (0 ( j) 

oil 



Field Theory j^uJit^&i ( ^JUH ,»■„«<») 

/ -=t 2 +\ ^ i u >*-ll J j^Jl '»J& t 2 + 1= 0 <j\i t>j * = i M ( I ) 

( f ) JL. Ul£ ( M ) 

/=* 2 -2 ^ tf >^ll j j^JI SjiS oj^a , t 2 -2=0 o\±£o*jt=fl t^i-^-) 

r- v5 +1 

« 4t 2 -4t+l=5 : f5 o-j 2T-1=V5 : jla JUL, f =— ^— ^ ( j ) 

/ :=? 2 -f -1 : ^a^>^1I SjjSSjjSa ? 2 -f-l = 0 Jtfl 
4 2 +4+l=-3 : uli f5 6-j 2t+\=iS d c*-^ 1^ ; = / ^~ 1 ^ (^) 
/ :=t 2 +t+l : ^tiji^l Jj^JISj^uj^' f 2 +^+l = 0 J J 

.(2=JiaJl >«) / :=f 2 +?+l ^ J t 2 -t-\ : o^lsJ^ Jj^J! s J 
(/? = <z + l l p 2 =a < Jj^l J !*»-5 ^IUa J J^v) 
/:=X 2 -f-l : ^ ^ji—ll jjj-JI Sj^S ( j ) 

= * +l-f-l = 0 <Z 3 (0 JJ^^ 

(r) 

K <> Ijj^uj^ C J >^ J£ (£) 
Q Lj^ C J J> Ji- Ji- j£i j* i^Vl JS- (v) 



L Js^ jI^V jliUJl tjLiJl £-1 jsl! ^LSL. jjj^! ifJ-i. £1 J l£ (A) 

L^ila (jj^J Alia JiaJ jljlal (S) 

^U! . <^ (A) , (V) , (£) , (r) i (Y) : JsJj 

: Ui£j J Ui^ UiV C ^LiiS X 3 - 1 £ Q[X ] :>j^l & j££ : M 

Z 3 -1 = (^T -a>)(X -co 2 ) 

) 1 Jlo ^ liSl <y = e 3 J <jt t ,3aJ jil Ajaj*£j1I jjiaJl 1, Q), CO 2 lilp. 

X 4 -4AT 2 -5e Q[X] Jj^Jl i : n> J&* 

X 4 -4X 2 -5 = (X 2 -5)(X 2 +1) 

= (X -yf5)(X +V?)(X +0 

/ :=f 5 -3? 3 +* 2 -3e Q[>] jj^aJ s j^s jjLsa Ji*. : 

/ :=? 5 -3f 3 +f 2 -3 = (f 2 -3)a 3 +l) 

= (/+V3)(/-V3)(/+l)(; 2 -;+l) 

= (, + V3)( f -^ + l)(r-^)a-i^) 



I Field Theory j^isJijojiSu (t iJUW^2n) 

Q(Si ) c Q(>/3 , i ) J e**» j • Q( Si ) J^li >oJ^ 
/ := (X 2 - 2X -2)(X 2 +\)e Q[X ] jis Ji*. ^ji : nr JO* 

jj^l^j • ±i,l±>/3 : C ^ / jli-l : 

Q(l,-I,l + V3,l->/3) : jA /^JS*. 
(? Q(i,S) JS=Jlo^jAj 

. (jtjslLa-a J j-iaJl ^jjjS <ji (j-o jll ^^Jfr 1 ^ JHo ^ Jj-laJI o jjj£> (Jia. (jajj jA 

^ Uj£i US . (JjLJI A Jlla (JiaJI <jc !5Lla t <J±.:u : IV Jtl» 

(jjjSiSi ( _ 5 ic ialti (ji ■ ■ lau Lijli li^-Ij • C - la^MijV Ujli A Jl!u> <_jic. AJa j^Jxll 

. Z 2 ^ / := X 2 +X + 1 Jj^il JLJ ^uVl 

( (Jj^*^) lajjutjSM AAAS jjc. y (jl JaOU .1 i 0 (jJjj-aic. ^jx <jj£jJ Z 2 (J*^' 

7] 2 =?] + ! J ^1 4 77 2 +77 + 1 = 0 : jli jiiie . Z 2 / ^ji^l 



ilia, (jj^j AjjVI jj-alic. AjcjjVI (ji (^-ii (ja-J •( 2 = JiaJl 

0,1,77,1 + 77 



+ 


0 


1 


V 


I + 77 




0 


1 


r? 


1+77 


0 


0 


1 


rj 


I + 77 


0 


0 


0 


0 


0 


1 


1 


0 


1 + 7] 


V 


1 


0 


1 


n 


1+77 


^7 


■n 


1+77 


0 


1 




0 


n 


1+77 


1 


I + 77 


1+77 




1 


0 


1 + 77 


0 


1+77 


1 





: <_ll maJl JUL* 

77(1 + 77) = 77 + 77 2 = 77 + 1 + 77 = 277 + 1 = 0 + 1 = 1 

jU3j . Z 2 (77) Jc / oVlj . >-Uc *«J jj JL> Z 2 (77) J cii 

X +I + 77 



X-77 



x 2 +x +1 
^r 2 -77Z 

(1 + 77K +1 

(l + 77)X-77 - 77 2 

I + 77 + 77 2 = 0 

X 2 +X + 1 = (X -rj)(X +I + 77) J^i 

= (X -77XX -I-77) 
(2 - j>JI) 

• <i« >^.i JL> Jo, tBLiii v 1 Z 2 (77) jLSsa/ 

. Ji* jA Z 2 (77) j' cfi 

: ^laU. La^ji j i ^j-> » r» (jJJjVl (jJJJJ&ll ci' : •' 1 * J^-a 

U Jia. ^ ^Liuj Jj-la.Sj.uSjS (^) 

j Wu^ jljjj&ll : JaJj 
: y j i_dL^s ^SVI jojl&l csi : jj*. : 1o 

^ji ^ F ji» £cF ^ i a,fieE rf& lit ()) 

a ^jij it&F 4ju(E J\ E t> f jJjj-j jJ ^i) j? _! f JySjj-jSji 



00 . 



Field Theory j^utvu^ltt <£JUfln-*21l) j 

- - — - -~- - i 

« jaS ^ F tjc CC LSj^ J-^ 1 IjJ -l»Sa j Ci3l£ lil /? 

. F (jit /? i> <_S jiu-all Jj-iaJ 

Q JS^ R (Y) 

R ijLsa JLw R (r) 
R JL. C {t) 

Q Js. ^ js^ Q(/ ) (o) 

Q(^- 2 ) <> &lss Q(/r) (n) 

^jjxjjji r ij £cf < f F o^Liu jsi (v) 

E —1 U jJjj^jjji jjjSj F F — 3 (isomorphic mapping) 

f jjj jjx j Jyi J£ t ( £ Y Jlix jJij!) E <zF t F E JjLSj Jaa. J£l (A) 

£ — ^ r» j^jj-jjJ j* F F ^ jj 

^ f^jj f jjajj-jjji J£ < F c F dip. <. F E (jjLSj jSa. J£J (^) 

F _i ja » Culj F t F 

FJfi Jia. jA F — J F lsj^- tP^! J*0 •) 

. jjjliill JL . JtiUi. (A) t (V) t (Y) : JaJt 

Q Jc. X 3 -2e Q[X ] ^j^Jl SjaS jjLiu JSa. ia.jl : VLtMf 

: 

^ 3 -2 = (X -tl2)(X 2 +t/2X +V4) 

2 

= j/2[-l + >^3] = V2[-l ± y/3i ] 
2 2 



00 ) 



( Q( V2 , / S ) c Q( V2 , V3 , i ) J J4*V) 

[Q(V2,/V3):Q(zV3)] = 3 : tflj 

Q V^o-ciji^i jj^JI Sj^S^ JT 3 -2 deg(X 3 -2)=3jV 

[Q(/V3):Q] = 2 : ul* ^ 
X 2 + 3 = 0 : <j\&i X = ijh ^juti 

VJ) : Q] = [Q(V2,i ^3) : Q(i V3)][Q(/ V3) : Q] 
-3.2 = 6 

q ja {X 2 -2,x 2 -3} ,majte. ; nv jn» 

• Q Je f :=(X 2 -2)(X i -2)eQ[X] &LB : 1A Jd« 

(Q JiaJi ^ jjijali Jija*vi V jj ^i) ai^jj ^jij 

(X 2 -2)(X 3 -2) = 0^X =±>j2,t/2,a,/3 : M 

X 2 + 1/2X +1/4 = 0 'Ahhudwj^ a,P 



V2[-l±>/3i] , , 
— u^i 

Q(V2 , V2, V3/ ) jA ^LSSB JS^ jjS, l^j 



00Y 



Field Theory j^ji^j^ (t ^nat l «..,2H ) 



Q(V2, ^2,Si ) = (Q(lf2,y/3i ))(yf2) 
[(Qtf/2, V3/ ))(V2) : Q(^2, VJ* )] = 2 
[Q(V2,/V3):Q] = 6 



[Q(V2,V2,V3/):Q] = 6.2 = 12 

X'+X'+I dJ*&j}-% 2 X 3 +X 2 +l -J I>- or : 13 ^ 
X 3 + X 2 + 1 _S a J\ AiL^VL. <jJ>l l«>- ^ i ■ Z 2 (flf) j> 

: Oii Z 2 X 3 + X 2 +1 -1 f>- GT c^l£ 13 : JaJl 

^iLLois X 3 +X 2 + 1 J-!jct> JJc X - or jVlj . a 3 + a 2 +1 = 0 



X 2 + (or + l)X +or 2 + or 



X 3 +X 2 +l 

x 3 -«x 2 



(ar+l)X 2 +l 

(or + l)X 2 -or 2 X -«X 



(or 2 + or)X +1 
(a 2 + a)X - a' -a 2 
a 3 + a 2 + 1 = 0 



X 3 +X 2 + 1 = (X -ar)[X 2 +(ar + l)X +tf 2 +er] 



or 4 +0? +0? +d +a=a 4 +o? +ld +a=a 4 +a? +a=a(o? +d +1) 

= Gf.O = 0 

: J^j l + a + a 2 —j X 2 + (or + l)X +or 2 + ctr ^4 

(or 2 + a + l) 2 + (a + \){a 2 + a + 1) + a 2 + a 

= a 4 + a 2 + 1 + 2or 3 + 2a 2 + 2a+a i +a 2 +a + a 2 +a+l + a 2 + a 

= a 4 +3a 3 + 6a 2 + 5a + 2 = a 4 +a 3 +a = a(a 3 + a 2 + 1) = or.O = 0 

. l^J &L&\ Jj^ Z 2 («) <jj^ ' ^ 
.vjlla^ij Zjo+^cir + ^a 2 , b 0 ,b l ,b 2 eZ 2 

/ eQX] Q^^j^ a J c*jt « are CjIjcVi c> JSJ ()) 

. / (or) = 0 a& ^ 
V2+VJ (^) l + VI (i) 

1 + i ( J ) Vl + V2 (-^) 

(_*) 

00 £ 



Field Theory j^bJi^j&i ( CJ£il,t«JUt) 



Z&X] J (W)"'.^) 0^ ^ ^ X 2 + 1 ^1 lj& J ,y>ji ( 1 ) (?) 

^j^a. c_uSI . Z 3 Ji=JJ .al£*l ^ X 2 +\ Jj^Jl fji-a a M 

. 2 + 2ar * 2 + a i l + 2a < 1 + a i 2cf t or ' 2 < 1 J 

5 _>-aic 125 c>» UJ^ 4 ^Ji ^ O* (0 

Q(V2,V5)3Q (m) Q(7)dQ (i) 

Q(V2,V6,V24)z?Q (•>) Q(V2,V5)3Q 

? ... j t AUal JiaJl ^yi Luj-o (jaJ juVwlt lift j 

Q(V7) j^Uo (v) 
X 4 +X 2 +l = (X 2 +X + 1)(X 2 -X +1) 

: Jj) Jc <\ Jti» J 6 Lui U (<\) 

(/=(X 2 +lXAT 3 +2Z+2) o'^V) ./.-X 5 +2A r2 +2Y+2GZ 3 [X] 

<d LAJ j Q(V3, VJ) Q(V3 + V5) jI^-YI ^Ujj ^jl (u ) 
a] uUj Q(V2, ^2, ^2) id Q Jjs*VI A^jj ^ (u) 



. Q Jo l/l+lft -Jtfji^l Jj^Jl Sj^SS^jl (^) 
Z 3 Jo X 4 -X 2 -2 ajaaJ & j££ JjLSS Ji* 

j jjc. Jjia > - 0J ^s J£ J Jo jjs . F — I IWfc) F jl£ lil (n) 

F J* jlse F[X ] 

* F Jo l &zF[X]J ^ *>J& JS CiilS 13) . F_ S bj^ lal-fi-d F 0^ 0 v ) 

. tljJa. (jjiix F (Jl Jo <jA ji 

Cfij . *M F[X ] J ^ ^ ij& JSj 50*. F (U) 

Ljfa. F (jl Jo 

a e F jSl<jiJcu*^ • JJ ^ *4>j*jF JS=JS UjGJ F jSJ (H) 

F(a) = F ji F(a) = F 

Q Jo « R Jo >/2 t> ay>^^ a J j±£ ^jl (* • ) 
: JV\£ Q _J tW> blja*l co-ul R ji Jo (\ ^ ) 
(countable) j*J1 aUS Q (^) 
j«iJ 5blS ojSj iJS J^S JLJ J.*** *\&*\ J (\) 

ijj <us cxuai R (r) 
[F(a):F(^)]=l : J Jo <> j* . ae K c&j'F 3*31 UjU ^ (™) 

[F(a):F(a i )] = 3 J 

Q Jo AikjJ J£ j* j..nUo Jo jlkJ (Jjf?. jljloV VHo MJ^al (^) 

jjjaJI S jj5S L«J or « is: Jo Ji^ *US jjo Sj^S m(0 jSil (Yi) 
jjo^ jjiS JI K(a) Jo s jjjuA. m(0 <Jk2 <> .K Jo m(f) ^ ji-JI 

f (1 ^jjl! I4J J) 



Field Theory j>bsfl5>j>iaS (iDUfl,**^ 



? m(0 ci >-Jl j j^Jl t jjiS l«J 
m(t) = t 2 -4,K =R (i) 
w(0 = * 2 +l,£ =Z 3 (m) 
m(t) = t 2 +l,K =Z S (_*) 
ro(0 = * 7 -3f 6 + 4f 3 -f-U: =R (.>) 

Z 5 (0=>Z 5 (X) C^Q 0) 

2 _J j^fflB jjJjkff^V Q(a)=>Q (t) K(V5) id E (r) 
Q(V7)idQ 0) Q(V3,V5,VfT)3Q (o) 
a 7 =3 ^ Q(a)^Q (v) 
3 (*) 1 (r) oo (Y) oo ()) : u*y\) 

( 7 (V) 2 (i) 8 (e) 

S^j ^L>. ^^jlji^ Qj~5,yll)j J J Cfiji (XV) 

. Q ^ j^>U& s t r i q l p 
: J^O*-^ <Vji* K =K 0 czKiCz...czK r =L ^^(YA) 
[Z:^] = [^ r :^ r _ 1 ]...[is: 2 :^ 1 ][i5: i :if: 0 ] 

ia.jlj JUI jIjU ^ . 



ooV 



^ LiLlL til js Z jLjj&Li i Jli (> (linear transformation) Ls ^. 

? ^gjl iVi>nl jjc. L — 1 ^U-nII Jjjajll lA& jj^J ^jla . 

Wi X 2 -3,X 2 -2X-2eQ[X] ^ j > u*j^ (n) 

: SLuVI j jJaJl CjI jj&5 (C 6- V> V jS^ OjS3) Q Jc J ji^ ^jl (rY) 

r 6 -8 « f 4 +5/ 2 + 6 . t 3 -27 
vy jn, jt Q _s cjU^is jjLJi ciUjj (rr) 

Z 3 ,>X 3 + 2X+1 jj^ji s ji^i JjLSj js* j^ai (n) 

jaJa . Z 3 t >x 3 +X 2 +X+2 jj^ii sj^isi cjiij (ro) 

ai* 4> . Jjkjil aLUI! jjc. »iA tJjLSu JjSa. ^ijt ? (K-"J* W ) J,' U '^ 

/ _J tjjLS JS^ Z « i<: Jb. ai a^j^II <> jj^ SjjSS / Cul£ I jj (rv) 

n ! ^ [Z : A] ji ,Jc o* t K Jk- 
: Q[X ] ^ VVl J j^Jl ^IjxiSl Q JjLJuII J ji^ o^jl (r A) 

x 4 -i (m) X 2 + 3 (i) 

x 3 -3 (,) (jr 2 -2)(^r 2 -3) (_,) 

jIjU ^ /_! tji^ a < deg(/") = 2 jl£ li) . / e F[X] jSsl (n) 

J^.jAZ'czF j£jI . /I l^jj * F[^] ^ Jja^ S jiS / o^i (*«) 

T [£ :F] ^ L. . F J F (jSc /jjLii 



Field Theory JM^M 



Mi 



_jLJI 



Golois Theory \<£K5> tibjjpi 



Galois groups I^Jlfr >»j 1-V 

iT aU>4a ji Sj-j j Aut(K) > jftj Wl 1 ' (^J-O 11 J* 
(Automorphisms group' of K) 

: t-L ^ Y- ^ - Y 
AiVl . Jto. jI^I K z> k o*J ( i ) 

Aut{K;k)\={(pzAut(K)\(p{a) = a Vog£} 

4jj jail ajx j5l siA J (! ^jU jJl) .(4 (^T ) i>° ^ j?" * J - j UJ^ 

-J l gjU 5 » j J)K^>k (The relative automorphisms of group) 
G(K Ik) >jlU UbJ jIAjj i K ^k (Galois group of Kz>k) 
K k i k[X] J ^4 A*** / < ^ A: jl£ li) (^) 
A: L > /-J >i'i Gal(f:k):=Aut(K;k) ^ * /_! ji&l 

(Galois group of / over k) 

Aut(K;P) = Aut K J* • JjVi lM >P^ia 
0* > ul « Aut(K)<zAut(K;P) c) J* i> > • ^ j : "<=" : ^ 

VxeP V^g ^m?(^):^(jc) = x JJc 
* #>g Aut(K) <J£J #>(1) = 1 '^j ' ^ t** ^j* 1 j* 1 u^J 1 
« «gN\{0} JS1 ^(n.l) = ^(l + ... + l) = ^(l) = «.l j/i A 



Field Theory jjZxi^jlei 



m,n e Z i+j* x g P JSJ u^lj • n G Z JS1 ^(«.l) = «.l u^O-j 

772 . 1 

n. 1 

n.l cp{n.\) n.l 

ia . fek[X] c <p<=Aut(K;k) i jIjU K z> k {£4 (^) 

/ _1 jL-a Liui ^»(a) jla i / — J I ji^ fl E A: 

: • (iV ^ n) n :=Ord(N) * K J A f JLJ '^j^ 

Hj* 0) 

Gcd(f;k)->r tt 
<p\-^ <p\N 

jli^aVl Ale. W ' * ua i Y n (jx Ajj^)^ *_>^j ty* f — 1 ' J^?- *^ j : » Ai-^U 

: juJ jil olfl < (U,,nU) JJaJlI ALU jjc /<^3l£ 13 (^) 

Gal(f;k)xN -+N 
(<p,a) I— > 

UUfcl ^ j . TV Gal(f;k) CiA 
VaGA::/(^))=/(«)=#(a))=#)=0 : J gO, p| A: =1 4 0 V 0) : £jUjJI 

/ _J jL-a <p(a) jl (jl 

(xj)gIxI JS1 ulS lit (transitive) *4ltta M^^G^f 
(r(a,x)=:a(;t) = v agG JaVl 



J <j' ' f(x)=rX6^ ^ £^ ^ | JV = 1^ (>J ' k(N)=K 

J (ji « Gal(f ;k) <_5ji^aJl j' ^itl l (jj^J >' jil u' • ^^l* 

((J.lU.i) Aa.ljl.i2Jj juJ jll 

: SjLjc ^ ^juiI jll j! ^jjalj 

Va,b&N :3<p<=Gal(f;k):<p(a)=b 
Vae N : W ;t) (a):=l W:t) (a)=a 

= 1 A i k 1 = k JJ (V-A- ) ) ^ o jJiUa lilli ^Ibj AjlUlijl AjLc. ^ j 

/ -(X 2 -2)(X 2 -3)ed2X] Jj^Jl Sj£SI IjlU Sj-j ji <iAjJl Mj lkJI 

* (Y-WY) j> ./_! JjLJuJI JS^ ja Q(V2,V3)3Q J ^Ij : >4l 

■ K :=Q(V2,V3) _! CiL. ji J>4 y ji\ ox** > (r-W) 

: (jS^ij tliLajjfljj^jjjVI »i* !>> <J£1 
2 = <p(2) = <p(j2f = (^(>/2)) 2 => <p(>/2 ) e {V2 , -^2 } 
. K—l ^Ujjsj^iiji ^uj j&Vl Jc ^j, a& J .(pifi)& 0,^8} 
1*1 c Q(V2)[X] ^ (JJ=^1) Kim/ill kite jx, X 2 -3 Jj^Jl s j^S 

^ (Q(V2))(V3)=(Q(V2))(-V3) oVj -Q(V2) ^ >J 
j^l) <p x (S) = S i <p l (*)=x : xeQ(y/2) ^o&^K-l <p x 



Field Theory j^iselijo^ (CJiyi|w211) | 

K :=Q(V2,V3)^l fcljill oAJ B ={\Jl,SMS} uVj .<p l (fi)=-^2 
t>j • <p\ =<pl =1k d f&i <pl{b) = (pl{b)=b :beB JSljtQ^ 
Jdhj ^jjSb i j*j Aut{K) V)j <■ Aut{K)± {l K ,<p l} <p 2 } J gttj ^ 

(jiaj (^WLj 4 ^(V3 ) = -a/3 t <p(J2) = — "v/2 : j*i c5f^ *-"J ' £}\ j 

Aut(K) = {l K ,<p 1 ,<p 2 ,<p 3 } uj^i^?j 

. S J-J jA Aut{K) J l$l ' $f = ^2 = ^3 = 1^ ^ 

The Fundamental Theorem of Galois Theory 

i&aJl ^oyj Fat <7C<3, - ^Mf(jfi:)(> Sjxj G < ^ AT 

: K L ^ G —i cqsa 

Fix(K;G):={a<EK \<p{a)=a V^eG} 

Va,Z> <=Fix(K;G),b*0: : & K o* cP> ^ (X;G) 

a,b<=K;b ±0\(p{a) = a,<p{b)=b ^> 

[(p(a -b) = (p{a) -(p(b) = a-b-=>a-btFix{K ;G), 

<p(ab- l ) = <p(a)(p(b- l ) = (p(a)<p(by l =ab~ l =$ab~ ] Fix (K;G)]; 
<p(\) = 1 ^ j» 1 ) 

Fix(K;G)*<p J J 

: uL gj Y-Y-Y 

(Galois extension) I »IU jl^gl Ija . JL>, K z> A: 

A: = Fix(K;G) o& Aut(K) ^ ^51* ij- j G I jj 



. I j3U t>ul Q(^2) 3 Q jLJi : ^ r-Y-Y 

: jjli li^jj Aut(Q(y/2)) = {1} jl ^ jJb cdlj Je. 

i^x (Q(V2); {1}) = {a g Q(^2) : 1(a) = a} 

= {aeQ(l/2)} = Q(tf2)±® 

: JiX Aut (Q$2)) = {1} J c> oa> jVlj 
< (Q(^2) J JjVl JfeJl >Q)^(Q(^2);Q)=^(Q(^/2)) (r-1-Y) <> 
Aut(Q(0);Q) = {<pGAutQ(^l2):<p(a)= a VaeQ} 

-■ <p<=Aut(Q(l/2)) J^J^Wj 
2 = ^(2) = p(tf/2) 3 ) = (^(V2)) 3 => ^) = V2, ^((V2) 2 ) = (V2) 2 

(<p(!j2) = ll2 Q(V2)cM jV) 

jjiJ Sj££ ^2 ^jll ji-B Q(V2) ^ Wi X 3 -2 ul ^ <>j 
Q«/2) ^Ijill (1,V2,(V2) 2 } J Q <> V2 ^ ^ ji-JI 
j^ijft ^c. • f ^s" ^ i^i l « o) ^ <>j •((°-°- , ») J^)) -Q J^Jl ^ 

The Main Theorem of Galois ^Lufrt t»IU^j& f-Y-Y 

Ac j*a-4 B i K (Zk Ji Ajiull JjSaJl A£. j-a-o J i I jJU Jsl-ilol K C.k (jSJ 

: jli iiije. . Aut{K;k) t> <u>Jl 
):A^>B,LH>Aut(K;L), : jUJ J (\) 

Fix (K ; ):5 -M.G ^Fix{K;G) 



Field Theory J^^Iiaji^ c «.t^Wp ...-w ) 



Fix(K; Aut(K;L))=L \/LgA, 
Aut(K; Fix(K;G)) = G VGg5 

[K :L]=Ord(Aut(K;L)) (Aut(K;L) Sj-jll ^ j) ( I ) 

[L :K] = [Aut(K;k):Aut(K;L)] (^) 

:Ic^ ^ L ^ JL. J£l (r) 
I jlU j| z> L ( i ) 

jl£ lil iaaj IjJ ,4uf(X;A:) A^i> SAj^ » j«0 Aut(K;L) (m) 

: ' ' Jh- JlJti-l iDi u 1 ^ ^ (-^) 
(p&Aut{K;k) JS1 <p(L) = L ()) 
Aut(K;k)^Aut(L;k) 

Aut{L;k) = Aut{K;k)IAut{K;L) (r) 

: Jlla o-V-T 

cjSjl « £ := Q(V2, V3) «-i j«J IVj LSI* ji*^ .illj i> a 5 * 1 t>> 
ojSj a,b,c,d(EQ j^jS Ajlfl iiiie . x e Fix (K ;Aut (K ;Q)) 

(o-)-y) J Jftj <> UiUjlx^ flJilJy . x =a+byj2+cS+d42yl3> 
<P 1 (x) = X Ci**MJMLj Cyl3+dy/2yl3=-C>l3-dyl2yj3 M 



0*1 0 



. x g Q <jj^ < & = 0 J ^ < Pi( x ) = x <>j- c=J = 0 uj& 
cLi=u Aut(Qt<j2,yl3)) 6- J Aut(K)o* ^ > G U^j Ui! 
OjSj « ^Wjll '^j ^ G ^ i = Q = Fix(K,G) a& 
((o-) -y) ^4 u,i j J i#- i-s ^ (£) J*iib ^ G) .i jiu ^ qfiM)^Q 
« //,:={1,^} : Aut(K)=Aut(K,Q) i> ^>JI j-jl! uVlj 

i^U ^ 3 Q cM jIjQ-V uj^ t^3lLj #3 := {1,^} '# 2 := 
V^Vl AjjiiiSl t>j i g {1,2,3} ^ L. I :=Fix ^ ^ Jj^ 

< V2g L, uVj.i t &[K:L,]=Ord(H,) = 2 . Aut(K,L i )=H. ijM 
. Q(V2,V3)=L 3 « Q(V3)=Z 2 . Q[>/2)=A J ^ V2V3gL 3 i V3gZ 2 

: uu gj n-r-r 

K u&G (character) 4iua ,ai ^aj 

: h±+^ v-r-t 

A la' 1 11 <i ji til ir. (jjSj G S j-4 jl ^ i ... i ^ ^^jj-s (^^* ^ilSi^all jj* j3l 

# JLJI K J G ,-Jjj l& ^| jill LLi. 



Field Theory j^iseJijoj^i ( .M^tip .-«) 



: (ji ^ujj AG K uji = 0 Jjla-all G J».Vn~- jA 

A = Al = ACr(e)) = (Z Z )(e) = 0(e) = 0 K (K JLJ >-) 

( (j-laaJt ^IjiJI jL-a jA 0 4 ^ <_S* jfl J^ 3 ^ J* 1) 

. # ^ G —S ^ ^ AiJiLJI jj^jB j> n - 1 JS1 U.^.-. *U^Yl oSJ jVlj 

flGG J^jJ Ajji < A' G — 1 cr n- Aili^a f jjxj ^ « ... « lili 

\Zt+:.+ \Z.=0 (l) 

te) + ... + KXn (a)z„ (g) = o, 

(")*, (g) + - + \X n (a)X„ (S) = 0 
J&L ^ulil! 4 ag (1) Atj.nB j^tb Jji\ Jc \\\,^ 

: Jc tWi • X>( fl ) <J ^J^J ' g J* (1) 

A(xM)-x„(a))x(g)+---+\- l U„-M)-x n (a))x„-M = ^ 

■ A(X\( a )~Z( a ))=® o^^^ 1 ts^J ^IjSi-yi o^ji . g g G <_£i 
(1) t> o^JVI o^ji - 4 =0 jli Z\{fl)*X n ( a ) uVj 

• X 2 —... = \ = 0 j^ic. Jj^aaJ 

: 2LuVI 4*pM J! £^ <jVI j 
4 ^ ' Jaa. J] 7^ Jaa. CjLi jjajjxjjjx (p n 4 ... 4 LliilS Ijj : 4a-uj A-T-Y 

^k^ll £-ljsJl ^ tjlrs Alalia jjjSj ^ 4 ... 4 <P { (jli 4 ^ " - ^ " - AiJia~a 

. A" • JiJ A" • Jj A" j> Hjj 31 

©IV 



i ls £lh ^jilo t A ' (Jia. A JSa. CjU jjS j jj ^» i ... i (p x jSjJ 

r^Ji. A |flOO = - = ft,(*)} O^J 

[K:L]>n (X) 

r ^(i)=...=^ n (i)=i' 0 \i jRT^s^jii j^z. 1 

: & e £ <. aeL jVl j 
(pM-b) = (pM)-9 x (b) = ... = (p n (a)-<p H {b) = (p n (a-b) 

be L\{0} i ael ^s>i o^j <■ a-b e L J </) 
^(afe- 1 ) = ^ (a)fl (ZT 1 ) = « (a^^r 1 = ... = <p n (a)<p n (by 1 

g-ljill « r t ... < a, UJ jiiilj t r:=[K:L]<n J u^J^ (*) 
: A ' a^UUI <ikUI oVjI*-1I (jti r < « j • I Je, A 
^ 1 (a 1 )Z 1 +...+ ^(a 1 )X n =0' 

[ # 

<P l (a r )X l +... + <p n (a r )X n =0 
&t*i A^,...,A r <=L ^jiaeK JS! . (x „...,*.)€ (A ')" 1*1 
« /6{1,...,«} ^ ^(^) = ^(^) uVj 4 a = ^a,+... + /l r a r jj 

: tWj U3U * (*) 7 E 



Field Theory J^^ic^&j (4 ilt21 (l — at) 



11 

X x j (p i (a) = x x (p x (a) + ...+x n (p n {a) 

i=l 

= x i <p l {\a x +... + X r a r ) + ...+x n <p n (\a { + ... + \a r ) 
= x 1 [fl(4Mfa) + .» + fl(4ta( fl r)] + -» 

+* „ (4 M, («,) + - + <P n (\ )<Pn ( a r )] 

= <p l (A l )[x l (p { (a i ) + ...+x n <p n (a 1 )] + ... 
+<p 1 (A r )[x l <p l (a r ) + ...+x n <p n (a r )] = 0 

(# f UiiUJ^(x 1 ,...,x„)e(iTr uV) 
.(A-Y-Y) liAj(x lv ..,jc n )^(a...,0)^ x,^+...+x„^ =0<ii J^Wj 

(ji il^jj t ^ tllLajJSjj-a jjji (jx Aj^lxo CjjIjII JiaJ! (jj^i (J <_^J 

. SjcLuix (_^^>^i ^jaILo ^*'iin I^J j t [AT ; Z/] j^ij 

: uL j«j ^ ♦ — Y — Y 

tj^} • Aut(K) (> Ajfr"- j?- » J G « AT (jSJ 
Tr G :K->K,a»Y. 

K JG (trace) Ji 
: 4^U> ^ > - Y- Y 

: <jli ij^ifc . Aut(K) <> 4-u>. a ^-j G jSilj i ^ AT (jSJ 
{0}^rr G (^)cFix(i:;G) 

(p\-^\j/o(p 

G->G 
(p\-^\ff o(p 

: a e K u 



<peG <peG <pzG 

Tr G (K)dFix(K;G) 
d ls' 2 ^a) = 0 : ae^ ^^J «ui ^ 7> c (AT ) = {0} J u^ 1 J&u 

<peG 

>Y-Y-Y 



: (jli iiijc . Aut(K) i> Aj^jIo Ajjja. 3 jx j G o^J j ' i*i=>. A" 
:Fzx(^;G)]=On/(G) 
. [£" :Fix(^;G)]<Orcf(G) j^^u!^ 0"^) c> : >4l 
J c> ^j^ 1 j* Mji^Jl uj%* G ..,#>„} < Ord(G) = n 

^UUI ^UJI f Lki3 m>n jVj . Fu: (X;G) 
^- | (« 1 )X 1 +... + ^ 1 («JX m =0 

% - , (« l )X 1 +... + ^ , (aJX m =0 
^ <uli 7> G (A") * {0} 0 Vj ^SliS jjSj J* ^l^o ^1 oV T >jj 

Tr G (x t ) = <p l (x t ) + ... + ( Pn (x t )*0 



Field Theory j^bJi^jiij ( i£Jl2fl,*-JLn) 



£g {l,...,m} : i S^ljl 
a 1 ^ l (x 1 ) + ... + a m <p ] (x m ) = 0 

a 1 (^(x 1 ) + ... + ^(x 1 )) + ... + fl m (^ 1 (xJ + ... + ^(x m )) = 0 



m n 



y=i i=i 

m 

J] 7> c (x y . =0 : jli < Ls>i SjUxj 

^ Ubi. aJsujj- JjSj a m i ... i a, ^^UaJl jli t Tr G (x ; ) 5^0 u^j 

. u^^V (U-X-t) Fix(K;G) J* J^j Tr G (K ) 

: ^ r-Y-Y 

: (jli ijajt . Aut(K) <> Ajj ja. S j G u^il j 4 iUa. A" (jSJ 

Aut{K;Fix(K;G))=G 

i4«f \Fk (K >G)) = i<Pe Aut(K) \<p(a)=a Va e Fix (K ;G)} 

Aut(K;Fix(K,G))z>G cP£o*j 

■ "<=" c> L)V» 

t ... t^lAjj-Jicj 4 n ^ G <Zj oSlj.^^Gi (peAnt(K;Fix(K;Gj) c&H 



IjjJU MjJai : upiUlf wUI 

Fix (K ;G) = {a g K \ a = <p 2 (a) = ... = (p n (a)} 

= {aGK \<p(a) = a = <p 2 (a) = ... = <p n (a)} 
= {aeK\(p(a) = <p l (a) = <p 2 (a) = ... = (p n (a)} 

. (U-Y-Y) ^ : [K : Fix (K ;G)]> n +1 J &h (1-Y-Y) ,>_, 

: gUHyit ^ t-Y-t 

.k=Rx(K;H)' AutiK) <> ^* ^> » j* j # * Ijlt* Jiiul ^ 

H=Aut(K;k) {\) 

Aut{K;k) o-^Sj-j G JSI Aut(K;Fix(K;G))=G (Y) 
<> »><0 JS J ^ t>j i s (K-Y-Y) t> 5^ 0) : >4t 
. (^r-Y-Y) (> jJliSgSss (Y) . a^ujS Aut(K;k) 

: > g-Y-Y 

Ijll* jIjU £ Z> L 
[K :L] = Ord(Aut(K;L))<o° (Y) 
Oraf (X ;L)) < oo,Fix ;Aut (K ;L)) = L (r) 
(L=Bx(K;G) ^) (U-Y-Y) , (H-Y-Y) <> gil, : "(Y) <= (>) " : flU ^ 
LcFbc(K;G)czK : J^iA G :=Aut(K;L) «j j~ : "(r) <j= (Y)" 
iWb [is::Fix(^;G)]=0«/(G) = [^:Z] (U-Y-Y) « (Y) <> 

L=Fix(K;G) J* 

z^b ■ V) <= 

: n-Y-Y 

I jlU jIjU K J £>h . K z>k lj)U :>1:uJ _J Uijj ^ £ jSJ 

oVY 



Field Theory j^Ji^j^j (.Mitty...-^ 



Fvc(K;G)=k « Ord(G)<°° J* £ i>j G-Aut(K;k) ^ j*j : w» 
Aut(K;L) &j-L } :=Fix{K;H)i H ^Aut(K;L)^j*i . ((^-Y-T) ^i) 
u! t> • ^ = ^ ' : u' u' i^Ajs Aut(K) t> s^j 
Aut{K\L)7={(peAut{K)\(f{a)=a \faeL) i V=Fa(K;Aut(K;L)) 

(p,(p*&G £J*?J jjVlj . Id' ji ft jiiUs 

q>'o<p~ l e Aut(K;L)=H <=> (<p'o(p~ x ){a) = a VaeL 

o (p\a) = (p{a) VaeL &(p'\L=(p\L 

: ujlAji^ll jjSj diiaj (p v ...,<p r e G r :=[G :H ] <jl£ lij 

^ |L:Z->^,ie{l,...,r} 

^^jlix ^^-lia o tllLa jj3 jjx jj 

{aeZ : = ... = f r (a)} =1 nfix (I ;G) = I r\k = k 

. [L :k]>r : J 

t>j 

[K :k] = Ord(G) = [G :H]Ord(H) = r.[K :L '] 0 ) 

(L' = Fix(K;H) jV) 
ji^jjj AT zdL'z^L id k t>j 
[/::/:] = [ J fi::L][Z:A:]>[^:L].r (Y) 

: U' (Y) ' 0 ) (> 

[K :L } ]>[K :L] = [K :L X ][L } :L] 



\>[L':L]=> L' = L 



Aut(K; (p(L )) = ft>^ ut(K;L )o 

y/<=. Aut(K;<p(L))<^>y/{(p{a)) = <p{a) Vael 

<=> ^~'(y(^(a))) = a VaGl <=$ (p~ l oiffo<pe Aut(K ;L) 

<=> (poAut{K\L)o<p~ x 



(p(L) = L o^j ' i£ 3 A: <ji tuu L <jl£ li] . I jlU jI^J K ZD k <J4 

H-* 8 ui* ^ G Aut{K;k) ,«*aJ 
Aut(K;k) ->Aut(L;k) 
<p\-> <p\L 

Aut(K;L) 43 jj < f jJ jj^l 
{<pe,4wf(/i:;fr)|<z>|L = 1^,^} 

tjli IjSU jIjlu.1 ja K zd £ • G <zAut(L;k) ^ ^JJ\ Sjj^. o^J 

Fo:(Z;G) = A; 

J ^ ^ V-Y-Y) (> j . 4j 4 ii* tiiliS ^jS (>o-Y-Y) aj^SjxJ Sjj^S G 

. G = Aut(L;k) 
: 4-?.l*Ui j ^-Y-Y 

: 4isl£L. *$f| . A" Z) A: ^ Lujj ^l^L C&j ■ ' Kz>kc& 



j Field Theory j.jiseii^jJii ( ilian,«-«2M) 

1 jlU L 3 k (\) 
<p(L) = L : <peAut(K;k) JS1 (Y) 
Aut(K;k) j> ^.jjI. Aut(K;L) (V) 

: jUjdl 

yr.L^K cjUjia jj->s>»li ac^o^ M t H ^Aut(L;k)c£& <=0)" 

<peAut(K;k) &±H=M ojfr 0"*-*) u*j iFa(L;H)=k o£i I jH* 

#>(L ) = L jjlc J~**j j i ^ JtilUj 'M<ji ^? | Z, : Z, — > ^ 

« d*u) j-ic r j J ^«'(^;*)->^«K^;*) jB (U-Y-Y) : "(^) <=(Y)" 

<ph* <p\L 

J tsl L^jia o& Ord {Aut {K ;k)) uli • I jSU K id k jV j .(JSji 

J (jlc <i& Jill JaSa £-UaJ j . Ajfriia a ja j 7/ = A Ut (L , k ) 

aeHx(L;H)\k ^U* 13 u^lj • k aFbc{L,H) J ^\j.k=Fvc(L,H) 
K zd k eft j ■ (p(a)*a o^i "-^i q>&Aut(K;k) ^ J ^jkL-u UjIa 
ujS^ ^ .Fix(K;Aut(K;k))=k :(^-Y-Y) ^ ^ I jlu 

. ae Fix(L,H) ^ u-Afi ■ W( a ) * a 
• ^jj-^jASljj Aut{K;L) (U-Y-t) 6*^1 j : "(r) (Y)" 
<peAut(K\k) J£l Aut(K;(p(L))=Aut(K;L) (w-Y-Y) <> : "(Y) <= (r)" 

Aut{K\-):A — > J5 ,L h-> Aut(K;L) 

. AowUoVl 1 jiU. ^ji" (jle <j*jil\ fSS li^i 

oVo 



Normal Field Extensions JftifrU 4 i ? i ihll f-X 

: uu )-r-t 

: t3Lu Ijj (normal) ^awli -oj ^ z> k Jul jIA.V JUy 

.ij^ K z>k (\) 

l«J yttj , it [AT] /J (tUaJll) kJH ^^ /^'.iiSJS (Y) 

Uaa. J-sl jfr ^fl (jle (jlijj K jjji 

^ t 3Liii jtyJtfl J t5>j-Jl J j^l : at K JS1 Ail ^ (X) JajJillj 

: jb & T-r-t 
: ^l£i« AiiVI CjI jjjSil! ^ 3 ^ All* Jix 

J Ujyajjxjjj- : A: -> AT ' j ' J»=>- K'z>K Ijj ( r ) 

<p(K)czK J* <p\k =l k 

j^Lk. ^ (^"M c> Ail- JS^ K z> k cfr ■ <= 0)" 
ig{1,...,«} JSIj .A: = A: (a t ,...,«„) u! ^ ^ ^ 
(jjSj <Jjj=^ <J& ^kk Jxl jc ^ A: ^ a,. — 1 /,. ^ j j-iaJI S jaS JLSSi 
. / ;=/,../„ e&[X] o ij^Sl jiiill Ji^ j* K =k(a l ,...,a H ) K k 

'• "0") <= 



I Field Theory j^bJiSojiij ( £JU»,t~2») 

: ^ a x ,...,a n ,b e K . / ek[X] ^ (A-A->) t (\) <> 
<A' jj^j, -dJKjfiiu A- =*(«,,. t /=i(X-a 1 )...(^-aJ 
: tin) ' V^-ll o^L^JU (r) ^Iw J (p \ K -> A ' 
/ )) = V(f («, )) = *<>) = 0, Vi e {1, ...,n} 
K =k(a ] ,...,a n ) jVj • <p({a } ,...,a n }) c {a„. ..,«„} J-^j 

#?(A ) c AT J i 
• tij^ Kz)k J fj^i^ K-Dk :"(>) (r)" 
JttJ .aeK UJj • (Will) djkjll <Lla / e k [X ] j&l u^ 1 j 
/, u^j ' A =k(a,a l ,...,a n ) uj^j duaj a l ,...,a n g AT 

jjjLijll JlaJ LjjJ ilia. A U-A? 4 * ^ tp 6, a j ^ (J j*J-all J jiaJl 

Ijjj . J-ljC ^ A ' f. gt=f f v .f H -JA'^fc 

t*tr>) AT ' — 1 (O^jj- 9 jj j' (a-a-^ j>) ja. jj i f _J lja~a b e K ' 
Je. (r) iajJil! jjJaijj . x e A: £foaJ ^(x ) = jc i y/(a) = b UJ& 
jLijj li^Aj 4 Z> = y/{a)& K ^IfitWj ^|A^:A"— >A' ^jjsjj-jjjAJl 

. 4jka. Jxljc. ^ A ^ / 

: jilt r-r-t 

X 2 - 2g <Q[X ] jjaaJi sj^Sl Ji*. Q(V2) 3 Q JSaJl oV 

X 2 -V2GQ(V2XX1 Jj^aJI Sj££l ££&D J**- > Q^2)z>Qfi) c>Jl 

:>j.}aJ! Sj££ I t ; . ;; U bl^l ^ Q(</2) 3 Q cJiaJl .lljld U 

oVV 



X*-2 = (X 2 -42XX 2 +4l) = {X -tkxx +4i\x -itfcxx +i^2) 
Q«/2) J >- 1*1 * Q[Z ] ^ (Vuill) 0^1 ^ ^ s jps ^ 

Seperable Field Extensions J$jajj JLfltjjU jOgttjj ^UU**21 t-T 

. / e k [X ] A^li ^ Jjia . s j^si jJL&il JL* K o> k jS*lj < ^ £ 

//(f;fl):=max{«£N : tf[Jf ] > (X -a)" | /} 

j\£ //(/" ;a) = l j\£ / _S (simple zero) ia^uu >Lua a jl JlLj 
/ _J (repeated zero) a <j\ fi{f \a)>2 

: ubjgg Y-t-T 

JLuiiSU 4L\3 / g k [X ] fcjtill jjc jj^Jl s ^ . iU^ A: oSJ ( i ) 
JaSa <kLmj jlii-ai <U f JJ jc. (j-o Uinmtt JAa jjc. J^Lc Js ^jlS I jl (separable) 

JL^SU Ati aeK o\ ^ a&K c&j ■ K ZDk (^) 

■ f e k [X ] JL-aiDU aLIS Sjj^J a cP> ^ k J* 

. k JU^U 

jj^. o l jl (perfect) J-U J £ k JiaJ o) J*i ( J ) 



Field Theory J>i*)i ( >iO^-5J») 



. Jl^i£U aL15 A: Jo a -J tiji^Jl J j^l I il iaisj li) <jL^i£U 

Ajia jLa. J£ cJlljS j . Lstj tjjSj jii-a 4^ Jia. (JS (ji Jfc A*J LaJ ^jA jaiuij 

: cij *3 r-i-Y 

lei? Six jll j^s. l«i UIoj) 4ik jj^Jl jj£ ASk i?[Jf] <£A 
D :R[X]^R[X] 

(=0 (=1 

(derivative)*^**^ j -R[X\ ^formal differentiation^ Lf K^t tWiill ,,^ 

: a:I t R[X\ J 

D(af +bg) = aD(f) + bD(g), 
D(f.g)=f.D(g) + gD(f) 

. a,beR JSlj if,gzR[X] JS1 

: AjA^ t- i-Y 

./e^[X] jj^ s jiSl tjjLJall Jk K zd k u£Jj < ilk^ 

: U as K JS3 
//(/>) = (a) = 0,(Zy)(a)*0 0) 
//(/>)> 1 ^/ (a) = 0^/ )(a) = 0 (Y) 

: Je. J^ajj t g (a) * 0 

Z)(/-) = (X -ar 1 (^+(^ -a)£>(g)) 



I*1U «j£u : t^iUt mUI 

. jliuaS?) <-jLuia. jjj^ t A: ti j^J i-^J^- ' L>1 f\ K c? ic- 

. fe£ o4 AjAa {Jl k[X\ J W £(/) ' / (^) 

^jk^ijjaJSj^S^ g </_nj>»1>~ ae£ 0^ : <= 0)" 

£>(/) »/ _1 t£>ix UUig (^Xa)=0 ' f(a) = 0 $ -k <Jc a o* 
c deg(g)>l i £>(/) ./-J KjUL. U-la ge£[X]u£J : "(1) <= (T)" 
(£>/ = 0 * / (a) = 0 u\i iliie .A— I^jajiv^g-Jf jL-a a 

.f— \ 'jj^> a UJ&J 

■ n-t-r 

aLU uj£ (Wull) Jjbjjj jjjljjl & f e k [X ] ^ & jiS . ^ A oljl 

^jaji^ ^/-l JS ojSj (i-l-Y) ,>» D(f) = Q j^li] : pU 

. <jL^i£Q aLIS / jjS JULj .tjJ^° ^ — 5 
(( i ) Y-£-Y) <>a Vjj jL^i£U aLIS ujS/jJa i £>(O*0 0 l£ Ijjj 

. g ^15 j^c ciljULa ^la J D(f) if -J (o-i-y) Aja^I c^j 

: tj^aalij J] (jj^j liA jli (Jj\->-i\i j'l) kuAuB aLIS jj& f (jij 

deg(g) = deg(/-)>deg(DO r )) 

: AjJufl-ali V-t-Y 
. / E k[X] jSJ 



Field Theory j^isJl^j^ (tUHJlfi — 2^ 



o\k (k Char(k) = 0 
D(f) = 0<=$f CulS 
: jli Char(k) = p >0 ^ 
D(/) = 0«3gGi[I]:/(Z) = g(I p ) 

<ui ^ D(f) = 0 c& < / =2 a,*' ' p :=Char(k)>0 jl£ 

i=0 

: Jlill l^S / jjSj « i _J Lu-U ;? 3, ^0 ' !6 {1, ...,«} 

: SjJSL- £ry (V-i-Y) , <> ^Vlj 

: ^Ug^l A-i-Y 

LoIj (jj^J jik^a jx a^ ll <] (Jia. (j£ 
. jit (jfc i, il'i^o » J 4 Ajltt jJC. (JiaJ i^ii (jl IjJc. t ^ \-\\ i JljL<ai£)U ^jlfl {_yaJj 

a& < Sj* o^L^iJl ji^ y p —X e k\Y ] * jjaJl ij& K z>k 
uis 7 ' -X jjjaJi Jjjis uj£ ^uiaJi 4^ j (Y-n-r) < (> .-o-r) 

.(l-£-Y) JL^iOU 



*LIS JjVl uj^ « JL-ifiU s j^Vl £ J* a _J ^jia-JI 
|jj JL^»£U 5US OjSj A: Jc. ^jfJl ad j^iJl J ^Lu q^) .JL^jU 



Characterization of Galois Extensions 

Sj*jl ^Ul JLJI j* A: J J->S> 6- K ID £ IjlU Ua jp. 

S^cLouu ^uuLuuVl i j3U. Aj^tu liA jj AjIc. iLijj . K (ji A ut (K ) j ja. 

J J#-V> j J*-iVl t> UJ^! ^1* Ajlnkili Will (> jSl . ^JaiJ jjaJ 

: ^ -a- Y 

u^j • cr^* ^j*- a x ,—,a n e K t JL* jIjU K id k <j£J 
(X -a„) =jr -Stfa.-.A)** 4 +...+(-lTsAa, a n ) (1) 

(jli jjAk. 

^ i (fl 1 ,...,a„)) = S .(a I ,...,fl B ) 

^({«„-,«J) = k,...,a n }, (2) 

i e {\,...,n} ^i^j 



Field Theory jjisJic^jiij ( ti)U](^-2li) 

X"-5 1 (^ 1 ),...^(«„))X"- 1 +... + (-ir^(^(fl 1 ),...^(a„)) 
=(Z -*<«,))...(* -ffCQ WX -a,):(X -a n ) (3) 

: X— 1 AiUkJl ^ jill ujX.U-Jl Si Ju^j (3) * (1) i> J~*sJ j 
5-. fa, ...,«„ ) = s { ((p(a,),...,<p(a n )) (4) 

: J (2) t>j 

s ,. (^(a, ),..., ^(a„ )) = <p{s , (a, , . . . , a„ )) (5) 

. Sjiilxo l—ljUaxll (5) ' (4) (>a 

: 3u^u Y-o-Y 

^U*!! « n t ... t aj <j£iJ . aeK oSJj « IjlU K z> k c££ 
/ = (X -«„ ) : J* js^c {^(«) :<pe Aut(K;k)} J fcfci-S 

j^Uc ^ ^ 0> jb" lij y/eAut{K;k) J£5 : QU >4) 
: Ola f5 o*j « Aut(K\k) ^ "jjtf ^o#> uji 

(^^)({a 1 ,..,a n }) = {a„..,a„} (1) 

{a„ ...,«„}) = ^({« 1 ,...,fl n })) = K{«i, -.;*„}) ( 2 ) 

: J ^ (2) . (1) o- 
¥(K-,a n }) = {a l ,...,a n } 

y/^ Aut{K;k) y*aJ 

Fix(K;Aut(K,k)) = k J f c£*-U- ^ ^ (1-*>-Y) o-i uVlj 

. (I jlU K Z)k jl -I^V) 

o AT 



jjlj li^jj 1 g ^ w£ (X ; & ) J -l^V) / jlLj a 4 / (jVj 

ALU jjc. <ji Cixij (ji iaiS ^Sjjj <jU 4 (« n 4 ... ( flj _>*-aU*ll .iJ <2 = 1(a) 

.k[X] j (jjkai) Vij.nfltt 

-olijUte. g(a) = 0 </=g/i (3) uj^^ g,/*e£[X]<j^ uVlj 
4 a ( . = ^(a) (JjSj <peAut(K\k) ^y, / e {1, ...,«} JS1 
fcbi- a„ * ... » a, ^U*l! oVj • g(a,) = g((p(a)) = (p(g{a)) = <p(0) = 0 
f J (jl « A e £ * (3) £-j « (g f-is y) /| g ji gSjj ^ ^ 

: f-o-Y 

IjlU j!j£L.» K ID k ()) 

. JL^U Jis t ^yui i <ilo K ZD k JiaJl (Y) 

t> JL-i£*l <Lla jj^x SjiSl jjLa JL* ja ^ 3 k (r) 

: 

(Y-o-Y) j>j . ^li. IjIU ^blixl JS (>o-Y-Y) t> : "(Y) <= (^)" 

l> UJ^ J*-aU. <_jA & t^ic-fle K y^iC JSl jjjij-aSl JjAaJl ajjj£ 

. JL^i£U j \^LKzDk JiaJl oj^i -^PH^ ^ JJ 
(Y-r-Y) Aj^I (> Aj\a 4 LS * i A* i 4^. KzDk JLJI iJU uV : "(V) <= (Y)" 

f iJ tJ^ Jf" (j' t-ljlla-allj . f E. k [X ] J J^a. ft JJJ^l (JjLSj JSa. jA jjlj 
t j£j] J t i-ij . nnll Jjla jj&j 4 / Jj jft <> Xolc g ^jSJ . JU-oi£>U ALIS ijjjjjah 
k ^jlo a — \ tj jiu-aJl Jj-laJl OJJJ^I Ajjluui g QjSu lifrJj • g 1 o d G K 

. jL^i£U ^Lla /ojS JUIUj 4 Jl^i£U Q\i o& g d)* k JU^iU JjIS 

oAi 



Field Theory j>is B Ji^o > iij ( ilO,c-^t) 



j-j « it czFix(K-G) JcJ^ G:=Aut(K;k) t>./eA;[X] 
0/t/ (<?)<[£ :Fix(#;G)]<[is: :A:]<oo 

A jgVu G <j5 

Fix(K;G) = k jJo^ujUj 

Fix(K;G) = k o\*?>o*j<K=k o& r = 0^ 
^jk. a — J g cgj*^l J j-^l ojjj^ ' /— 1 f ae K \ k i r > 1 o^J (jVl j 
j* ^ 3 it ' jli ^Ulbj t A: ^ . ^ ^ £ 

jli^Sfi t> r - 1 1*1 i / € k \X ] JL-ifiU *Ltiii j jjaJI SjjKJ 
■ < I jlU jil^Lol j& AT 3 k ' t^^J 31 J&-.YI 0 i,j2 t >j.^r\A: , ^i 

G' = M^;^cG * k ' = Fix (K ;G ') 

x e Fix (K ;G) ^ Fix (K ;G *) = k (a) jVI uSJ 
: jjSj c 0 ,...,c n _, e A: .^ja (o-o-i) ^ -uli n-d&g) ^ 



x — c H _ x a n 1 +... + c 0 
JSJ -oi gijj (A-A-^ ) j>s jK" ,^3 g _J Ijli^i a n i ... t a 2 i a = a, iiul£ Ijj 
: Jc. « (a) = a. jl ^ ^ g G ^jiie 

jreFw (K ;G) 

= ft ( c „-iM («""') + ••■ + ft ( c i)ft («) + ft (°o) 
- c .a" -1 +... + c.a i +c n V/ 



jj^Ji - aJ: AS jVij 
/* "- 1 +...+c I Jr +(c 0 -x)eK[X] 

h = Q J gjjj deg(A ) < n - 1 cfrj - a n ' ■ ■ • 4 «i j^Vt ^ (> 1+1 

Fix(K;G) = k 

: ijja*. gsii (r-o-\) t (A-t-x) ,> 

: glMluil t-o-r 

Ijj I jlU. tjjSj K Z) k (JiaJl -il-^l cj^ ' JxaJl <1 ilia. K lj) 

• c> J J^ JtfS^ J**- K. 3 A: jlSlim^ 

: »-»-Y 

A: ^ JL^ifiU <Lli j*-aUc a,,...,a n e A" . JS*. jI^Io! K id k 

r^lijiiio = A; (a v ...,a n ) jj 

£ 3 A: J*^ 0) 
I jJU LDi (jjij Jjusu L K (^ijijis.^jj (Y) 
(Y-t->) t>2^ V* 5 ** Kz>k u> : flU j4> 
<Lla A: a,- -J /, » Jj^JI SjjiS ^jSS i e {l,...,n} l& 

. jL-ai^U *LlS <jj£ / =/,../, e A:[X] Jj^J lj& ci ±t*i jL-ifiU 
/ _J jjLiG JLs. (jj^- ^4 L 3 A: o\& if— 1 (jjiii JSa. Z, 3 K J& IjIj 
<J o-j < 'jR* Jjgj Z 3 k o& (r-o-Y) o-j • £ = (a,, ...,ct n ) jV 



I Field Theory j^uJi^oj&j ( ilO,c-iili) 

Finite Fields iliftiill J jAlll : fcjaj Vt 

Ord(K) = (Char(K)) [KF] 
. <jj£ « :=[K :P] jla au. AT u'V : >4l 
P" ^ (Lajj-jjyi) ^LSI. oji « ji P W i> ^ <>^l £» ji» 

Ord(K) = (Ord(P)) n = (Char(K)) n 

: jL £j r-n-v 

: lip] _>-»^ ^ij^ 0 — ^ ^ — ^ ) 0"°J ' * AjLLmSl <j^3ai3l 

: gUHu.t r-n-r 

a:* 0) 

# ={0,l,fl,..,a ? - 2 } uj^^ ^ (*) 

x 9 -x € K[x ] jj^ji sjis] oj^ (r) 

: nil 

tAiio K jij t Alio AT (j) i^ua. ) 

oAV 



£ = {0,l,a,...,a 9 ~ 2 } ujSjj 4 a i>» l«J jjijs 
(cjUjs- o^k^^) _>-j>i» ^ (^-u-i) j> (r) 

V b&K* : M" 1 = 1g 

V beK* : b" -b=b q ' x b-b=\b-b=0 

"a j±£l 0 <ji ^-ai jj • X q —X e K [X ] jj-isJ ijiiSI jix^> 6 jji (ji 

. jjiji - 0J: asi jU^,i a: j^iit J . x" -x g AT[X] ^j^ii 

: At**!* i-n-X 

x \->x p 

(Forbenius - Homomorphism of K) 

V x , j, g K :(xy)' = (xj; )...(xy ) = (x )...(x )(y )...(y ) = x"y p 



CA jJI (j^ p till j^l) (j^ ^ (Jj)^al) p 



(x + y) p =x p +...+ 



< r J 



x"' r y r +... + y p 



x p "'y' = t P - ^ x p ' r y r 



r\{p-r)\ 



Field Theory j^LxJIJvj^ (CJiSJi,*-^) 



fr**^ uV) p \ (p -r)\ i p | r! Uiu (p\ p) p\p\ 3 
jli p ja JUJI >u> J ^ o*j (p \ P ~r <■ p \ r : \ <r <p 

(x + y) p = x p +y p 

(fj^JJ-^J* H J> l) L5 1 • 1 P = 1 

t£lj. jc'-3/' =0 J tf *i3a . x" =y p c& 



(x-y) p =x p - x p -'y + ... + (- l) r 



0; 



v 



+... + (-l)'j>' 



(jc - j,)" = x p +(-!)" y" 

. (jJja jjc. /? J p — 2 <j ij : ^ji /> 

: 0J* p = 2 IS* 

(x-^) p =x p +_y p =x , '-_y / ' 

(x - y ) p = x p - y p 
x -y =0 JUlbj < (x -y) p = 0 ji LSjajb x p =>>* J ^ 

. tpl^i ^oiljJl jj^Jj ' X = y ^AjILj t (AjjL-a ^jJjS <U (jiul JiaJl j^) 

SJa.jB ^Jj jA y„ T J»=J1 u*H^Jja f >JJ-J-jA /? J jl JS1 (Y) 



I*1U idjlai ■. upiUJI -Ul 



: ( -M tf» 

jjioiujja ^ jjSjjxj* jA Qj£jJ IjJabii (jj^J l^frfj (Mj* ' 5L»Li) ' J 



>Z 

>Z 



7/.Z -* 7 P z 

x t— > JC 

: ^ Oai n-n-Y 

CKHHJJ* f j^JJ^J^ J* (j^ JaSij UJ^J > 0 jxa-all A] (Jla. 

(La js t !l*Li) f Aj ^UJ! 
. p > 0 >~ll Ai itia. is: o^J : I'Hk >4I 

ALl5/^X p -aEiqX] jj^JI aeK & afen&k tlto K d& 13 
L Zi K < (Uj„,nll) JJ^ JjIj 5L.lc g g ] oSJ ,jL^i£U 

(jl 4 /_! f ji^ jjli & jla iitie. . g _3 ji^a b G L i Aiiiij Ji* 

Uli JL^UaLIS /jVj . g =(X -6)" jjSj kluau W G {1,. ..,/?} ^Ji-U) 

i$\ . b E K i n = 1 tjla ^ ,y»j i L ^ aLa^ jlL-J Jaii UjJ tjjSj ji <_±aj g 

— ^jja jj^jxjA J (j\ i b p =a jjSj c-uaj b & K as K JSS Aji 

. (LjSji ( iLaLiJ f^alc. (jj^j aJ 



Field Theory j>b«)i^>£u ( .».h»m (V ./sh ) 



feK[X] i (tdj3 4 fj-lc. K —1 oyiu jjS (*j^j>«^jA lAjI u^'j 

JUL, . ((V-f-Y) J*) f(X) = g(X p ) oJ*^ gzK[X] 

. f(X)=a n +aX p +...+a n (X p ) n cjA *w a^-^K M ^ 

£>*j-bf=a i <±u=>4 b t e. K a>jj i € {0,...,w} J£J -uli <j^jal! i> j 

f(X)=b p +b i p x p +...+b p (x n y 
= (b 0 +bx +...+b m x"Y 

( P >o >~) 

jUibj . / jLuiJ jj-a (jiiSLij I i* j : (JjU'ill) .kinii'ill aLIS jjc. jjSi jl y ji <_$i 

: gug^j v-n-r 

"Lalj jjjSj Ails Jla. (JS 

(1-n-Y) 4 <> iJShA gii. : >aH 

: 4j £j A-n-Y 

: n 6 N \ {0} JSIj « /7 J jl Ate JS1 
JT -Z € (% z )[* ] ^1 SjAS JrfLS Jk * => & li) 0) 

^ D? uli« JjVl Alik > P t ^U*JI j> p" |j *M*.K o^^\ ( Y ) 

I f "-Ie P[X ] jj^ii JL^ cjA 



K Jf :=X P " -X Jja^l ij£ JLJ k^j^ J Jft Vj 0) 

. ^ a ^^/pjf '■f( a ) =aP " -a=a-a = 0 : / jj^ll ejiS *t j**- 

(a±fc) P " =fl p " ±b p " =a±b, 

( a r= a^ = a 
b b" b 

t a - 

q\ (j\ if Jja^I a jx£l iijtO jlSlil — i a . b <■ a±b jl <jl 

^ _ > - C u & JS jji c*ms t K => ^ Liu U> jj£ l«jU U.j 

• / —X J jJaJl a jjj£ jLL-ai ^ Kt.aJU IjuVir. " i> iaSj jjSui A" <jli 

^t>j« a g K* £±^a p "=a p" -1 J! jV (Y) 



oHY 



Field Theory jjisJl^jlii (uJUJI,**^ 



. sift J jA=JI a jjq£ (JjjLii (Jia. jA .AT 3 P (jli tjx j . (jjSnolt (J^ 
j^U »J | p" ^ U^ix U ' (jSi (V) 

jjl* £ _J JjVl JLJI P a! < Char(K)=p=Char{K y ) 

: t-ttJ j«j ^-1-Y 

i_iL*v Qjii — jl! c3'°^ 1! JlLa LI ji tajc. ^ t ^* Ijjc. n ^ 0 I j] 
(Galois field of " elements) 

■ GF(p n ) >j1UaJ! jLibj 

: h & \ .-i-r 

i> P " t> UJ^J J^- • kljl f .iie. ^7 4 tj»jil-i ta-ia « ^ 0 

: P JjVl AiS^j t j^LuJI 
I jlU ^1 >I DP JS=J1 i^Lol (^) 

^ (JjLkij ^1) oUjjaj^ajjjl jIjj AT — \ ouiujja ^ jja J>a j-_>A (Y) 

((r-"\-\) K zd P — \ ijJU 0>a j 

: nil 

X ? "-XgP[J] ^liiSoi^ £>(X"" _x) = -l*0 (\) 
. s jJIU. *WjVI (r-o-Y) i (A-n-Y) t> ^ » J , aiSU *L15 
: (r-^-Y) ( (i-Y-Y)l jJUI ^JL.«i\ 2u^kiJl J^=j (Y) 

Ord(Aut(K)) = Ord(Aut{K;P)) = [K:P] = n 
r-^-Y t-Y-Y 

(P^^^i ^=P") 



IjJU ■. ^iUI -Ul 

4 (J 1 4 (f K —5 <7 ouiujja - ^jjaj^j-j* jS jl Jic jjII Laa ^tiajj 

a p 4 ... 4 a p 4 a j^U*il J ^ 6* J ts^J ' * 5^ 0"' (#) -o' 
luaJ qjSj y < / 4 ij =e {0,...,n-l} tlija. if =d? t> • <^j- 
. Qd(a)=p n -\ jV 0^ > 0<yfc'-M)</M</?"-l 4^ ( ^- 1) =l 

a 4 j^uJl 0- p" 0- oj^ij ^ # jl£ lij . Uji \uc p 4 neN\{0} c& 

4 « _J ^IS /' du=> Fix (AT;[<7' ]) <J*»-SI ' ^ o^jj* fjj* jj-j-j* 

. K 0- L3> 5Ua. (j jSj ieN \ {0} 

jxjS) (jU SjjiUa . -1-Y) t>*j5l Ajjiu ^ Y-^ ^)i> : pU >4> 

. (£) 6- SJJa. jll 4jj jaJl ^i'eN\{0} 4 « _J ^15 / dip. , [cr' ] 

. [Aut(K):[&]] = i &J& iJ iOniQp i ])=- t J^^a&^^j 

[P-Y pI ) = [Aut(K-,y pI ):Aut{K-P)\ 

= [Aut(K):Aut(K,P)] (r-<\-Y 0-) 

o'^ P =Fix(K;[a i ]) '^L 



Field Theory j>i*Ji ( , > -h»h ( ...^w ) 

(V) 

^LU. l$J j t-uL-a AjjVI jjjliill t^i : J^a. : \ Jilt 

Z 7 ^jL^UALli X 3 +5 Jj^lSjilS (^) 

M^nK jjS 4 Ja nJ J jLJ! J* (*) 

TjwjiU OjSj jL^i£U Jjli jIjSJ (r) 

a joa. o jjoSS (.JjLSj J* 3 - ^ ^ u jI jU J£ ( £ ) 

Jl^i£U JiSj ^uL jIjU Q(Vl9)3Q (o) 

JL^i£U Jj15_, jyuiii Q(V2l) DQ (*\) 

jL-aijiU aLIS jjjSi J JjkHS 4LIS jyja, ' aj j& (V) 

. U JS^ / ^ Sj^Sl /= 0 tljla D(f) = 0 cJ& »jj ( A ) 
. AiLLk AjSUIj . 3^.,, (1) , (o) , (£) , (^) jjjISUI : JaJ) 

: twjjh <jjfL) ClUjlIoYI eiA (ji Ala. : Y Jlla 

Q(0=>Q 0) 

Q(V=5):dQ (Y) 

{5 7 } jjM ^JySzJi jM > or Q(ar)z>Q (r) 
(rj^Ui. a ^ Q(V5,ar)^Q(«) (£) 

. 4»nU (©) i (£) ( (Y) CjIjI^VI : J?J 

. LuuJa jjaj j$i JUlUj i Lj*a. (JaJ ) i^L«VI 

^ 4J Li a Jl jA jL^, VjJ X 7 - 5 J >i=J! SjaS : (r) jjj&I Jj 

. <M J Q(a) Jc l«j£I X -a J-Ul l«i tf i {5 7 } jjM 



Aut(C;R) ^jl : r JO* 
a&Aut(C) d ,<\t at Aut (C:R) r&A : Jail 

Vre R:a(r) = r 

: iiijc. . i = V-F ily^ ) = j (jlJ u^ ! J 
j 2 =a(if = «(i 2 )=o(-l)=-l (ret £^Gr(r) = r 0 V) 

• j = - i J j = i ^ t>j 
«r(:c +iy) = a(x ) + or(7 )a{y ) = x + j'y (a Uuj*j 4^0.) 

QTj : C — > C,x +iy h-> x +iy , 
a 2 : C — > C,x + iy h-> x - z> 

-. ^Vi* Aut (C;R) ^ or 2 J 

tf 2 ((x + ) + (w + /v )) = <x,(.x + w + 1 (y +v )) = x +« - i (y +v ) 

= x -iy +u -iv 
= a 2 (x +iy) + a 2 (u + iv ) 

a 2 ((x + iy )(u + iv ))-a 2 {xu -yv + i (x v + yu )) 

= xu - yv —i(xv + yu) 
= (x - iy )(u - iv ) 
= a 2 (x + iy )a 2 (u + iv ) 

: jli tSUiS . (.jjijj-jjji Ot 2 jl ti' 

a 2 (x +0i) = x -Oi =x 



Field Theory j^Jljo^tij («HttM(i^ull) 



a 2 e Aut (C;R) J J 
A ut (C;W) = Z 2 jli ^ t>j • oc\ = oc x J ^ jj 

: t 

d^<Ga/.(/;Q) / :=X 4 -4X 2 -5e Q[X] c& 
J>J . Q /JaLia A" < Gal.(f;Q):=Aut(K;Q) 

Gal. (f ,Q) o* *A>li SjJiU-S 

/ :=X 4 -4X 2 -5 = (X 2 +l)(X 2 -5) = 0 
jljial jjSjj J = -v5 t y = y/5 1 P = -i <■ cc = i <J>> f J*^ 3 ls' 

AxjJ <4li* Oj^JJ • ^ =Q0',V5) ^ ^ =)Q : jA t.i^l.^ott js=Ji 
» s^jll r lj j* 7 di^ i T i S t R i I ^ Aut(K;Q) ^ j^^- 
^sijii ^ij . ^jSJ c 3U*-yu r ={ap)(yS) iS = (yS) » i? = (ayfl) 

oli^o-j • +V5 J! >/5 . ±1 J) 1 "iW 
Ga/.(/-;Q):=^M/(is:;Q) = {7,*,S ,T} 

: ^ Gal.(f;Q) i> *jLJ» *js>» j- jil 

{/},{/,/?}, 

: S jtliJl ^liJl JjLJl tjjSj j 

* =Q(/,V5),Q(V5) f Q(/) i Q(/>/5) 

(SjtUJ 

0<W 



: ^LU y j i_uL^> AjiVl jjjI&II cji : J-ia. : a Jll* 
Aut(K) j^jfc ja v4wf(^T;A:) ^ J£ (^) 
ito.jU^Jjj* Aut{K;K) J£ (Y) 

Ajjib ^m^(A:;^) lj3Uij-j (r) 

>Vl u-jit-Wi. JS(£-Y-Y) ^FtxCA:; ) i Aut(K\ J (°) 

A>£ jli ^m?(^;A:) = {1} ^£ ia (V) 
Aut(K;k) = {\} cP K=k jl£ Ijj (A) 
OrJ(^(X);^) = l (1) 

! I g j l i ua fj* (Jg-"i Ij^-?- _>*j <— * ) 

j>u ^ui . 0 * ) ' ( A ) * (°) ' ( £ ) ' ( Y ) ' 0) : J*5 

: AJVI K Z) k CiblJl^U Aut(K;k ) ^ : j Jll* 

ii«/(Q(^);Q) (I) 
(^7) jji^l ^ JLLJI jkll > « i4«f(Q(a);Q) (m) 

Aut(®(-j2,yl3);Q) (_^) 
(l):>| 

{(p{4l)) 2 :=(p(4i)(p{yl2) = <p(y/2j2) = <p(2) = 2 
=> ^(V2) = ±V2 
ft(x) = x VxgQ, 

o^A 



I Field Theory j^iaJi^^ ( CJU)1|»— 211) 



^,(V2) = V2 , =>fl=l; 
(p 2 (x)~x Vx e Q, 

(^ 2 (V2)) 2 =(-V2) 2 =2, 

^ t 2 *£JJ g ^«f(Q(V2);Q) a>£ ^Wj • ^ = 1 J ^ 

.Z 2 JSLifi 
M 

^(p(fj) = 7^ (Q(V7)cE uV) 

p(jt ) = jc VjcgQ uV j 

A ut ((Q, or); Q) = {1} s j- jB oj&j 

M 

(^V2)) 2 :=^(V2)^(V2) = <z<V2) 2 =^2) = 2=><p(2) = ±j2 
(^V3)) 2 =^V3MV3) = ^V3) 2 =^3) = 3=>^V3) = ±V3 



(^(V2) = V2,^(V3) = V3,^(x) = jc VxeQ), 
^ 2 : (3 2 (V2) = -4l,(p 2 (S) = y/3,<p 2 (x) = x VxeQ, 
#> 3 : <^ 3 (V2) = V2,^ 3 (V3) = -y[l,(p 3 (x ) = x Vx e Q, 
: ^ 4 (V2) = -V2,^ 4 (V3) = -V3,p 4 (x ) = x VxgQ, 

UJ^J 

Aut(Q(j2,j3);Q) = Z 2 xZ 2 

. Q JLJ! ^ Q(V2,V3) J^il £l jiU ^LJ {1,V2,V3,V2V3} J J^V 
F/jc ; ) « Aut(K; )oa*J j&j 13M 1 = V 

((r-Y-Y) jta) ijiu jbsj ^ j^vii (m) ui 

' . '"ii _^kVl (_>aj^T «i 1 ^ La . (_jl_ijL=k.i (jl^jlaUj (jLtuiljll (— ' ( 1 ) L)/'^ ~* ^ ts^ 

X 4 +X 3 +X 2 +X + leQ[X] Jj^il Sj^S J J* : A Jll» 

X -1 

1. . 



Field Theory jjisJijo^u (dJtiflj.— ilt) 



: JLJ OjSj 

Sm 6m 4 m 2ni 

Jib (jjLij Jia. ^ e 5 «e 5 i e 5 t e 5 

. jL^i£U 20,15 ^ JMLj . <W> l«JS ^ I ( Aifci* l^Kj , C 

. Ajj5b J t^ 6, u* • ' 11 ' b s * 1 '* 

2,4,8,5,10,9,7,3,6,1 

. K* _1 jIj- 2 J J 

\jt rt'ir, 124 (j< UJ^J *^ L * -^Jd (^) 

tj. ^'i<- 124 tj-a ' A^^jJaJl Ajj-aj ( AiLa JSa. -I^JJ (Y) 

t ji nir. 125 t>> Aala JSa. .la.jJ (V) 

3 Aijj^^el^ GF(19) JiaJl Ajj>o1I Sj-jll (1) 

AKUila^jS I^ic. 121 OliJjiaJl J£ (o) 

GF(49) JSUiL>^> J^,> GF(2401) (l) 

j» jj3j_a*JJji j& Ajoiij J) Alia Jia. (j<a ^jjfijj-ajjj^a (V) 
Ajjjb (jj^J ASla JiaJ Aja-a^Jl a^ajll (A) 
Aj_j3b Jia. (_jV <ujjjall e_)*jll 

( lAj»<-ilir. t-JJjJ ji-j^aVl <iljdAa]l Ljc-Uia-aJl <jL oj-a jll <— «J*j) 

: iM 

p" =124 <jj^ n -"^j J5 <^ji ^jjV AjSf ^LU. (^) 

125 = 5 3 o-^LiA JLJ! : (r) « (Y) 



no 



jjjia 4 (V) « (1) , (0) 

AjLVL jjjSj : (> .) t ( e \) t (A) 
: \ \ Jll* 

: GF(5 2 ) J GF(25) JLJI j£d 

'. ^ Wd 5 u& Ajj^.it^ aJIoLJI <iiia^all el jS ijj&j < 2 + s2. j.<-»'nll 
« 2 + 4^2 . 3 + 3V2 * 4V2 , 1 + 4V2 . 2 + V2 

« 4+3V2 . 1 + V2 . 3>/2 1 2 + 3V2 * 4+2V2 , 2 

c 3+V2 1 2 + 2>/2 . V2 c 4+V2 , 3+4V2 i 4 

, I + 2V2 , 4+4V2 * 2V2 , 3+2V2 * 1 + 3V2 i 3 

. 1 

l*K GF(25) j^Uo . GF(25) _S 4*^1 Sj-jB ^ 2 + V2 £ o*j 
((A-n-Y) , (r-i-Y) jbsi) X 25 -Z e (GF(25))[X] ^ ijsi jlJ 

: > Y Jl> 

« 83521 « 65537 « 65536 ,312 . 24 • 17 ,6,5,4,3,2,1 

103823 , 2 2,6091 -1 
: JaJl 

^ m i Jji j^. /? i'm n=p m jl£ I i) jjuaUxil (jx n i> t-ilbj JUl 
103823 , 83521(= 17 4 ) « 65537 , 65536( = 2 16 ) , 17 , 5 , 4 , 3 , 2 

2216091 _ | 



Field Theory j^Lxii^Jaj (t uuii l «.„flti ) 



[GF(64):GF(8)] * [GF(729):GF(9)] : >r JH* 

: JaJI 

[GF(729) : GF(9)] = [GF(3 6 ) : GF(3 2 )] 

[GF(3 6 ) :GF(3)] = [GF(3 6 ):GF(3 2 )].[GF(3 2 ) :GF(3)] 

=> 6 = [GF(3 6 ):GF(3 2 )].2 
^-i-r 

=> [GF(729) : GF(9)] = [GF(3 6 ) :GF(3 2 )] = 3. 
[GF(64) : GF(8)] = [GF(2 6 ) : GF(2 3 )] 
[GF(2 6 ) : GF(2)] = [GF(2 6 ) : GF(2 3 )][GF(2 3 ) : GF(2)] 
^ 6 = [GF(2 6 ):GF(2 3 )].3 

[GF(64) : GF(8)] = [GF(2 6 ) : GF(2 3 )] = 2 

GF(p") £y> 4JJ JjSa. liA (^Ic. aj!5lc . jjuaLi*Jl o^p™ t> UJ^J 

p n -l = (p m -\){p n ' m +p"- 2m +... + p m +1), 
A^j^ jli ^lliSj t GF (p m ) ^ X{X" '-1) jLl j ^ ^ A _^ 

n.r 



Cjlikl! (r-Y-Y) ^Lu ^jUIj Cut . GF(p") 

JSLiL F uJi ^ • GF(p") t> Lu> ^ F uSJ f j^ij 

: Upl jjljj t m <>a»j5 GF(p m ) 

n = [GF{p n ): GF(p)} 
= [GF{p n ):GF{p m )KGF{p m ):GF{p)} 
= [GF(p"):GF(p m )]m 

F" _! hl>. or u^j ' f >^c. 729 t> Uj£* ^ Fjli lij : ^ Jtli 

*£>S J jiaJ j^jla (F _J Sj- jil) 

GF(729) « GF(27) » GF(9) . GF(3) 

GF(3) = {0}u[« 364 ] = {0,1,2} 
GF(9) = {0}u[« 91 ] 
GF(27) = {0}u[« 28 ] 
GF(729) = {0}u[a] 

.S j^U. ^UJI JUI (>Ji j iujaJl J jiaJl JS »iA jji Ji^V 



Field Theory J^^tjoj&i 2)1) 

GF(2 24 ) o- ^J^ 1 J jiaJ .LjJj ^SB OUI jiatfl : n till* 

: y» GF(2 24 ) t> 2l}5>ll JjiaJ : JaJt 

. GF(2 12 ) . GF(2 8 ) . GF(2 6 ) . GF(2 4 ) . GF(2 3 ) . GFC2 2 ) » GF(2) 

((n-i-Y) jti) 



GF(2 8 ) GF(2 24 ) 




\ / 

GF(2) 

GF(16) t> <u>Jl JjS=Jl : IV JH« 

GF(\6)={aX 3 +bX 2 +cX +d + [X 4 +X +\]\a,b ,c,d e Z 2 } 

((Y) iuAc jjjUi (£) cxj4 

Z 4 +Z +1 = 0=>X T = -X -1 



= X+\ (1) 



JT 5 =X 2 +X (2) 



=>X ,0 =(X 2 +X) 2 =X 4 + 2X 3 +X 



= X + 1 + 0 + X 



= X 2 +X+\ (3) 

jjfLall ^ jaJl JsaJ t*i]j£ . {0, 1} J* (jij^eLtC t> (jjS-Jl ^3=^1 <J*aJ £^ J 
. j i *ir. 4*Jjl (j* (JiaJl .laj (ji (jlfjj . ^JJiii (JiaJl jA t j. ai& ^iic. Ajjlu j* 

4j-aj3l (jx ^JJJ^ ^_>^ *->°j UJ^ **** ^Jji*- 3 ^ Jji Aj^jII jj^alitll (ji 

. (AjjSb jjSj Ajjjb 6jxj t> 4j1>JI *J*jS) • (GF (16))* ^lii AoJjUall 



« (X 3 _,() X 3 +[X 4 +X +1] oji «i Ot-U-^o-j 



. (15-J j^" jliujll jUm,IS» U 5 ( 3 jV) (GF(16))* <> ^ 



£cijj X 5 Liiu 4 ((xF(16)) (JA t j.<tl ift < ui A a, (Jjli ^eljj ^ 3 

a*jJ li Vi> !^ ^lu J t (GF(16))* t> _>-»Uc c^li ij-j 

: jA _^aUc. AjujVI jj (^3=^1 JiaJl U_&!j GF(16) i>» J^ali& 



{0,\,X 5 ,X l0 } = {0XX 2 +X,X 2 +X +1} 

. 1"=! j ~X* = 1 X 7 * T 



Field Theory j^iaJli^lii (iDUD^Jilt) 



J J « X 2 +X + 1 = 1 o^^'l'^'+I+l M (3) c 



OjSj X'°=X 2 +X+1 J Ji- U. UpH , V)j X l0 ±l 

J ci'l ^" = 0 J tii X 5 =0 uj^ (2) 6-j X 2 +X =0 

. u^ilsi : X e[X 4 +X +1] 




(jlAja.jH jjLaijjlsSI LaA 13 ' 2 (j) tlua. . ' 3 ^ 1 4 2 1 ji I'nnm j 

. -J hlj- uj^ A" < 26 -J u^^l 
: d\* £ 0*j ■ X 1 +2X +\ = 0 lipl .I 3 =I j^I 2 =i 

. (Z 3 ^ 3 = 0) oi5l£ : l = 0 jUJuibjJI+UO 
: u^i • X J = X +2 J t? ^X 3 +2X+l = 0 uVij 

X n =(X +2) 4 =X 4 +4X\2 + 6X 2 A + 4X .8 + 16 



. ^us : 1 = 0 (2) u-j . X 2 +X = 0 




F:= Z 3 [X] 




= X 4 + 2X 3 + 2X +1 



=Z 4 +X 3 



(X 3 +2X+1 = 0 oV) 



= X 3 (X +1) 



= (X +2)(X +l)=X 2 +3X +2=X 2 + 2 



X 13 = X'+2X = -1 = 2*1 

.Z 2 [X] J Jjk^ *US» j£ AiMll ia. jill 4> ^ SjfiS / j£5 : M JH. 

. tji-aia 64 ji j^Ue 8 t> jjSjj Z 2 JSg f tJjLSj J*a> ji Jic jAjj 
jli i^ic ./-(X-a)g jjSJ U ^ ./_] fjL* a jlS 13 : jU *lt 
^ j jSj j UfcM j _£j Z 2 (a) /dflSia. [Z 2 (a):Z 2 ] = 3 

. ((^-Y) jJiii) . 8 2 3 ja Z 2 (a) j^l^ 
. Z 2 (a) _J U jIjCL.1 gJI ji~* Z> jSJi t jUiS j-Vl j£j <J 13 
ujSj (! MM Vj^ 6- g) [Z 2 (a,Z>) : Z 2 (a)] = 2 jli jttc 
[Z 2 (a,b): Z 2 ] = [Z 2 (a,6) : Z»][Z 2 (a) : Z 2 ] = 2.3 = 6 

64 J 2 6 j* % 2 (a,b) j^Uc ^ qj£j ^UJb, 
8 — JJjc j* kimiil] (JjIS jjc tJ^UJ 4^jJ jjSI ji jAjj : Y « JH4 

.3 ^ Z 2 Je. 

: jli JlliS 

(? ljU) ^jikJi^j [GF(8):GF(2)(=Z 2 )] = 3 

F ~ Zi[X %{ 3 +2X +2] = {aX2 +bX +c +[X ' +2X + 2] 1 a > b > c e Z 3 } 
• 26 j* F* j^Uc jjc jli f5 j>j . YV 3 3 = F _>^Uc m jjl>j 



Field Theory jjisJi^jiii 



(Z 3 [X] J m^-JI) X 3 =X +1 J ^ X 3 + 2X +2 = 0 : uVlj 
: Up! Qjl, ^ . X 4 = J5T 2 +X (1) : J li* j 

X 12 =(X +1) 4 =X 4 +4X 3 +6A r2 +4X +1 

= X 4 +X 3 +X +1 

=X 3 +X 2 +2AT +1 

(i) 

= X +\ + X 2 +7X + 1 (X 3 =X+1 uV) 

= X 2 + 2 

^X 13 =X 3 +2>=1 (X 3 +2>+2 = 0 jV) 

. F 1 oo3_^ <jj&t ' 13 W^Aj F _y>j ^3jj X cj 

: Yf Jilt 

^ J ^ ^ jj . Z p <Jc- f :=X p -X _S tjjLiu JLv is j& 

. 1 'j i tail j ^^jiallj ^ It dlaJ 4ali-a £ ^ y jlL-ai 

jC*" +3;"" = JC +> ; (*) 

r^JULj' (jc + J/) P " =X P " +3;"" (*") : (U-)-^) Jl*o*J 
(x +y) p " = x +y 

X"" =X *hl~U ojj^ J> ' * ci&M4*d 

. UJ X+_y (j^ -X UD**^ }> <■ X lA*^! lSJ^ 



1.1 



jjc. ji /7 = 2 ijjIS (*') ' (*) ^ j; <j* Voj -3; ^-ajJj 

(x - y y' = x -7 

*BjU L^i J^i 

(-)'" = -,y *o 

. ^jjoiil — <si 

: 

(xj/y" = x / j; / '"=^ 

. a!\^\ (jjiiil ji^> xy u' ls' 
^Lo ^ ^j3j ' 0>a j jya C ^ X 28 -l G Q[X] jU—l (1 ) 

(jj^aifc 60 t>4 <— A"- 4 L&=* -^JJ (^) 

f j. -^'ir . 36 (>a *— ^iia (J^ -^jj (^) 

primitive n root s^jll ^Ijj <3j JL». ^ _>^>i«J JiL : 

(0<m<n _Jcf*l . «" =1 jVS ti) (ofunity 

Z 2 [X] ^ 58 

t_i 4jLc ^ Q ^Jjjl- 3 ' a J*j UJ^J Q <jr* jit- {\} 



I Field Theory j^iaeltjo^ (iluil^JiJl) ! 
J\ F^ji (J^Uiu) fjpjjojj J£ o^'W^^ F <jl£ »j> (V) 

. F — ! U jjajj-jjjl ^jSj F -J F (j jf?. 

. jaj&l . A^w, (V) « (o) , (£) , (1) .. Jgjj 

: YJ Jtig 

^ Si^jll (primitive 8 th roots) MM 1 jj^l -^jl ( I ) 

GF(9) 

Sia.jl3 (primitive 18 th roots) Aj^^k. ^Luil ajjI^I! jji=J -^j* (m) 

GF(19) ^ 

ft^jll (primitive 15 th roots) AjjJic. (j*»aJl ajjI^I! jjc (-^) 

GF(31) ^ 

^ b^.jU (primitive 10 roots) 4j>JuJI jj^ 1 ^ ^1 ( j ) 

GF(23) 

^ J jljSl i_Lj*jJI t-Ajjia. UJ jlkail . 8 jA (GF(9))* (^3 j*-aU*ll AiC ( i ) 

(GF(9))* J ii^V) . (GF(9))* CjIjIj- ^ jU>] ja Sj.su. JjU! JlSJ 

jA CiIjIjaII .lie. (jjlj jll <ijkj ^ (^~^~^)(>J .(V-1-Y) Ajjjb 

.i.i*Jl jjjSj JblUj . j5l ja r 4 n — S f -.kr-.yi ^,^1 ^Ull tlua^ V" .i-ie. 

. 4 J* <_! jlUail 

ojSj ( i ) ^ US UUij . 18 ja (GF (19))* ^ j^UJl (v) 
. "1" _>a r < n —1 fJicVI <i5 jlioll fu-lill jjSj V" joc. ja i-jjlkJl 

. 6 jA LJjUa^S) .11*}) ^bSbj 

JjVI uUll ^UU jjjUi (A£) ^j^ll sAkL Ua (^,) 

-: ^YVS a^^JI j^U*}) 

in 



30 u- ^ ti ill (GF(3 1)) _S Uj- « 
( x —1 d >LJI ^Ull d : lj) 15 U j^Uo jsjc (GF(31))* t> 

2, 4, 8, 14, 16, 22, 26, 28 J^j -d=2 d J '- = 15 u^j 30 

dliaj fi? .la, jjV <ji U& JiaiLi j£] j . (—*.) ^ ^jlall i_l jLiVl t>*t> ^aaj ( J ) 

(GF (23))* 6- a^> j-jl Uj- u_& ^ jiV J^Wj ■ - = — = 10 

a? d 

. 10 UjjuaLi& .lie 

. LiJ Uji bie p : Yft Jlli 
<1jI*^3I jjli t a ^ 0(mod ) tlya. i aeZ — 5 <d ^ (i) 

. a 2 = l(mod/>) o 1 ^ li) Jt*uj ^1 ^ ^t^^x 2 ^ a(mod 

Jjkjll ALli jjc X 2 - 6 J jiaJI SjjjS Lo |jj ( i ) * jail jOVtJ 

Z 17 [*] ^ 



(i) :J*» 



x 2 = a(mod => 3n e Z : a = jc 2 - 



£-1 p-l 

=> a 2 = (x 2 -np) 2 



p - l +¥—t(x 2 ) 2 '.{-np) + 



fp-i 



+ 



V r J 



p-l 



( x 2 )2\(-npy+...+ (-np) 



p-i 

2 



= x p ~\modp) 



Field Theory Jji*)l 



f-mBSj-jll^fl j^uJl jc" -1 =l(mod/>):x e Z* p tip] Z p ^4 

(a = O(mod^) V]j x * 0 J 

. * G Z J x p =l(mod^) a 2 sl(modp) d&ty o^Wj 
=6(modl7) J Z 17 [^f ] J JJ=^ *L\i X 2 -6 (m) 
U Z ^ J- ^ x 2 = 6(modl7) ( I ) t> : Z ^ o4 

17-1 

lil Joiaj ulS Ijj tf i ; 6 2 = l(modl7) »3 

6 8 -l = 17A:,A: G Z 

6 8 -l = (6 4 +l)(6 2 + l)(6 2 -l) 
= (1297)(37)(35) 

(1297)(37)(35) = 17 K 

. Z„[X] ^JJ^UIS ^X 2 -6 
X p " -X Jj^Jl Sj£S ^ . /? ^kf^ : n 

. F J* K <ZF WLLij JS*. ^ jluJ p" l«J 

» jiS (JjLS Ja*. F (Ji ulJj <. /? >»JI <J L^jio ^Sa. F : t'iU 
jli^VI 6- /?" l*J X'" -X u> Je. . F Jc X p " -X jj^J 

IK 



I 

I 

L 



_J jL^ jA JUlUj X P "-X —3 t jiwa tf^O oSJ jVlj 

' Wl ^ / JJ t> J-ic ja X - a a)* ■ f :=X p "~ l -\ 

-i— = g =x ""- 2 + aX + a 2 X P "- A + ... + a p "~ 3 X + a""- 2 
X -a 

or""-' 1 



a p "~ 2 = 



a a 



{f{a) = 0 = a p - x -\ &) 
g(ar) = (/>"-l).- = -- 

Of 

<U /_l Ilu^ jL^ or 4 g (or) * 0 J^hj ■ p Ji*. ^ LuV 

• 1 JJSSB 

^-jL&at jl« L^jj a,/3e E oL>^ . F Jiv] Ljja. £ jSJ : <Ju j*j 

jj& jj^JI (^iil qjj^ y# ' GC jlS lj) (conjugate over F) F 

.F Uu.nW <L>lill 
AJial jUl aj£ jJI jl-i&Vl '» j& a^i c_i ^sl Jill f Ja : YV 



1U 



Field Theory j^Lxil^jlii ill) 



^X 2 -7aK+d+b 2 ^j^\ Sj^&l Jj^" ^ a-ib ia+ib oW^ j^ 1 o'^^^O 
kx*UA) Jj^l Sj^ Ji*J . Q(V2) =) Q JUl Jl^-I jiSal : Jll> 

« 4i d* « -V2 4 V2 l»a x 2 -2 (Q jc. Wiij^iai 

^ : Q(V2) -> Q(V2) 
a+byfl \-^a-bJl 

: UjJ a, b G Q ^j-aJ : JaJi 

^(a+Z>>/2) = fl-^V2 

|jj JaSaj <jl£ lil |j* ^ j>j t a+b-Jl = a -by/2 UoJ jjSj ^tiJbj 

. Q jA Culill JLJ J 45! .6 = 0 0^ 

^FC^o- f>j>«jJ«l j^ja . F or,/? -J (m) 

.F{fi) Jc F(a) 

. &J3 Eo« Jjl\ ^>3I JtaJl ^ J£ ^ JS^ JS1 J* ( J ) 

. £ ^Lic 0- LV V tjjc ^ £ Ji* JS1 f jjajj-jSjl JS (-a) 



L_ _ _ . . ~. .:. r- ? .: :.._J 

• ^ E <> Caj^c JaVI ,Jc liljjj E J**- <J^ f j&jyyj* ( j ) 

. Ajjllifi'ji^.tf-. (3* Lul^j V l-lic tdjJJ jiLo E{$**- lJ^ ^j^JJ^J^j' (-£ ( j ) 

Aut(K;E)czAut(K;F) a& F (Z.E czK JjLJl ( ^ ) 

R Jc V2 (m) Q V2 (i) 

Q V2-V3 (^) 3 + V2 

K + i (j) Q Jc yll + i (_*) 

Q(V2) > Vl + V2 ( c ) Q > Vl + V2 ( j) 

tialji* >/2 uj^J (^) OiJ^ cs^ (^) cMJ"^ vi-"---t; ( I ) : Ja^l 
X =4l^>X 2 = 2=>X 2 -2 = 0 

V2 _>~iJli . K Jic V2 _S ^ >*JI Jj^il S jj£ ^ X -yfl (^) 

• K (^^It -Ja49 <juoSU £>J L33l^>i) 

. Q Jc 3-V2 



in 



I Field Theory J s 2x2\^ j ii6 (ClWfL^ltt) 

X=3 + V2^>Jf-3 = V2=^X 2 -6X+7 = 0 
^ x= 6±^28 =3± ^ 
2 

. Q Jc 3-V2 <uij £^1 (J3i JJJ 3 + >/2 J^i 

: ASal >Jl i^VI ^V? AjJJ (Y ^ ) jjj-S fSW.n 

^oj — \/2 — -v/3 £-oj V2 + >/3 j (3al jjj V2 — V3 ( J ) 

.Q J* -V2+V3 

. Q ^ - V2 - i < >/2 - i < —y/l + i (jal jjj -s/2 + / (— a) 

. JR. Jic V2 — I j <Uiii ^» j^a! jL V2 + / ( j ) 

-V1-V2 « -V1 + V2 « V1-V2 -Luis ^ jjj V1 + V2 ( j ) 

• Q > 

. Q(V2) ■ Jb. -VlWf t-j -L-ii ^ c3al y/l + y/2 ( c ) 
. ajJIjjjI j ^IjULo j 4jU£*j\ ^ jal£j Jsl jjII Aailt ji : 3Ja »*l* 

L£ , AjjVI ^Ujja jj-jjjVI jjj&Ij * Q(V2,V3,V5) JiaJ jjjgI : JO. 

: AjII jLLall (Y ^ ) jjj^j Cj^U. 

^,-V2 : (Q(V3, V5))(V2) -> (Q(V3, V5))(-V2) 
^VJ,-VJ : (Q(V2, V5))(V3) -> (Q(V2, V5))(-V3) 
Vfs.S : (Q(V2, V3))(V5) -> (Q(V2, V3))(-V5) 



1W 



r 2 (72+75) (v) r 2 (V3) (!) 

(^)(^_^) (^) ( W )(V2 + 3V5) M 

Mj2-£)Hrpr 2 XJm) (j) ( W r/)(V2+V45) 

r 2 (V3) = V3 (i) 

r 2 (V2 + V5) = -V2+V5 ( M ) 

(r 2 or 3 )(>/2+3V5) = r 2 (r3(V2+3V5)) (_*) 
= r 2 (V2+3V5) = -V2+3>/5 



/ , ,V2 -3V5 , N ,72+375, 

(W)( ^-7T ) = ^ ( 27T72 )) = 

= 72 + 375 72+37? 
~ -273-72 ~ 2V3 + V2 



(r 2 or 3 or 5 2 )(72 + 745 ) = (r^o 1)(72 + 745) 

= ( W )(l(72 + 3 V5 )) = ( W )(72 + 3^5) 
= r 2 (r, (72 + 3a/5)) = r 2 (72 + 3^5) 

= -V2+3>/5=-V2+V45 

(j) 

r 3 (r 5 ( 72 - V3 ) + ( w )( V30 )) = 
= r 3 (>/2 - 73 + r 5 (r 2 (72 73 75))) 

1U 



I Field Theory jyL»lijvj>iii (tilUfl|»-«2)l) 

! _ _ - -. I 

= r 3 ( 4l - V3 + r 5 {S 43 41 )) = r 3 ( 4l - 43 + 4l 43 41 ) 
= V2 + V3 + V2 (- V3 ) V5 = 4l + 41 - V30 

: rr jti> 

1^ ^UjJj^jSj'Vij K:=Q(42,43) <-M M (°-i-Y) JUi ^ 
« <p 3 (42) = -42i ^(V2)=^2, <p x (4l) = -4l ^ ■ (p, < #> 2 ' ' 
^i-aJ ^ 2 (;c) = ;t ^ x g Q{42) ^,(jc) = x i (p i {4S) = -4l 

x&Q p~l<p 3 (x)=x LxeQ(4l) 

(J^^jj) Q(V2,V3) -J o-U {1,42,43,46} 

.oAc.f'eQ ^ a+b4l+c43+d46 
. a-t>4l-c4$-dj6 {<p 2 ,<p 3 } ^ a+b^+cS+dS ( t ) 

{1,42,43,46} 0! ^ 6- j • a+b42+c43+d46=a-b4l-c43-d46 

Q J*Q(42,43) -JoU 

b4H = -b4l,c43 = -cS,d46 =-dS =>& =c =d = 0 

{a j a e Q} = Q j* Culill JLJ jjljj 

M 

(p 3 (a+b42+c43+d46)=a-b4l-c43+d46 



a+b42+c^ + d46=a-bjl-cji + dj6 
=>Z> =c = 0 

{a+dy/6 \a,d e Q} = Q(76) j* c^lill JLJ qAj 
{^,^ 3 } jibc^ a+b\f2+cj3+d>/6 j.^ll (_?.) 

Z> = c = J=0 : ( i ) ^ uj^jj 

Q(72,73,75) ^ ^>li JLJ! ^ji : rt jtl. 

M r 3 2 (m) r 3 ( I ) 

{ r 2>r„r 5 } (j) r 5 or 3 or 2 (_a) r 5 or 2 (j) 

{1, V2 , 73 , V5 , 76 , VlO , 7l5 , 730 } 

x :=a + byf2+cy/3+dyf5+eyf6+fylm + gy/\5 + h^l30 

a,b,c,d,e,f ,g,heQ 

(') 

r 3 (jc ) = a + Z> y[l -c V3 + </ <Jl -e 76 +/ VlO - g 7l5 - /z 730 
= a + 6 V2 + c 73 + d 75 + e 76 +/ TlO + g 7l5 + h 730 
c = e = ,g = /z = 0 : (jlS I i) isla j jlS !i) li* j 



Field Theory j±i*!\^j3Z> (l iO,»-«2]l) 



: jA tjj^j r 3 jib Ca^j tluljl! ^j^Jl <J^I <_S^ 

{a + b 4l + </ V5 +/ VlO | a,£ ,c ,d e Q} = Q(V2 , V? ) 
jA r 3 * jib i^ttll (^jaJl lM ujSj JBILj i jll f-J j jA r 3 2 (v) 

Q(V2,V3,V5) ^ Ji=JI 

: ^-ao {/" 2 ,r 3 } jib lllaj X jj-aiaJl (—a.) 

a - 6 V2 - c V3 + </ V? - e V6 -/ VlO - g Vl5 - h V30 

jjlj J ^ {r 2 ,r 3 } jib ^ c^liJI JLJI JUlbj 

b = c = e =f = g = /z = 0 
{a+dyfE \a,d e Q} = Q(V5) Ua ^1511 ^>1! JLJl ojfrj 

{*) 

(rpr 2 )(x) = r 5 (r 2 (x)) 

= r 5 (a -b 4l +cV3 + J V5 -e S -f VlO +g Vl5 - A V30) 

= a-by/2+cyj3-dy/5-e^+fyllO-gyI\5+hy/30 

= a+b4l+cyf3+d^ + ej6+fy/l0 + gyll5+h^30 

b — d = e — g — 0 jl£ I j) JaSs j lA^ ^-i-^s li* j 

: jA Ua Cijlill ^>]l JLJI ji 

{a +cS +f VlO + A V30 1 a,cj , A e Q} = Q(V3, VlO, V30) = Q(V3, VlO) 

(-*) 

(rprpr 2 Xx)=r s (r 3 (r 2 (x))) 

=r 5 (r 3 (a-bj2 +cS +dS -eS -f VlO +gVl5 - A V30)) 

= r 5 (a -Z> V2 -c V3+i/V5+eV6-/ VlO -gVl5+ A V30) 
= a - Z> V2 - c V3 - </ V5 + e V6 +/ VlO + g Vl5 - A V30 ) 



= a+by/2+cyl3+dyf5+ey/6+fJlO + gyfe + hj30 
b=c=d=h=0 : jl£ !j! JaSaj tjlS I j] 11a j 

{a +eV6 +fM +g4\5 \a,e/,geQ} = Q(V6,VlO,Vl5) = Q^, VlO) 

a-bj2-cyf3-dj5-e^-f>JlO-gjn-h>j3Q 

b = c = d = e = f=g = h = 0 

: jA liA CLulil! ^ jaJ! (JiaJl tjj^Jj 

{a I a e Q} = Q 

(J 2 :F^F 
a l— > a 2 

o- 2 (0) = 0 I -0, 

C7 2 (1) = F = 1, 

<r 2 (a) = a 2 = 

cr 2 (1 + a) = or 

. Z 2 jA ^ISSl JUl 
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I Field Theory j^lsJl^j^j ( iUUll|«--2J() 

i - -. — __ j 

<7 3 : F -> F 
a h-» a 3 

. <T 3 -J CulSJl Ji^Jl j 
: JisJl _^aUft : JaJl 

2 + 2a * 2 + ar * l + 2# » 1 + a * 2a * or i 2 » 1 t 0 

. or 3 = -or = 2or J J • or 3 + <z = 0 : ^ i>j « a 2 + 1 = 0 J j 

<7 3 (0) = 0,<T3(l) = l 5 a- 3 (2) = 8 = 2, 

<J 3 (a) = or 3 = 2ar, 

a 3 (2a) = 8or 3 = 2.2ar = 4a = a 

cr 3 (l + <*) = (! + or) 3 =i 3 + 3.F.ctr+31o 2 + C* 3 = 1 + 0 + 0 + ^ =\ + 2a. 

a 3 (\ + 2a) = (l + 2ay = ¥ + 3A*2a + 3 . l(2af + (2af 

= l + Sa 3 = \ + 22a = l + 4a = 1 + a 

cr 3 (2 + or) = (2 + or) 3 = 2 3 + 3.2 2 ar + 3.2.ar 2 + a' = 8 + or 3 = 2 + 2a. 

<r 3 (2 + 2or) = 2 1 + 3.2 T .2or+ 3.2.(2^) 2 + (2tf) 3 = 8 + to 3 
= 2 + 2.2or = 2 + 4ar = 2 + a 

: &LA\ rY Jlloll SjLiVU : fV Jilt 
Aut(E;Q) ^ 2 <+>J <> r 5 ' ^ "* 2 ^j^jj-AjVi J ( ' ) 



. 2 jA 1*1* f jjijj-jJji cS> J l5> • ^ = r 3 2 = r l ~ 1 ( ' ) 

H = {1, r 2 ,r 3 ,r 5 , r 2 or } , r 2 or 5 , r 3 or 5 , r 2 or 3 or 5 } ( M ) 

ftr 2 }®ftr 3 }®ftr 5 } *j-j> . (Z 2 <E> Z 2 <g> Z a> +) c- (M-u-jjfl 
; Ja y,„n ablj&*yi CjIj A^ioll jrl j£U Ord(G(E IF)) : VA Jilt 

(G (K IF)) = Ord (G (K I E))Ord (G (E IF)) 

. i\ ■ JULa . SjjjjJoILj La^j-a I^A q*A I Jail 

Ord(G(®$2\i S)IQ) = 6 * 2 = 2. 1 = Orf(G(Q(^;i>/3)/Q$2))). 

r-Y-Y 

CW(G (Q(V2)/Q)) 

. (^-t) ts i,kLS l Aut(K\F) o**i±G(K IF) Ua lioiSJ : AJa^ 

G (Q( , i S ) / Q(i V3 )) s (Z 3 , +) 
^ ^ Y ' ca>^) On/ (G (Q(V2 , i >/3 ) / Q(f V3 ))) = 3 : £U >4t 
, 3 iij 6- <,j3Ij G(Q(V2,/V3)/Q(fV3)) uli Jttbj » ((*) 

F JL^i£U 3Ui uj^ F J**. l£J ^ Jija-t JS ( I )- 

(F J^) jLaiSU jjjlj F 431a JSa. JS1 4lLo ijlal ( V ) 

1Y£ 



Field Theory j^LsJic^lii (( iiui,fc«JUl) 

Lotj j i > <-i\ l (_5 jLvjU a jx<ui <Jia. (JS ( a.) 

F J'AiY^ J 

JSa. j£ ^ylft Aija-a « ia.jJ ^ (Ui. 11 fill) Jjiaall jjc. J jia. S jjjS 

F ^ ^^-11 jli^YI 
i> « L»3Ij L^l jjSj F j .UjL k (jS ( ^c.Aij*xn^.j^t> '» j££ J£ ( j ) 

F ^ ailiLJl jU^Vl 

Uti j jSj L^ia. (jli- Jla. <_£ ( j ) 

F ^tijf?. ^1 aJF Ja=. ( c ) 
: o!i F — S JjiLS Ji*. JL^i£U !>Ua L^ii. F ( ) 

Ord{Aut(E\F)) = [E :F] 

[F : F] f-uaL Ord(Aut(E;F)) oli F-J J**- j Wii- Uj5J F ' ^ ( ls ) 
. AjjL^s jjjlSill . A^ali. ( j ) t ( j ) t ( I ) jjjlSil! : JaJI 

Utj Q <jjS ^ 11a ^ . 2 Jj£3l l*J C <J U jli^i 

Jjla !A£ . VJ U^1I Ji^/ ^(X 2 +1) 2 =X 4 +2X 2 +1 : 

/ (Urn, nil) Jjkill <U5 jjcj Aili j4<i JjJ*. ij& J£ J : *-? ^ 

/ : Oj^j Aila >*J = lM j*** a 1 * !i ! : (V-£-Y) Ajy^Ml ^> : ,-)U j4I 
t_i jlkJI <D (f ) ?t 0 ia JaSaj lj) J^^i aLIS uj 2 dM 5 aLUII 



4l F Jia. (_yic 4ij3u& q l-i u 11 nil aLIS jjC. J j^a. SjjjS (ji <j& jj : tV Jll* 

g j jaa. .la. J£ jj jl£ I il Jaaa j tjlS I jj JUai£sU AJLla jjc. jjSj p ^0 jxoJl 

Sjj^ ^jj <uli t 0 * p = <_M >~ ^ : (V-t-T) Ajia .Ml (> : >4 
o* lit JJij m /(=/(*)) = *(*') u_&^~ ^j^ 

. i j^iUx v jikJl giija t D/= 0 u 1 ^ ^ 
\*1 f e ] La lit jAj.il UiXo luLuo. L>-U jj Ul^i : ii tjHi 

Ajjki) **«a 2b* Jj > f l^i-U / * i /_! fJ&eVl <4 jSAJi ^-Ull m^I : JaJI 

^jiiiUll Aik.jJ |j>) jjLa jixo VgJ a/ylni / . (ilAaLJl AjjJij ^ O"^ - *) 

^ • Q(V2,V3) = Q(a) jjSa ^ are Q(V2,V3) : to J&» 

t ^ J jia. till La^jfc jf«J ji jLaJ 

« Q(V2,V3) = Q(V2+V3) : J itfj (V) icjli, ttJ ^ U Ji» o- : JaJI 

2 2 

V3 = — a — a 
2 2 

(V3 < >/2 



Field Theory j>i*J(jojiai (.iJUJl^sit) [ 

o\±iF^E<zL<zK a 1 ^ K <■ L <. E <■ F JjS=Jl <^l£ lil (Y) 
Aut(K;F) cy Hy^ ij*J» ^ A(F)c:,l(I) 

. tLti Z ^1 jn jA\ A ut(K ;F) i jll A(Z ) * tbli F 

tilt*. < £ _J ^yj^iL 4Si* A: uli < ^— 1 hi # js li) (r) 

.F <z F aK 

c o^^ii* L*£UFJ jl^ji. jUnU tjbl^l jl£ lil (£) 

. [F:F] = [L:F] 

l> 4j» uU Ajjja. ej-j H t F — 1 IjgVio Tjwjjli blial F jl£ Ijj (o) 

.FJW,!^! £ ^ JLJI a li , Aut(E;F) 

Aut(G;F) IjJUs^jtjli « F <j£aJ U»» } (S *^> E ^! 0) 

. <kuau | _jlu. sjxj V (V) 

. AjBjJ jjjSj JiaJ 4jlL» I jlU. Sj* j (A) 

. F -1 Lu^L UjQj F Jta> 2 ^j^ll Ai E jIjU (<\) 
F jl£ lil F _1 tjljl.1 jjl, F Ji* 2 a] F jIjU (\ > ) 

. 2 Li V 

. jjjISSSI . 4*^, .) , (A) , (o) , (£) t (r) ^jliSlI : JaJI 

J \Jj jfl, . Q _J a: . K =Q(V2,V3) jSJ : iV Jll. 

: {1,V2,a/3,V6} j*j Q Je. K ljU Jc *LLcL 



tU2 Q(V2) -V6 Je. V6 * ->/3 V3 rJJ tiill ft 

tulS Q(>/3) ^Jyj -V6 Jo V6 • -V2 JlfJiis® <Pi 

fcJS Q (V6) -V3 VJ 1 -V2 Je. V2 ^ji ^ j» ft 

JYI J < ^LJI o^Sj-j JSLS {l,ft,ft,ft 3 } J Ulj jSIj 

ASjUI JjU ^jaJl jxjJl >Uj 

(s^jll j 1 ) {l,ft,ft 2 ,ft 3 } <-> Q 

{l,ft} oQ(V2) 
{l,ft} ^ Q(V3) 

{l,ft} oQ(V6) 
{1} <->Q(V2,V3) 

C^'JJ •^#W la ^ {l,ft,ft,ft} J- J 31 6- ^Jh^I j-jJl 

. (Q> _S AjaaJa ujljljlal ^ ^mJ! J jSaJl ji 
jJ^Vl 4jj jaJ S jxjll jli t ^ jaJ J SI jja^x AJjjaJl jx jll (J-la.) Cijl£ Ijj Ail Jia>V. 

. ji^J i^tiH JtoJl JUL, i ji£t 6L. y£\ £AZ t j£\ Aj3 >]| S j- ji! 
JjLJIj <}5>JI jajlJ SjtUUI (lattices) Jifi .lul Jifill ^ ^jij 

. <yjal! J jlajl jJalli 4xi]l jx AjjjsII jxjll ji (J % jx Jaa>V . AjjjJl 

l«J jl « t5>Vl "o.jW (lattice) "c^ill" ^1 JlUt |j* J aJ J 

. Jiu.1 Jci jx CjjjjI 



Field Theory j^jt^jij (iDult,^)*) 




Q(V2,>/3) = ^ 



in 



Q(V3) = JT {I ^ 



= a: 



Q(V6) = ^ {1 „ 



■ft} 



(# Aj.jjU ajs>s sj-jiu # ^ c^ai jlji ^ k h ) 

^ a , —> jlja, « « Ajajll j> <jjib Aut(G;F) j > o»j^ 

. of££ ^i^J <r (or) = a/ 

. p rn > K >-»Ue jjc jjli li^j * :F] = n o^Jj i p r ^ F 
OjSj £ jli JUJLj . F <Je- X -X J jJaJI & jiS jiLa Ji* j* A" uj^j 



diia. 4 (X^ jA tijtj F ^1 J2 ^1 AT — S ClU JJSJJ- JJ jVl JaJ o^ 1 J 

JS^V tj^j • {a p , )'(«) = ar p " JJ^V .ore,*: 5^ <r (a) = a"' 

. n JsVl Je ^ Aut(G;F) a ' <»j J* JULj . n ^ 3& 

oJZ j w Aut(G,F) J* . Ord(Aut(G;F)) = [K :F] = n ctij 

[£:F] = 12 J* f5 o-j « ^ :=GF(p 12 ) . F:=Z p : M JH. 

ajx. ali-ii (jLajJaj* ^liull <J jiail j <JjjaJl _>«jJJ 2<y*\\ . (Z 12 ,+) 

! JUI LSb 



Field Theory jjisJiSo^iii ( ti)U)i^2Jt) 




F = Z p =GF(p)=K l 



Jjjj* i djlolj*!! «.Lkc.b Aut(K;F) = [a p ] ^ ajj >JI >»jll <_i*^3j 

• [a p4 ] = {l,a pi ,a pi } 

« F <zE aK jH^ AjtjiUll A^aiail J jLJ! Lai 13 = gj tMf 

t> Vj^l *j*JB _i ^ UA4 Aut(K;F) IjlU ' 0>a j 

but uVlj . K :=Q(V2,^,V5) uSJj . fe£ E A ja ^ Aut{K ;F) 

Ord(Aut(K;Q)) = M :Q] = (i) 

Qd(mfi,S))) = ( ■> ) (A(Q)) = {-+) 

in 



Od(mM))=— (j) Ord(MQ(j6))) = — M 

Ord(A(K)) = ( c ) Ord (A(Q(V2 + V6))) = (j) 

: M 

[Q(V2,n/3,V5):Q] = 8 ((>) ^jfi- IfiJ ^ £ . JKU) (i) 
Ord(Aut(K;Q)) = [K :Q] = 8 

ji) . tutt Q <dja 4 ^ oUjJj^jVl ^ (^) 

Ord (/l(Q)) = 8 

c ^(>/5)=-V5 «V * 1 ta>-^ 6* uj** A(Q(V2,V3)) ( j ) 

J^l Ji* ^ 3 (Q(>/2,>/3)) 
Ord(MQ{-j2,j3))) = 2 
4 L^) * 1 : ^ _>^ljc ^*jJ ^» jjSjj A(Q(-v/6)) (—a) 

^ <P A (Q(-J5)) < ^ 4 (V3) = -V3,^ 4 (V2) = -V2 : ^ 4 
. #(>/5)=-y/5 « ^ 7 (V3) = -V3 * <p 1 (fi) = ^Jl : ^ 7 t ^ 

OrJ(2(Q(V6))) = 4 
« l^bj« ^ • 1 : ^ j^U* *«J ^(Q(V30)) ( j ) 

• Ji- ^ 6 (QV3)) . <p 6 (S)=S i ^ 6 (V2)=^/2 : ^ 6 

On/(^(Q(>/3))) = 4 

in 



Field Theory j^uitSu^iii (titai,*^) 

CM(%qfi-hT6)))=2 uj^j <p 3 « 1 ^ uj>-^ t> Oj^ ^(Q(V2+V6))( J ) 

)) = 1 '1 jA Aa.lj j^ajc (> tjjSlj ) ( £ ) 

Q X 4 - 1 G Q[X ] JjJaJl S jiSJ I jlU i j : e\ 

: uV Q(i) > X a -1eQ[X] J^B ^-.M 
( jL-iOl *L\5 jj^ X 4 - 1 = (X - 1)(X + 1)(X - i )(X + / ) 
X 2 +l ^ Q Jt iJ ciji^l jj^JI Sj# uV) [<Qp):QI=2 u) ^ c>j 
. Od(Aut(Qi);Q)=2u^ij ([Q(i ) : Q] = 2 uj^ (°-°^ ) 0-i 2 =1^>>j 

y(Q)=Q « <p(i)=-i ^ ^ j* j^ 1 j»nwB jli ^tiJbj (Sj*jll a^j ^Jtj s j. j 
.^j^j Aut(GF(729);GF(9)) Sj-jU Uj-o-: at Jli. 

0^(^ w ^(GF(729);GF(9)))=On/(^«?(GF(3 6 ),GF(3 2 ))) 

= 3 

( j 32 ( a: ) = x 3J =jc 9 Vjc gGF(729) 

O^j (jSc- J*K2 ' ^1 U -IM*' 1 * U -V'J.'^ Ltf^-^V Vila t_i jjJal I A V Jilt 

Aut(K l ;F) = Aut(K 2 ;F) c& * l i)KLfiLt W A: 2 < I, J ^ 
Uiu . Q(V3) Z) Q . Q(V2) U jblixVI : JaJl 

i4 uf (Q(V2 ); Q) = (Z 2 , +) s A ut (Q(V3 ); Q) 

a = e 3 tiis* Q(or) => Q l jlU & j* j ^ : at Jli. 

nrr 



*f IK . . 2k 
e 3 = cos h z sin — 

3 3 
2 2 

^ = Q(-{ + ^-V3) = Q(/ >/3 ) — S aUj^j^jVl Vj lkJl 
JjVi JLJI Q u! ^ Aut(Q(a);Q) = Aut(Q(a)) J 

-3 = p(-3) = V3 ) 2 = V3 )) 2 => p(z VI) = ±i V3 

0 l£ tjj « p 2 (l) = l J ^ -Q Je. Q(flf) -1 u-U {1,1 V3} J 

: o|i (p(i y/3) = -i y/?> 
<p\i 41) = (p{<p{i VJ)) = p(-z S) = i4l 
(p{x )~x t ^>(z >/3) = -z V3 f j}9 J>4 jSjVl AiSj J is\ • (p 2 - 1 u ! ^ 
(Z 2 ,+) ^ IjlU Sj-J Ola JJSlLj . 2 ^ x G Q ^ 

. Q Jc X*-3X 2 + 4e Q[X] oj^JI 
: X 4 - 3X 2 + 4e <QpT ] J j^l jjLE Ji^ : J^l 

^--3X 2 + 4 = 0^X 2 = 3± ^ = A ± ^ 

2 2 2 

3 J7 
:^r 2 =- + ^-z o^uVlj 

nrt 



Field Theory j>2a«Njo>i*> ( >nufl|*,..«tt) 



v h 4l . . 2 o- 2 3 V7. 
X — A — l i=x+iy=>x + 2ixy - y = — I 1 

V2 2 2 2 

=> / 2 4 )(x 2 +y 2 f=4 

TxyJ-l (2) /V^ /*V^ / 

=>.x 2 +.y 2 =2=^2jc 2 = -=>* = ±—=>y =±~ 
(i) 2 2 I 2 ) 2 



„ /3 ^ V7 . >/7 / . V7 i 

=>X =4/— + i = + — J 

V2 2 2 2 2 2 

Ola X 2 = - J£ ^ lWU 

2 2 2 2 

K :=Q(-j7,i) -J j^jj-AjVI oa^ mj^I 

7 = ?(7) = <p((^7f) = {<p(4l)f => p(V7) = ±V7 
-1 = = p(* 2 ) = <p{i f => <p(i ) = ±i 

<p 1 :<p 1 (-Jl) = yj7,(p l (i) = i, 
(p 2 :(p 2 (-j7) = Jl,(p 2 (j) = -i, 
(p,:(p,(4l) = -jl,(p i (i) = i, 



<P 4 --<P 4 (.J7) = -V7,^ 4 (/ ) = -i , 
<p.(x)=x Vx e Q,y =1,...,4 

(c) = c Vc e {1, V7,/ ,V7/},y = 1.....4 

oP^ »J-J »j-J u ! » <Pj =1 0^ 7 = 1,...,4 Ajla 

(o-^—Y) Jli, lilliS ^Ij . (Z 2 ®Z 2 ,+) ^ JSUB3 ^1 i 2bcbjll 

(Q(V2,i>/3) ja ts^Ji Ji*) z V3 
f ,4 wf ;Q) '» jsus *J (^) 
i4 wf (X ;Q) u- V>J1 j- J 51 j 1 K o* Vj^l Jj^i J^i ^jl (_=>) 

. Ajjj?^' _>O^J JjiaJl _^)lalij t - i ^ j * 

X 3 -2 = (X -l/2)(X 2 +t/2X +^4) = 0 



=l/2X = -V2±VV4-4V4 = V2[-l±V3i] 

2 2 

) *ejli* *LJ ^ "11 Jli. Jl £j*jRj 

4 Ij5u jIju -Gl o-j [Q(V2,/>/3):Q] = 6 J 

Aut(Qfi,iS);Q J ^u* J ^1 , (M(Aut(Q$l2,iS);Q)=6 

in 



Field Theory j>L*)ijo>lii ( cUUJl|*-JU») 



-\ + jy[?> 2 _ 1-2/ >/3 -3 _ -l-?>/3 
( 2 } " 4 " 2 
( -l-/V3 ^ 1 + 2tV3-3 _ -l + i>/3 



ft : the identity mapping : (p x (-s/2) = >/2 , ^, (i n/J ) = i 

% : p 2 «/2 ) = V2( ~ 1+ 2 ^ ), ?> 2 (/ V3 ) = / V3 
_]_■ ft 

cp< : ft ( V2 ) = V2 , ^ 4 (/ ) = -/ S 

9s : <p 5 (V2) = V2( " 1+ 2 f ^ ),y 3 (i V3) = -i V3 

p 6 : p 6 (V2) = ^(±±11)^ S) = -i V3 

i4 ^ (Q(V2 , i V3 ), Q) o- V> *j* j OjSW , ^ 2 } J M 

^(V2) = ^(^(^)) = ^ 2 (V2(^ 2 ^)) 

= ^l-2*V?-3 =z j/2 ^ 
4 2 

nrv 



(jla JUlUj i 6 tjjLajV i = 1, 6 tiiia. $ j (m) 

M 




{^,0> 2 ,^ 3 } {^,,^ 4 } {^i^ 5 } {^i,^ 6 } 




(#_^ OaUill JLJI j* K H ) 




Field Theory j^mSnj^ ( cjtai,*«2n) 



^(l) = l=>0>(n) = n VneZ 

1 = <p(\) = <p(mm _1 ) = <p(m )<p(m "'), m eZ\ {0} 

=> — = = (p(m ) 

m <p(m ) 

: (jli J&Lj 

P(— ) = - 1 ) = q>{n)(p{m ~ x ) 
m 

=— , meZ\{0},neZ. 
m 

2 = p(2) = 9>((V2) 3 ) = (p(^2)) J ==> ^(V2)) 3 -2 = 0 
=> (p( V2) - V2 )((^>(V2)) 2 + <p($2).ll2 + </4) = 0 

9?(V2) = V2 : j» Q (^2) ^ > JaJI 

Aut(Q$f2);Q) ojS, < H-> J* P d&* s >* oV 6-j J^L, 
. Q(-n/2) ja Aut(Q$2))—i cJS& lM uj^j H-> ->* >^ 6- 

((r-x-x) j^^oj^) 

: uVlj • <p(ifi) -iU^Cpti Q(i) tiA. Q(V2,0 



1*11* idjlai ■. uriUll hUI 



2 = ^(2) = <^((V2) 4 ) = (<p(tf2)) 4 

4 



0 + 2A:^ 
4 



U =0,1,2,3 



A ut (Q(V2 , i ); Q(i )) ^ o^Lj • CW (?) = 4 i ^^(Q(^2,0;Q[0) 
: jV Q(V2,z ) > {l,^ 2 } _! ^1511 JS=JI . 4 l^j *jj5b i_>*j jj^ 
(p\i) = (p((p(i)) = (p{i) = i, 

q>\y/2) = (p{(p(tl2t[2)) = (p(<p(il2).<p(tl2)) 

= <p{i V2 d 4/2) = p(i )^(z )<p(4j2)<p(t/2) 
= i.i.itl2.it/2=j2 

on Jj*=^ ^ij ^Mf(Q(-\/2,z);Q(0) 6* ^j^l j-j 5 ' ^ 

^ JajkiJl ^.n\t . »li>i (jti^j- Q(i) t Q(V2,0 



^(V2 ) = i 4/2 i <p(i ) = i : a^V» VA> Ua jc lit 




2 



2 



Q(V2,/) 



2 



2 



{1} 



0(0 



Field Theory J>«*)ijvj>&j ill) 



. Aut(K;F) d J* <y>j*'FJc X" -1 

I"-1 = 0^I =(cosO + /sinO)^ 

2k k . . 2k n . n1 , 
= cos + i sin = 0,1,..., n -1 

2k . . 2k „, 

K=Q(X.) iV Aut(K;F) . X,=cos — +* sin — jSJ 



(<r j o(T j2 )(X l ) = cr ji (X{>) = X^ 

= cr h (Xn = ((T j o<j ji )(X l ) 

. ijSh* i_s jlkxll ^jjjj CTjO<7 j2 - C j O(7 h Cft J^lWj 

y4uf(GF(64);GF(2)) Sj*jH (isomorphism class) JSUsJI : ILx^* 

^(GF(2 6 );GF(2)) o^ujlU:^ 
: ^ j>j Ijft* GF(2 6 ) 13 GF(2) (> o- 
0«/ (i< ^ (GF(2 6 );GF(2))) = [GF(2 6 ) : GF{2)] = 6 
(^.-n-Y) t >j^^(GF(2 6 ))=^Mf(GF(2 6 ),GF(2)) : (r-1-Y) <> 

^^(GF(2 6 );GF(2)) = Z 6 
^w?(GF(729);GF(9)) ij-jH JSLBll J~S :JLLJ&> 



Aut(GF(3 6 );GF(3 2 )) : Sj-jH JSLail ^ MjUa-M : JaJl 

[GF(3 6 ):GF(3)] = [GF(3 6 ) :GF(3 2 )].[GF(3 2 ) :GF(3)] 

uli^o-j 0— W)j> ijIUbt^i GF(3 6 )=>GF(3) c GF(3 2 )=>GF(3) 
2 = [GF (3 2 ) : GF (3)] = Ord (A ut (GF (3 2 );GF (3))) 

6 = [GF(3 5 ) : GF(3)] = Ord {A ut(GF(3 6 );GF(3))) 

Ot/(^(GF(3 2 );GF(3)))=Ot/(^(GF^^^^^ 

/Ore/ {A ut(GF(3 6 );GF(3 2 ))) 

Ord(Aut(GF(3 6 );GF(3 2 ))) = 3 J J 
Aut(GF(3 6 );GF(3 2 )) = Z i jls JUL 
. Q J 4 +l jj^JI » jj£ JjLij JL». F : II J^g 

f ^ J* ■ QCV 1 ^) * QiJ2)is* *yai Jji*» uj^ ^ 

X 4 +l = (X 2 -V2>+l)(X 2 +>/2¥+l) rJJ^Vijfefi 
v _4l±yl2-4 -V2±V2-4 ±V2±V2/ 



1£Y 



Field Theory jjixJic^yJai ( £JUfl,wilt) 



4 £ a! c4&\ JLJ < i^a. jll j 1 : ^ Aut(E; Q) i j* jll j^U& 

^ 2 ,^ 2 (V2) = >/2,(?> 2 (0 = -i 
(p, = (p x o(p 2 (p,(j2) = -V2,^(j ) = -i 

UJ&J 

^(V=2) = ^(/V2) 

= <p,(i)<p } (j2) = -i (-a/2) = i V2 = 7=2 

Q(yp2) li^a JLJi uj^j 

Q ^ f j^j-Wb' -^j^j 

Q t Q(yp2) < Q(i ) * Q(V2) : AJxill 4j5>JI J js^l 
|jj . a„ < ... « a 2 < a, jli-ai o^j ' / e '• I* 

-^j JSLis Aut(K ;F) J J* ' * = F(« 15 a 2 ,...,a„) 

• a'-? —J jj-jjJ 

^ Aut(K;F) ^ j^x. J J ^ : >4t 

: * creAut(K;F) .a^ _J 

/ = c.*'+c.^+... + c 0 -a 2 )...(X -a n ), 

c «> c n-i>-> c o G F f a^a 2 ,...,a n e K 



/ =a(f) = (T(c n ) ( j(X -a x )a(X -a 2 )...a(X -a n ) 

= cr(c n )(X -cr( ai ))(X -a(a 2 ))...(X -cr(a n )) 

: J^L (/_! jL^ a t uV)/(fl,.) = 0 

0 =/ (a t ) = a{c n ){a. - (T(a,))(a,. - cr(« 2 ))...(a,. - o(a n )) 

7 a j = u(a j ) : £ i>J 

Q(&>) Ja=^ i fi/=lu> ^i=^ CO— cos^^- + i sin^^- u%I : 1° 

7 7 

aLIS Q X 7 -l cSjLB JS^ > Q(<y) j W Vji : J»fl 

: (jj lluaJ ^JySjj-a jjj! (p (jlll jVI J . 1 jlla. jljlal Ljjj] jli ^IjIUj jL-ai£ll 

2?ri 6gf l%m 4ni 

(p(aj) = 0? => #> 2 (<y) = <p(<p(a>)) = q>(e 1 f = (p{e 1 ) = e 1 = e 1 

4 m \1m 

=> <p 3 (a?) = <p{(p 2 {o))) -cp{e 7 ) = e 7 

Ylni i6m %m 

=> (p\(d) = (p{(p\o))) - (p(e 7 ) -e 7 = e 7 

24;ri 10»f 

=> (p 5 (aj) = (p((p\co)) = e 7 =e 7 

30 m 2!ti 

=> (p 6 (oj) = <p(<p 5 (oj)) =e 7 =e 7 =0) 

^(fl>) = <p 5 (<p(oj)) = <p 5 (aj>) = (p 4 (<p(^)) = <p\a> 9 ) = (p\a?) 
= (p\(p{Q) 2 )) = (p\af) = cp 2 ((p(oj 6 )) = (p 2 {co n ) = <p 2 (a> 4 ) 
= (p((p(a) 4 )) = (p(co n ) = <p(a) 5 ) = aJ 5 = oj 

nil 



I Field Theory j^iaJi^ojiij 

[Q(<») : Q] = On/ ut (Q (0)); Q)) > 6 

: UjjkS jla 

X 1 -\ = (X -\)(X 6 +X 5 +X 4 +X> +X 2 +X +1) 
0i« (O-l 5t 0 4 X 7 -1 jj^JlSjj^l jL-a <y <jj ^ t> j 
<y 6 + co 5 + co 4 + co 3 + co 2 + co+ 1 = 0 
o-lS>^ Jj^il ^ X 6 +Z 5 +X 4 +X 3 +X 2 +X +1 J ^1 

Q c> 

Orrf (i4 ut (Q(6>); Q)) = [Q((a» : Q] = 6 

: B lisi LaS , Aut(Q(6));Q)) -J 




: uV t q? j£b c^j ciajIj co+co 6 J ia^u j 



i _ _ , _ - „ .*. 

p 3 (a)+co 6 ) = (p 2 (<p(o)+ o) 6 ) = <p 2 (<p(a)) + <p(co 6 )) 

= (p 2 (G? + o) n ) = (p{q>{co 3 + o) 4 )) = (p(of + co ]2 ) = (p(a> 2 + cd 5 ) 

= of + <y 15 = co+o) 6 

[Q(a)) [pS] :Q] = 3 uVj . QcQ(w+« 6 )cQ(^, J&u 

([<p 3 ] Q(<») J Culill JfcJ ^) .Qfl>kd)=Q^ 

: ^ 2 <^ vijJj co 3 + o) 5 + of J* 
(p 2 ((rf + G? +G) 6 ) = (picpiCJ 1 +G?+G> 6 )) = (p{(f>{G?) + (p(G?) + (piO) 6 )) 

= (p{af + erf 5 + co n ) = (p(G? + (o+ a?) = <p(g?) + (p{aS) + <p(a?) 
= co 6 + aj i + crf 2 =aj i + 6jf i + a/ 

[Q(<y) [f;2] :Q] = 2 uVj .QcQC^ + ^+^cQC®)^ : J* J^j 

uVj [Q(») [pJ] :Q] ^ [Q(6) 3 + (0 5 + a) 6 ):Q] ctij (? »M 

ujii . Q(co 3 + cd 5 + of) = Q(fl>)^j ul* Q * QO 3 + <y 5 + 6> 6 ) 

• Q(®) t> VJ^ 1 J J*^ 1 lis*. J & 
AjjIaJI jji=JI ^jl (Y) Aajii. o- (^) Y£ Jli. Jj £j>jlL : 11 

_J 4>aS 2 <-> j^-i • Wiy*j S-> jUa-M J • 8 J* JJ^aJl J^C ji Ji t> J : J^j! 

_S UJi uj£ 2 ^ja . 30 ^ Z* 31 j) i> • Z* 31 J (GFQl))' 

. 30 ji 15 ji 10 ji 6 ji 5 ji 3 jt 2 ^ ^1 30 
. Z* 3I _J Uj- J oW* 2 o|i 2 5 = 1 . 2 3 = 8 . 2 1 = 4 

111 



Field Theory j^lsJlSo^lii (iUd1|»—2)l) 



« J*=25 . 3^ = 16 , 3^=26 . ?=Z7 , (3) 2 (=3 T ) = 9:3 

J 3^ = 30 

. ( 2 Ul«a US Z* 31 Sj-jll *i3 J U~AS 3 Uu^ ) 3 30 = 1 ji 

i 3* « 3 1 « ? : ^jiiaJl jjM jjS JUL, . Z 3] _S Jlj- 3 J til 

(T) jUU ^jUj 

: A^bjJ! J jLJl Jc JUoiBU aLIS j^u 3b#l J j^Jl iil jiS J & ( ^ ) 
i 7^ +f _ 1 4 t * +t* +t A +t* +t* +t +1 . r 2 + 2? - 1 t ? 3 +l 

. Z 19 * Z 7 4 Z 5 . Z 3 * Z 2 . C 4 Q 

AjV Au.iilL ^tj^.^i lift Ja . LayJa jjjli 2 Ai?. jljl.1 J ji Jc. (jA JJ (V) 

? 2 < 

<0i^ jA P O^J ' 0 ) UU 1 ^ l> ° n c> JS=JI J» ^ (f) 

Fix(£ ; ) 4 Aut{K ; ) cA~J jll Ja f ^(tf ; P) I jJU. - 6> .j U . J_,Vl 

? La o^Ul jl jfclS (£-Y-Y) J 

(c^ulji j njn.4i.j11. (i-i-v) >ji) 



£*iaJ Cj! j <^j2UUx Uib ^Jj r ^Jji cn-yl Jl-s&i *jI ^jj Ja (°) 



T 1<5 <r-l 
n = 8, 9, 13, 17, 19,23,29,31,37,41 or 49 



4 m — 1 ^ j**J ivj! . GF(p") —I fjfijj+fj j* ^ ( A ) 



[GF(p m ):GF(p n )] = — J<>0*j^ /» r 1 * » ^ lil 0) 



fat*)/ V 

. GF(2 30 ) • GF(3 18 ) o- *£>S JjS^JI i*js ^311 ^1*1 j^Vl ^jlb r) 

GF(2 30 ) o- <u>il J lujs ^ ^1*1 jiatfl ^ j oJ* J Ja (U) 

<p:GF(p»)->GF(p") . 



a 62 = -1 JJe&ji.F* =[a] * I 125 6- ^ F u%5 (U) 
p r <> ckta i£ U • GF{p") t> u^> aA^ I ' A" (W) 



Field Theory j>L*)i^jiij ( iiltai,«*«2)t) 



jjJli t F* = [<z] u^j ' * >^ 1024 t> c-ilbj F d& P A ) 

. F 

• 16 = (j3) Aiij « 5 = (of) u!^< a,0€(GF(Sl))' (n) 

. (GF(81))* -Mj* aj3 J c^ji 
: AjjVI t> <JS ^ij (Y .) 

i4«r(Q(V2);Q) (I) 
Aut(Q$2,i J3);Q) (m) 
Aut(Q(l/2,iy/3);®(ll2)) (-^) 
jj^Ji SjiS « FJc jxsj^ . or oSJj t F jSJ (Y^) 

^(Co+^ + ...+c„X- 1 )=c 0 +c,^ + ...+c„./-',c,.6F 
. F<> ajSal> f ajli ljj A**, ulS li] F(y9) Je. F(or) ,> P JaLu*ijJ 
cr = 3 + V2 jSJ- J^ic>^ Q(3 + >/2) » Q(>/2) o^li (YY) 

. X J£ tdlij ( tulS F iilj23 (.pll F(JQ 

(basic isomorphisms) *j*aJ cjL jJjj-j jj <_l-»j e^ci (Y^) qjj-jII 
F(or) —1 <jUix fjja jjji Ja . F (jjaal Ji» ayjf?. /? ' or ^ 

? F Je. oa*^ P i a F(J3) {-* 

1H 



<T p .F-*F 
a\-^> a p 

f ' j\£ li] inSaj jl£ li] j>> >^ l«J ^ / e F[X ] J c> 0*J* ( n ) 

Q(V2,V5)=5(Q jI^U l jlU Sj- j (W) 
or jU-. cijau .ore K c&j « W» JlJQ-l IdF l&1 (™) 
: ^VIS TV „ 7 (or) >JU a] >jjj ( norm or over F ) F ^ 

/f 



N K/ (a) := 11 



<reAut(K ;F) 

: jtilZ ( trace a over F) F a >l <-*j«j Uii? 

//r oeAut(,K;F) 



.\. K :=Q(V2,V3) o^uVlj 
^ % (2) (,) ^ % (n/6) 

?>y Q (2) ( C ) TVq^ (J 

Q Jc X 4 -5X 2 + 6g Q[X] jjiaJ s IjIU ij- j ^ (Y1 



Field Theory j^i^t^jJii (tUttfl|>.„;i.ti) 

i Aut(Q(rJ3,>l5),®) WKuatj-j^ (t) 

TOn/(^«/(Q(^0);Q)) 

<-ul£ lil . jL-a jxo.oil aJ F (Jia. J jia. SjJjS JjLij Jia. F (jSj (\T) 

•Ft JjLJl AjjjaJl JjLsJl A^t.ti ^.jla t IOAjujII (>» ajJI^j] Aut(E;F) 

(Z I0 » A£jui f S'n.1 : jLIJ) 
tlul£ lj] . F ^jic Jj^a. sjjj£1 ^wiVi Jia. E t Jj-*aJI aJ !laa. F (V£) 

^jSj dipj K J>y* Jia. aJ ^Jb ^4 Aut(E;F) 

[K:F] = 2 

(6 Ajjjli ^ Ajj ja. a j q*A A4 '• jUi jj) 

^311 Q(V2,V5,V7) 6- ^j^ 1 Jj^i ^ j>* * Z 2 ®Z 2 ®Z 2 

. s 3 ^ jsun q^i'-j _J 1 jiu 1 j J ' ^ (n) 

lij . JJ— I Aj F Jia. <^ifc U J jia. S jjj&I jjLiull Jia. jA E (TV) 
• F i E <jJJ (J jiaj (j- -laaa Alio OlC Aa. ji Ajl t5 ic <jA jjS 4 tjg.'iu [F ." FJ 

(p jl£ < w 5 = 1 <j) ' * .' (j,h*~* JF" ' JJC ' w ijj 0"^) 

. [#>] _J CijliS) JiaJ) JijllHV 4 Ji W Jib Q(W ) -J UjjSjj- JJ jl 



v 'aaJlJj\ fj*uji 

) W ££L>±&\ 

cdUJI ljLJI 

* * 

\ i \ ejiilxall j A^jliJI ja. 

wv a^la u\±y\ ^a-Vi 

^ ^ V ...... ^ljjm LllLl^^J 

^jLJt L-iLiJt 

m JaJl *Ltfil j d^LUj ^nUl CjX-LaJI 

W-Vi^u-i 

jjisJI cjIjjK cjtfk 

m 1 J-ISUI jUaill ^ 5^uaJI 

not 



